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This book has been published primarily for machinists 
and toolmakers, and for students interested in what is com- 
monly known as "shop mathematics." The object of the 
book is to explain and illustrate, by numerous examples, the 
different kinds of problems which are commonly encountered 
in the construction of machinery and tools. The selection 
of the subjects treated is based on a careful study of the prob- 
lems which are of the greatest practical value, and often the 
most perplexing to the average shop man. The examples 
have not been confined entirely to shop problems, in order 
that a somewhat broader field might be covered and im- 
portant principles explained. 

Many of the more elementary subjects, such as addition, 
multiplication, division, etc., have been omitted, as prac- 
tically all skilled men and most apprentices possess this rudi- 
mentary knowledge. But, in view of the fact that calculating 
is not a regular part of the shop man's work and he is liable 
to become "rusty" even in some of the simpler branches of 
arithmetic, a few elementary subjects which often prove 
"stumbling blocks" have been included, such, for example, 
as the multiplication and division of common and decimal 
fractions, proportion, involution and evolution, and percentage. 

While drawings should be so complete that calculations in 
the shop or tool-room are, as a general rule, unnecessary, in 
small shops, and sometimes in connection with special work, 
the machinist or toolmaker often finds it desirable to solve 
his own problems; and even though mathematics is not 
applied directly to the work of the shop, a knowledge of this 
subject will usually greatly assist the man who desires to 
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advance. In fact, many excellent designers as well as fore- 
men and superintendents are shop graduates who studied 
mathematics. This book, therefore, is intended not only to 
assist in the solution of the problems liable to arise in everyday 
shop practice, but to lay the foundation for a higher position 
in manufacturing and engineering practice. The men whose 
training has been confined largely to the machine shop and 
tool-room often find it difficult to apply mathematical theories 
to shop problems. Because of this fact, most of the examples 
in this book are taken directly from the shop, and they have 
been largely selected from problems which shop men have 
repeatedly submitted for solution. Another feature of the 
book which is considered important is that numerous examples 
are included so that the method of actually applying a rule 
or formula will be entirely clear. 

The Authors. 
New York, March, 1920. 
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CHAPTER I 

VALUE OF MATHEMATICS TO MACHINISTS AND 
TOOLMAKERS 

The design of machines depends very largely upon mathe- 
matical calculations, all engineering practice being based 
upon physics and mathematics. While the machinist and 
toolmaker do not require the mathematical knowledge of the 
designer or mechanical engineer, alJ mechanical work is so 
closely related to mathematics that even the man in the shop 
often dnds a practical working knowledge of this subject useful 
and sometimes indispensable. But even though all problems 
are solved outside of the shop, a knowledge of the more im- 
portant and useful branches of mathematics will prove of 
great value to shop men who desire to lit themselves for a 
higher position either as a foreman or superintendent or as 
a draftsman and designer. 

There are numerous opportunities in the mechanical field 
within the grasp of men in the shop, although many may be 
sceptical regarding the accuracy of such a statement. That 
true, however, is indicated by the fact that almost 
invariably the machinist who devotes his spare time to study 
advanced to positions of responsibility. This does not 
Lean that success alwaj's follows study, nor that one can 
completely fit himself for a responsible position by reading 
and study. Books give much that is essential, but cannot sup- 
man's personality, his character, his temperament, 
judgment — all of these are factors which determine the 
his success; but, \^-ithout knowledge, these in them- 
insufficient. The foreman, draKsmaii, ot -aiv^t- 
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intendent, each must possess the personal qualifications which 
fit him for his position. Nevertheless, the machinist whose 
ambition impels him to the reading and study of books and 
publications that explain the principles and practice of me- 
chanics, usually is promoted; and this important fact deserves 
wider recognition than it receives among most shop men. 

Importance of Study of Shop Mathematics. — Without the 
aid of the processes of arithmetic, even the simplest mechanical 
work could hardly be done. In the design of machinery, 
and still more in the design of great engineering structures, 
calculations of a more or less advanced nature become abso- 
lutely necessary. Any mechanic with a limited education 
who contemplates the study of mathematics should make 
certain that he has fully mastered arithmetic. Just as mathe- 
matics is the basic science underlying engineering, so arith- 
metic is the basis of all mathematics. Without a thorough 
understanding of every process in arithmetic, other mathe- 
matical studies become difficult, if not impossible. 

Many shop men refrain from using handbooks and other 
mechanical books containing formulas, because they believe 
that an understanding of algebra is necessary in order to 
make use of such formulas as are given in handbooks. This 
idea is erroneous, as will be apparent after reading carefully 
that part of Chapter III dealing with the use of formulas. 
With few exceptions, the formulas given in handbooks intended 
for machine shops can be used by anyone who thoroughly 
understands arithmetic. In mathematics, a number of ab- 
breviations, signs, and symbols are also used; and it is of 
considerable value to the man who reads mechanical literature 
and occasionally uses formulas to memorize the commonly 
used signs and abbreviations. This will facilitate his prog- 
ress and make it easier for him to grasp the meaning of a 
formula which otherwise would be obscure. 

Closely allied to the use of formulas is the use of diagrams. 
A formula records a mathematical statement by means of sym- 
bols or letters, while a diagram records a similar statement 
graphically by means of lines. Many mechanics regard a dia- 
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kti as something difficult to understand, but this is not the 
, as anyone can easily find by studying a few diagrams 
I as are presented in Chapter XVII of this book. 
he student who wisiies to go further into the study of ele- 
mentary mathematics should begin with a simple course in 
the solution of triangles and elementary geometry. If he 
wishes to proceed still further, he should take up logarithms 
and the solution of equations, and in connection with the 
latter subject he would acquire the rudiments of algebra. 

Mathematics in the Tool-room. — The value of clearly 
understanding the underlying principles of simple mathe- 

Imatics and trigonometry is not always evident to the tool- 
itnaker. He often relies on makeshift or graphical methods 
io overcome a difficulty when any question involving a mathe- 
JOaatical calculation comes up. The cut-and-try process seems 
to many toolmakers the only practical way of soKing any 
problem that varies slightly from the ordinary run of tool 
work. He will spend hours arranging buttons to find the 
position of certain holes which could be quickly determined 
by a simple mathematical calculation and direct measure- 
ment. This point is illustrated by the foUowing incident: 

A toolmaker was given the job of laying out a multiple 
punch and die for blanking and cupping six blanks located 
diagonally in the strip, at one stroke of the press. The prob- 
lem was to find the width of strip stock required to punch out 
ax blanks economically. From experience this toolmaker 
knew that to obtain the greatest number of blanks from a 
given area the holes or circles should be laid out diagonally, 
and he set out to find their positions. Not realizing that they 
could be determined mathematically, he tried to find them by 
the button method, setting five buttons in a group having 
meters equal to the blank plus the web. This took over 
y, as the position of each hole had to be determined pro- 
nely; but a few minutes would have sufficed had he 
mderslood the solution of right-angled triangles. 
Where the work is laid out in the designing department and 
lal dimensions given on drawings, it is not so neces- 
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sary. that the toolmaker have a knowledge of mathematics 
as it is when he has to lay out the work for himself as he 
goes along. Many toolmakers point to this fact, stating that 
a knowledge of mathematics is useless to them. But they 
overlook the fact that a toolmaker who has a knowledge of 
mathematics is unlikely to remain a toolmaker always, be- 
cause his knowledge fits him for higher positions which he 
could not satisfactorily fill without it. Practical experience 
is absolutely necessary, but when coupled with a good techni- 
cal education it is far more valuable to the possessor. 




CHAPTER 11 
ARITHMETIC COMMONLY USED IN SHOP PROBLEMS 

Ttas chapter deals with cerlain branches of arithmetic 
r which should be thoroughly understood since they are often 
required in solving problems which are commonly encoun- 
tered in mechanical work. The most elementary subjects in 
arithmetic, such as plain addition, subtraction, division, and 
multiplication, have been omitted, the assumption being that 
practically none of the users of this book needs such instruc- 
tion. The multiplication and division of common and deci- 
mal fractions have been explained and also cancellation, pro- 
portion, percentage, square root, cube root, and a few other 
subjects which are sometimes perplexing especially to those 
whose work has largely been confined to the machine shop or 
tool-room. All of the subjects covered in this chapter should 
be clearly understood before attempting to study the follow- 
ing chapters or to solve the problems which they contain. 

Multiplication and Division of Fractions. — The rules for 
the multiplication and division of common fractions will be 
given for the benefit of the few who may not be familiar with 
this part of elementary arithmetic, as many of the problems 
in this book require the use of fractions. 

Two fractions are multiplied by multiplying numerator by 
numerator and denominator by denominator {numerator being 
the upper, and denominator the lower quantity in a fraction). 

I For instance, let it be required to multiply 1 by |. We have 
I 4 8 4X8 32 
If the numbers to be multiplied contain whole numbers, 
these are first converted into fractions. Let it be required 
lo multiply ij by 3^. We have then, 
I _- 
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1-X3 X r""4-T* 

4 4 4 4 16 16 

Division is simply the reverse of multiplication. The num- 
ber which is to be divided is called the dividend^ and the number 
by which we divide is called the divisor. If one nimiber is to 
be divided by another, simply ijivert the divisor, and proceed 
as in midtiplication. To invert the divisor means that we 
place the denominator as numerator, and the numerator as 
denominator; for instance, f , inverted, is f . Suppose that we 
wish to divide f by ^^, We have then, 

3^JL = 3><£6^48^^2o^^S 
4 ' 16 4 7 28 28 7 

If the nimiber to be divided contains a whole number be- 
sides a fraction, we first convert this into a fraction, and then 
proceed as before. Suppose that we wish to divide 2} by 3 J. 
We have then, 

2--^3^ = 5-f-i5 = 5x — = ^ = ^- 
^4* 4 4*4 4 15 60 5 

Cancellation. — Cancellation is the process of taking out 
equal factors in both the numerators and denominators of 
fractions to be multiplied, and is used for simplifying the 
work of multiplication of fractions. If the fractions \ X \% 
are to be multiplied, the work can be done more easily and 
quickly by first cancelling factors in the numerators and de- 
nominators as far as possible. If a dividend and divisor are 
both divided by the same number, this does not change the 
quotient. In the preceding example, the numerator 5 and 
the denominator 20, or ^, are equal to J, which is obtained 
when 5 and 20 are each divided by 5. In the same way, the de- 
nominator 6 and the numerator 18 can be reduced to i and 3, 
respectively. The common method of procedure is to draw 
a line through 5 and 20 and place i above the 5 and 4 below 
the 20. The figure 6 is also crossed out and replaced by i 
and 18 by 3. Thus: 
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Multiply 


Axix-S-xH. 

■ S 11 tl 40 


This can be 


carried out as shown below; 




112 3 

I^ 12 JI <B 100 
6 3 1 20 



6^20 4" 

1 4 

The final result is obtained in this way without mukiplying 
5 by 18 and 6 by 20, Another example of cancellation follows: 

I «.....:„>.. 4 ^ 5 ^ 6 . 

Multiplication of Decimal Fractions. — When multiplying 
decimal friictions, the multiplier is placed under the multi- 
plicand, in the same way as in multiplication of whole num- 
bers. While carrying out the multiplication, no attention is 
, paid to the decimal point; the numbers are simply placed in 
^Ksuch a manner that the right-haad figure in the multiplicand 
^Bcomes directly over the right-hand figure in the multiplier. 
^Hlt makes no difference whether the decimal points should 
happen to come under each other or not. If 126.5633 is to be 
multiplied by 4.67, write the numbers thus: 
126.5623 
4-67 
8859361 
7593738 
506 349 a 
591,04594' 
The multiplication is carried out exactly as when whole 
mbers are to be multiplied. The number of decimal places 
1 the product equals the sum of the number in the multipli- 
[cand and the multiplier. If there are four decimals places in 
the multiplicand, and two decimal places in the multiplier, 
i in this example, then there should be six decimal places 



8 SHOP MATHEMATICS 

in the product, and we place the decimal point in the product 
so that there are six figures to the right of the decimal point. 

Rule: Place the multiplier imder the multiplicand, disregard- 
ing the decimal point Multiply as in whole numbers, and in 
the product, point off as many dedmal places as there are decimal 
places in both the multiplier and multiplicand. If there are not 
enough figures in the product to point off the required number of 
decimal places, prefix ciphers, put in the decimal point, and 
place a dpher to the left of the decimal point to indicate xthat 
there is no whole number. 

Division of Decimal Fractions. — When dividing decimal 
fractions, the dividend, divisor, and quotient are placed in 
the same manner as in the division of whole nimibers. If 
there are not as many decimal places in the dividend as in the 
divisor, add ciphers to the one having the smaller nimiber of 
decimal places, until there is an equal niunber, and then 
divide as whole nimibers, disregarding the decimal point. 

Example. — Divide 3.25 by 0.0625. 



dividend 3.2500 


0.0625 divisor 


3125 


52 quotient 


1250 




1250 





In the example above, there are two decimal places in 3.25 
and four in 0.0625. Therefore add ciphers to 3.25 until there 
are four decimals in that nimiber, thus: 3.2500. Now divide 
as when dividing whole nimibers, and pay no attention to the 
decimal point. If there should be a remainder, the division 
would be continued as in the example below: 

Example. — Divide 23.1875 by 0.25. 



23-1875 
22500 

6875 
5000 



0.2500 

■ ■ ^ 

92.7s 



18750 

1750Q 
12500 

12500 
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II there is a remainder when the last figure has been 
brought down from the dividend, place a decimal point after 
the figures already obtained in the quotient, annex a o to 
the remainder left from the last subtraction, and continue 
to di\'ide as before. To each remainder obtained annex a o. 
This o takes the place of the figure brought down from the 
dividend. The figures obtained in the quotient after the 
decimal point has been placed are decimals. 

Dividing an Odd Number and a Fraction. — It is sometimes 
necessary to divide inches and fractional parts of an inch by 
a, as when laying off center lines, spacing, etc. The follow- 
ing method will be found very convenient: 

Rule: To divide an odd number and a fraction by a, add 
togetlier the numerator and denominator of the fraction, 
placing the sum in position for the numerator of the fraction 
of the quotient. For the denominator of this fraction, multi- 
ply by 2 the denominator of the fraction which is being divided. 
Deduct I from the whole number of the e-\pression that is 
being divided, and divide the remainder by a. 

Example. — Divide 31 f J by 3. The numerator of the frac- 
tion added to the denominator equals 31 + 3a = 63, which 
is the numerator of the fraction of the quotient. The de- 
nominator equals 32 X 2 = 64, The whole number in the 

quotient equals (31 - i) ^ 2 = 15: hence, ^-^ = 15II 

Proving Multiplication. — The method of proving multipli- 
cation ordinarily used is that of casting out 9's. This is ef- 
fected by dividing the multiplicand and multiplier by 9 and ^^ 
noting the remainders, which are then multiplied together ^H 
and divided by 9; if the remainder thus obtained is the same ^H 
as the remainder obtained by dividing the product by q, ^H 
the work Is probably correct; but, if it is not, the work is ^H 
wrong. Thus, 7854 X 2905 = 22,815,870. Here 7854 -7- 9 ^H 
pves a remainder of 6; 1905 -:- 9 gives a remainder of 7; 
6 X 7 = 42, and 42 t- 9 gives a remainder of 6; 22,815,870 -^ 9 
III} p'ves a remainder of 6, and the work is probably correct. This n 
^^fcest is not always certain, since the remainder, when dividing ^H 

k^ 2Z I 



I 
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by 9, may always be obtained by adding the digits, then 
adding the digits of the sum, etc., until a single figure is ob- 
tained; hence, if one or more mistakes are made whereby the 
sum of the digits (reduced to a single figure) is unchanged, 
the test fails. Thus, the remainders obtained by dividing the 
foregoing numbers by 9 are, respectively, 7+8 + 5+4 = 24, 
and a+4 = 6; 2 + 9 + 5 = 16, ^'^^ i+6 = 7;4 + 2 = 6; 
and 2 + 2+8 + 1+5 + 8 + 7= 33, and 3+3=6. 
If the product obtained had been 22,815,780, 23,805,870. 
22,814,970, or any one of numerous other combinations in 
which the simi of the digits when reduced to one figure is 6, 
it is evident that the test would fail. 

A much better test, and one that is practically certain, is 
to divide by 7. Thus, 7854 -;- 7 gives a remainder of o; here 
without proceeding further it is known at once that the product 
when divided by 7 must give a remainder of o, since one of 
the factors being a multiple of 7, the product is a multiple 
of 7. Dividing 22,815,870 by 7, the remainder is o, showing 
that the work is correct. Consider the product 7853 X 2904 
= 22,805.112. Here 7853 -^ 7 gives a remainder of 6; 2904 t- 7 
gives a remainder of 6; 6 X 6 = 36, 36 -^ 7 gives a remainder 
of I, Since 22,805,112 -j- 7 gives a remainder of i, the work 
is correct. The reader should apply the 7 lest to the preceding 
numbers that were apparently correct by the 9 test, but were 
wrong in reality. 

Another method of proving multiplication is illustrated hyl 
the following example: 

Example. — Multiply 84,689 by 5214 = 441,568,446. Addj 
all the digits of the multiplicand till one digit is obtained, 
thus: 8 + 4 + 6 + 8 + 9 = 35, and 3 + 5 = 8. Do like- 
wise with the multiplier, thus: 5 + 2 + 1+4 = la, and 
1+2=3- Multiply the two results and add the digits till 
one digit is obtained: 8 X 3 = 24. and 2+4 = 6. Lastly, 
add the digits of the product till one digit is obtained; thus: 
4+4 + 1 +5 + 6 + 8 + 4+4 + 6= 42. and 4 + 2=6. 
The result should agree with the result obtained by adding 
the digits of the preceding multiplication. In this case, the 
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mber is 6 in both cases, indicating that the product is 



I Proving Division. — In order to prove division, the digits 

t the divisor, dividend, quotient (and remainder, if any) are 

pded separately until one digit is obtained in each case, as 

leviously described for proving multiplication. The product 

the digits representing the divisor and the quotient is 

■xt multiplied and the result reduced to one figure. Now 

^dd the remainder, if any, ar.d reduce the sum to one ligure. 

If the division is correct, this final digit will be the same as the 

one representing the dividend. 

Example. — 441,568,446 -^ 84,689 = 5214. 
Proof: Add all the digits of the divisor; thus, 8 + 4 + 6 
+ 8 + Q = 35, and 3 + 5 =8. The sum of the digits of the 
dividend equals 4 + 4 + 1+5 + 6+8 + 4 + 4 + 6 =42, 
and 4 + a = 6. The sum of the digits of the quotient equals 
5 + 3 + 1+4 = 12, and 1+2=3. "^^^ ^i^^' ^'g't of the 
dixTSor multiplied by the final digit of the quotient equals 
8 X 3 = 24, and 2+4=6, which is the same as the figure 
representing the final digit of the dividend; therefore, the 
divt^on is correct. 

Example. — 93,279 -5- 464 = 20u^. 

I Proof: Add all the digits of the divisor; thus, 4+6 + 4 

, and 1+4 = 5. The sum of the di^ts of the dividend 

als 9 + 3 + 2 + 7+9 = 30, and 3+0 = 3. The sum 

t the digits of the quotient equals 2+0 + 1 =3, The sum 

j the digits of the remainder equals 1 + 5=6. The final 

jit of the divisor multiplied by the final digit of the quotient 

j^uals 5 X 3 = 15, and 1+5 = 6. This digit plus the final 

g^t of the remainder equals 6 + 6 = la, and 1+2 = 3, 

liich is the same as the final digit representing the dividend; 

BCe, the division is correct. 

\ Proportion. — Two quantities are said to be in direct pro- 

trtion when they bear such a relation to each other that as 

; 19 increased the other becomes greater, or, as one is de- 

<!, the olhcr becomes less at the same rate. The relation 

fetwecn the circumference of round bar stock and its diameter 
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is an example of direct proportion. If the diameter increases, 
the circumference will increase, and if the diameter is made 
less, the circumference will be less. 

If the relation between two quantities is such that as the 
one increases the other becomes smaller, and as the one de- 
creases the other becomes greater in the same rate, they are 
in inverse proportion. The time required to build a machine 
shop is inversely proportional to the nimiber of men em- 
ployed, and the greater the nimiber, the shorter the time. 

Two quantities are said to be in compound proportion when 
the relation between them is such that the increase or decrease 
of one affects the other by a combination of two or more 
direct or inverse proportions. If one man can mill 50 steel 
castings in a day of 10 hours, then 5 men can mill 225 similar 
castings in 9 hours. The nimiber of castings milled by one 
man in 10 hours is in compound proportion to the number 
milled by 5 men in 9 hours, because the proportion is a com- 
bination of the proportion between the nimiber at work and 
the proportion of the time they are working. 

In calculations, a proportion is usually written as below: 

5 :6 : : 10 : 12 

which is read: five is to six as ten is to twelve. 

In every proportion of four terms the product of the two 
extreme or outside terms equals the product of the two mean 
or intermediate terms; thus, in the proportion 5 : 6 : : 10 : i2| 
the product 5 X 12 equals the product 6 X 10. 

In a proportion, the sign ( : ) can be substituted by the 
division sign (-5-), and the sign ( : :) by the equal sign (=), 
so that the proportion above may be written 54-6 = io-«-i2 
or S = iJ- The fraction on either side of the equal sign re- 
duced to its lowest terms is called the ratio of the proportion. 

In the example above, the fraction | is already reduced to 
its lowest terms, so that | is the ratio. 

Examples of Direct Proportion. — If a gang of men work 
14 days in assembling 6 milling machines, how long would it 
reguire to assemble 18 milling machines? 
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The time required to assemble 18 mUling machines is 
directly proportional to the time required for 6 milling ma- 
chines. If it takes 14 days to assemble 6 milling machines, it 
takes ^j*- = 2^ days for one milling machine, and 18 X 2^ = 43 
days to assemble 18 milling machines. 

This problem could also be solved by writing out the pro- 
portion as below, the number of days to be found being repre- 
sented by *: 

^6 : 14 :: 18 : x 
(milling machines : days : : milling machines : days) 
hich is read, 6 is to 14 as 18 is to x. The problem now is to 
id the value of x. 
As the product of the extreme terms in a proportion equals 
le product of the intermediate terms, therefore, 
6 X X = 14 X 18. 
If 6 X J", or 6 X, as it is commonly written, equals 
14 X 18 
7 = 42 days. 



14 X I 



then one x = 



Example. — Thirty-four linear feet of bar stock are re- 
quired for the blanks for 100 clamping bolts. How many feet 
of stock would be required for gia bolts? 

X = total length of stock required for 912 bolts. 

134: 100:: a-: 912. 
34 X 9" = 100 »^- 
of 



34 X 9^2 ^ 



= 310 feet, almost exactly. 



It should be noted in the examples above that the position 
"of X in the proportion depends upon the requirements of the 
problem. In every direct proportion it is necessary tg have 
the corresponding quantities occupy the same relative place 
on each side of the proportion or equal sign. In the example 
just given, we have, for instance, 

34 : 100 :: a; : 912 
feet : pieces : : feet: pieces 
Examples of Inverse Proportion. — A shop equipped with 
automatic screw machines produces a ceiVam whv^Jwx qV ] 



^^M Exampl 
^^■IG autom. 
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duplicate parts in a day of lo hours. How many automatic 
scfew machines would be required for the same production if 
the machines were only operated 8 hours each day? 

In this example, the hours per day are in inverse proportion 
to the nimiber of screw machines used; the shorter the time, 
the more screw machines are required. The example can be 
solved by the method explained previously; x is the nimiber 
of automatic screw machines working 8 hours. The inverse 
proportion is written 

i6 : X : : 8 : lo 

f machines operating ) ^ ( machines required \ . . f hours 1 ^ ( hours \ 
\ 10 hours I ' \ for 8-hour day / ' * \ per day J ' \ per day J 

Note* that in an inverse proportion the corresponding quan- 
tities occupy inverse or opposite places in the proportion. 
Carrying out the calculation, we have 

/: vv Q i6 X lO 

i6 X lo = 8 x; a; = = 20. 

o 

Therefore, if the operating time is reduced from 10 hours 
to 8 hours, the number of machines must be increased from 
16 to 20, if the same daily output is to be maintained. 

Compound Proportion. — The kind of problems occurring in 
compound proportion is illustrated by the following example: 

Example, — If a man capable of drilling 40 forgings in a 
day of 10 hours is paid 36 cents per hour, how much ought a 
man be paid who drills 48 forgings in an 8-hour day, if com- 
pensated in the same proportion? 

When solving problems involving compound proportion, the 
following method of analysis tends to simplify the solution. 
Make up a table with four columns headed, "First Cause,*' 
"First Effect," "Second Cause," "Second Effect," and place 
under each the respective factors given in the problem. In 
the example above, the table would be arranged as below: 

First Cause First Effect Second Cause Second Effect 

I man 40 forgings i man 48 forgings 

10 hours 8 hours 

J 6 cents x cents 



I 
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insider as causes the number of men working, the length 
of time they work, and their capacity for work; the pay re- 
ceived or the amount of product turned out in a unit of time 
indicates the capadty for work. The effect is the total product 
given either in numbers, or by the dimensions of the work 
completed. The unknown quantity is called x. 

When the different numbers or quantitites have been ar- 
ranged in columns as described, take all the quantities in the 
first and fourth columns and place them as the numerator of 
a fraction with multiplication signs between them, and all 
the quantities in the second and third columns and place 
them as the denominator of a fraction with multiplication 
signs between them. Make this fraction equal to i. Then 
cancel and reduce the fraction to its simplest form as below 

I X 10X36 X48 _j 
40 X I X 8 Xa: 

— = I, or a; = 54 cents. 

Example. — Fifteen turret lathes of a certain make turn 
out a total of 270 pieces per hour. It is planned to double 
the total product per day by installing machines of more 
modem type, each capable of producing 25 pieces per hour. 
At the same lime, the working hours per day are to be re- 
duced from 10 to 9, How many machines of the new type 
will be required to double the daily output? 

It will be noted in this problem that the capadty of the 
new machines is given in production of each machine per 
hour, while the capacity of the old machines is given as the 
production of the total number of machines per hour. It is 
necessary that the capadty of the old machines be given 
in the same form as the capacity of the new machines. As 
15 machines produce 270 pieces per hour, each machine pro- 
duces 270 -f- 15 = 18 pieces per hour. Note that the capaci- 
ties of the respective machines, 18 and 25 pieces per hour, are 
"causes" of their total production. 

Another of the given conditions is that the total daily out- 
put should be doubled. As 270 pieces mc !«>■« ■^Tti^vi'Jt.^ 
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hour, and the working day is lo hours, the total daily pro- 
duction is 270 X lo = 2700. Double this number, or 5400 
pieces, is the required output per day of the new equipment. 
Having obtained these figures, we can now tabulate the 
conditions. 

First Cause First Effect Second Cause Second Effect 
15 machines 2700 pieces x machines 5400 pieces 
10 hours 9 hours 

18 pieces 25 pieces 

Following the same method as shown above, we have : 

15 X 10 X 18 X 5400 ^ 
X X 9 X 25 X 2700 ' 

— = I, or X = 24 machines. 

X 

Proportion Involving Powers and Roots. — In some prob- 
lems, the quantities or value may not vary directly in pro- 
portion to some other value, but according to the power or 
the root of that value. For example, the area of a circle varies 
as the square of the diameter and the volume and weight of a 
sphere varies as the cube of the diameter. 

The procedure, when either powers or roots of numbers 
occur in proportion, is illustrated by the following example: 

Example. — If a solid cast-iron ball 20 inches in diameter 
weighs 1090 pounds, what is the weight of a ball 16 inches in 
diameter made of the same material? 

As the weight of a sphere varies as the cube of the diameter, 
the proportion must be based on the cubes of the two di- 
ameters given and not directly on the diameters. Thus: 

20' : 16' : : 1090 : x. 

Expressed in words, the cube of 20 is to the cube of 16 as 
1090 is to X, Instead of finding the cube of 20 and of 16, 
these terms of the ratio may be reduced without changing the 
value of the ratio, by dividing both terms by the same number. 
For example, the ratio of 20 cubed to 16 cubed equals the 
ratio of 5 cubed to 4 cubed. Therefore, 

5' ; 4' : : 1090 : x, or 125 : 64 : : 1090 : x. 
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_ _ 64 X 1090 



558 pounds. 



Example. — If a solid cast-iron ball weighs 1 24 pounds and 
is 10 inches in diameter, what would be the diameter of a 
similar ball weighing 100 pounds? 

In this problem, the cubes of the diameters must again be 
considered. Since one diameter is not known and is repre- 
sented by X, the proportion is 

124 : 100 : : 10* : x^. 

100 X 10* 100 X 1000 , , 

- - — 806.4, nearly. 



■ Therefore, r* ^ 



124 



124 



I 



Since r" = 806.4, the value of a: = '^^806.4 = 9.3 inches. 

Figuring Percentage. — 'The tenn "percentage" is applied 
to numerical operations based upon one hundred as a unit of 
computation. Ten per cent of a number is equal to ten- 
hundredths of that number. Thus, ten per cent of one hun- 
dred equals X 100 = 10. The per cent of a number is 

100 "^ 

usually expressed as a decimal instead of as a common frac- 
tion. For instance, four per cent, or 4% (the sign of per 

*cenl is %), is ordinarily written as 0.04 in preference to -^■ 

The general rule for percentage calculations will be given and 
then the practical application of percentage will be illustrated 
by some typical problems. 

RiUc: To find the per cent of gain or loss, divide the amount 
of gain or loss by the original number of which the percentage 
is wanted, and multiply the quotient by 100. 

Example. — A turret lathe operator produces 320 parts in 
& week, but 40 parts do not pass inspection. What is the per- 
centage of rejected parts ? 

The original number of parts is 330; therefore, the percentage 
of rejected parts is obtained by dividing the loss, or 40, by 
330 and multiplying by 100. Thus: 



Percentage of l 



s equals — ■ X 100 = 
320 
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Example. — If 60 parts are finished on a planer in a day 
and the production is increased to 90 parts by using a hori- 
zontal milling machine instead of the planer, what is the gain 
expressed in per cent? 

In this example, the amount gained equals 90 — 60 = 30, 
and the original number is 60; therefore, the gain in per cent 
is obtained by dividing 30 by 60 and multipljdng by 100. Thus: 

Percentage of gain equals ^ X 100 = 50%. 

00 

In solving problems of this kind, it is important to use as 
the divisor the original number, or the number of which the 
percentage is wanted. In the preceding example, the per- 
centage of gain over the original output of 60 was wanted, and 
not the percentage in relation to the new rate or production, 
or 90, and, therefore, the number 30, representing the gain, 
is divided by 60. 

Powers of Numbers. — The product obtained by multiply- 
ing a number by itself one or more times is known as the 
"power" of that number. The second power of 5 equals 5 
multiplied by itself, or 5 X 5 = 25, and the third power of 5 
equals 5X5X5 = 125. The second power is conmionly 
called the square of the number, and the third power, the 
cube. 

The square of 2 is 2X2=4, and the square of 10 is 
10 X 10 = 100; similarly the square of 177 is 177 X 177 
= 31,329. Instead of writing 2 X 2 for the square of 2, it 
is often written 2^, which is read "two square," and means 
that 2 is multiplied by 2. In the same way, 128* means 
128 X 128. The small figure (*) in these expressions is called 
exponent. 

The cube of a number is the product obtained if the number 
itself is repeated as a factor three times. The cube of 2 is 
2X2X2 = 8, and the cube of 12 is 12 X 12 X 12 = 1728. 
Instead of writing 2X2X2 for the cube of 2, it is often 
written 2', which is read "two cube." In the same way 
j^3^ means 128 X 128 X 128. The small figure (') in this 
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IS the exponent. An expression of the form 18* may also 
be read the "third power of 18." 

The exponent in the expression 6* indicates the fourth 
power of 6, the exponent showing in each case how many 
times the number to which the exponent is af&xed, is to be 
;ken as a factor. 

The exponent in the expression 6a^ applies only to the value 

■resented by a; thus, 6a° equals 6 times the square of a. 

the square of both the coefficient 6 and of a were required, 

expression would be enclosed in parentheses. When 

tten (6ay, the parentheses show that the product of 6 

id whatever value is represented by a is to be squared. If 

expression occurred in a formula, the letter a might repre- 

:nt the length in inches, or some other value, and when 

using the formula, the numerical value of a would be used, as 

explained in Chapter III, which deals with the use of formulas. 

Roots of Numbers. — The square root of a number is that 

number which, when multiplied by itself, will give a product 

equal to the given number. Thus, the square root of 4 is 2, 

because 2 moltiplied by itself gives 4. The square root of 

35 is 5; of 36, 6, etc. We may say that the square root is 

the reverse of the square, so that, if the square of 24 is 576, 

then the square root of 576 is 24. The mathematical sign for 

the square root is v^, but the index figure {^) is generally left 

out, making the square-root sign simply V, thus: 

V4"= a (the square root of four equals two), 
VToo = 10 (the square root of one hundred equals ten). 
The cube root of a given number is the number which, if 
repeated as factor three times, would result in the given 
number. Thus the cube root of 27 is 3, because ^ "X ^ Y- i 
* 27. If the cube of 15 is 3375, then the cube root of 3375 is, 
of course, 15, The mathematical sign for the cube root is V, 
thus: 

V64 = 4 (the cube root of sixty-four equals four), 
'4096 = t6 (the cube root of four thousand ninety-six equals 
sixteen) . 
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Just as square root is the reverse of square so cube root is 
the reverse of cube. 

In the case of all roots, except the square root, the index, or 
the small figure in the radical sign (vO, must be given. Thus 
v^ represents the fourth root of 8i, which root equals 3, 
smce 3X3X3X3= 81. 

Extracting Square Root — In solving some shop and tool- 
room problems, it is necessary to find either the square root or 
cube root of a number, and ordinarily these values are ob- 
tained directly from tables such as are found in practically all 
engirieering handbooks. (See Machinery's Handbook, pages 
I to 41, inclusive.) The use of such tables saves time and in- 
sures accurate results. The method of extracting the roots 
of numbers, however, should be understood. 

The operation of finding the square root of a given number 
is called extracting the square root. Assume that the square 
root of 119,716 is to be found. Write the number as follows, 
leaving space for the figures of the root as shown. Beginning 
at the unit figure (the last figure at the right of a whole num- 
ber) ^ point oflF the nimiber into periods of two figures each. 
Should there be an odd number of figures in the given number, 
the last period to the left will, of course, have only one figure. 

ii'97'i6 I Space for root. 

Find the greatest whole number the square of which does 
not exceed the value of the figures in the left-hand period (11), 
and write this number as the first figure of the root. In the 
example this number is 3, the square of which is 9. Subtract 
this square from the left-hand period, and move down the 
next period of two figures and annex it to the remainder, thus: 

ii'97'i6 |_3 

3X3=9 
297 

Now multiply the figure of the root obtained by the con- 
stant 20 which is always used when extracting the square 
root by this method (3 X 20 = 60), and find how many times 
this product is contained in the number 297. This gives a 




I figure for the second figure of the root; 60 is contained 
! times in 397, and 4 is, therefore, placed as the next 
^joi the root. 

ii'97'i6 |_j£ 

3 X 20 = 60 297 
Now subtract from 297 the product of 60 plus the figure uf 
the root just obtained (4), multiplied by the same figure (4); 
(60 + 4) X 4 = 256. If this product were larger than 297 it 
would indicate that the trial figure was too large, and a figure 
one unit smaller should be used. 

»Then move down the next period of two figures and annex 
it to the remainder. 
ii'97'. 
3X3=9 



'16 I 34 



3 X 20 = 60 297 

(60 + 4) X 4 = 256 



4II6 
Now multiply the figures of the root thus far obtained by 
20; {34 X 20 = 680), and find how many times this product 
is contained in 4116. This gives a trial figure for the third 
figure of the root; 680 is contained 6 times in 4116, and 6 is, 
therefore, placed as the third figure of the root. Then sub- 
tract from 41 16, the product of 680 plus the figure of the root 
ist obtained (6), multiplied by the same figure (6), 

3X3 = ?_ 
. 3 X 20 = 60 297 
(60 + 4) X 4 = 256 
34 X 20 = 680 4116 
{680 + 6) X 6 - 4116 
If, as in the present case, this last subtraction leaves no 
Kmainder, and if there are no more periods of figures to move 
[own from the given number, the obtained root 346 is the 
sact 'square root of 119,716. 
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If there is a remainder when the last period of figures has 
been moved down, place a decimal point after the figures 
already obtained in the root, annex two ciphers (oo) to the 
remainder, multiply the number so far obtained in the root 
by 20, and proceed as before until a sufficient number of 
decimal places have been obtained to give the root with suf- 
ficient accuracy. 

Example: 1*25 | 11. 18 

I X I = 1 

I X 20 = 20 25 
(20 + i) X I = 21 



II X 20 = 220 400 

(220 + l) X I = 221 



III X 20 = 2220 17900 
(2220 + 8) X 8 = 17824 

It will be seen from the calculation that, when multiplying 
by the constant 20, the decimal point is disregarded, and the 
figures obtained in the root considered as a whole number. 
The decimal point must, however, be placed in the root as 
already explained before annexing the two first ciphers (not 
in the given number) to the remainder, in order to give a 
correct value to the root. 

Square Root of Decimals. — When extracting the square 
root of a decimal fraction, or when the square root of a whole 
number and a decimal is required, always point oflF both the 
whole number and the decimal in periods of two figures each, 
beginning at the decimal point, thus: 

2'i7'63.56'78'5 

If the number of decimal places is not an even nimiber, the 

period to the right will have only one figure instead of two. 

By placing a cipher after the decimal in such cases, the last 

period is made complete without changing the value of the 

number, thus: 

2'i7'63.56'78'5o 

It should be borne in mind that the pointing oflf of periods 
of two figures each should always be begun at the decimal 
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int, Doth for the whole numbers and lor the decimals. Thus, 
r instance, the pointing off in the first line below is correct, 
die the pointing off in the second line is incorrect: 
Correctly pointed off: ©■76'34's i'^^.ysV 

iQcorrectiy pointed off: o.7'63'45 32'6,7'54 

When extracting the square root of a decimal fraction, the 

decimal point is placed in the root when the first period of 

decimals is moved down. 

» Example: 5.71 

2X2 = 4 



I 1J9 



2 X ao = 40 171 

(40 + 3) X3= "9 

23 X 20 = 460 4221 

{460 + 9) X 9 = 4221 



' When it is found that the next figure in the root is a cipher, 
place it as usual in the root, and move down the next period 
of two figures, in all other respects following the procedure 
already explained. 

» Example: 9'i2'o4 | 302 
3 X3 =9 
5X^° = ^° I .204 
30 X 20 = 600 J 
(600 + 2) X 2 = 1304 
Square Root of Conunon Fractions. — The square root of a 
common fraction may be obtained by extracting the square 
lot of both numerator and denominator, thus: 



^oot 



\!^^ 






When the terms of the fraction are not perfect squares 
(squares of whole numbers), it is preferable to change the 
1 fraction to a decimal fraction, and extract the square 
)ot of this. 

|Proof of Square Root. — When there is no remainder after 
the periods of figures in the given numbei Va'je XitcTv 
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moved down, and the last figure of the root found, the calcu- 
lation may be proved by multipl)dng the root by itself, in 
which case the product must equal the number given, of 
which the square root has been extracted. If there is a re- 
mainder, the figures obtained do not represent the exact root, 
but a close approximation; if this approximate root is multi- 
plied by itself, the product should very nearly equal the given 
number; if not, an error has been made. 

Extracting Cube Root. — Assume that the cube root of 
80,621,568 is to be found. Write the nimiber as below, leaving 
space for the figures of the root as shown. Beginning at the 
unit figure (the last figure at t;he right of a whole nimiber), 
point oflF the number into periods of three figures each. Ac- 
cording to the total number of figures in the given number, 
the last period to the left will, of course, have one, two or 

three figures. 

8o*62i'568 I Space for root. 

Now find the greatest whole nimiber, the cube of which does 
not exceed the value of the figures in the left-hand period (80) , 
and write this number as the first figure in the root. The 
cube of 4 is 64 (4 X 4 X 4 = 64), and the cube of 5 is 125 
(5X5X5 = 125). Hence 4 is the greatest whole nimiber, 
the cube of which does not exceed 80, and 4, therefore, is the 
first figure of the root. Subtract the cube of 4 from the left- 
hand period and move down the next period of three figures, 
and annex it to the remainder, thus: 

80*62 1 '568 1_4 
4 X 4 X 4 = 64 

16621 

Now multiply the square of the figure in the root by the 
constant 300, which is always used when extracting the cube 
root by this method (4* X 300 = 4 X 4 X 300 = 4800), and 
find how many times this product is contained in the number 
16,621. This gives us a trial figure for the second figure of 
the root; 4800 is contained three whole times in 16,621, and 
3 is, therefore, placed as the next figure of the root: 
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^^^^^^H 8o'62i'568 ] 4j 

^^^H 4x4x4 = 64 

^V Now subtract from 16,621 the sum of the foUowing products: 

^H I. The square of the figure or figures already obtained in 

^" the root, excepting the last one, multiplied by 300, and this 

product multiplied by the figure just obtained in the root, 

thus: 

4* X 300 X 3 = 16 X 300 X 3 = 14.400. 
2. The figure or figures already obtained in the root, except- 
ing the last one, multiplied by 30, and this product multiplied 
^B^by the square of the last figure obtained, thus: 
^1 4 X 30 X 3* = 4 X 30 X 9 = 1080. 

^H 3, The cube of the last figure obtained, thus: 
H 3' = 3 X 3 X 3 = 27- 

w^t The method followed will be understood by studying the 

'" example and comparing the different quantities with the 

worded explanations just given. If the sum of these various 

I products is larger than 16,621, it indicates that the trial figure 
Is too large, and a figure one unit smaller should be used. 
I Now move down the next period of three figures, and annex 
it to the remainder. 
I 8o'62i'568 |_43 
I 4X4X4 =64 

4' X 300 = 4800 16621 
4* X 300 X 3 + 4 X 30 X 3' + 3= = 15507 
1114568 
Multiply the square of the figures of the root thus far ob- 
tained by 300 (43* X 300 = 43 X 43 X 300 = 554,700)- and 
find how many times this product is contained in 1,114,568. 
This gives a trial figure for the third figure of the root; 554,700 
is contained two times in 1,114,568, and 2 is, therefore, placed 
as the third figure of the root. Now subtract from 1,114,568 
a sum made up of the three products previously given, and 
^H shown in the example below: j^h 
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8o'62i's68 I 432 
4 X 4 X 4 = 64 



4* X 300 = 4800 16621 
4* X 300 X 3 + 4 X 30 X 3* + 3' = 15507 



43* X 300 = 554,700 1 1 14568 
43* X 300 X 2 + 43 X 30 X 2* + 2» = 1 1 14568 

If, as in the present case, this last subtraction leaves no 
remainder, and if there are no more periods of figures to move 
down from the given number, the obtained root 432 is the 
exact cube root of 80,621,568. 

If there is a remainder when the last period of three figures 
has been moved down, place a decimal point after the figures 
already obtained in the root, annex three ciphers (000) to 
the remainder, multiply the square of the number thus far 
obtained in the root by 300, and proceed as before until a 
sufficient number of decimals have been obtained to give the 
root with sufficient accuracy. 

Example: i'8i6 | 12.2 

1X1X1=1 

I* X 300 = 300 816 
i« X 300 X 2 + I X 30 X 2*+ 2' = 728 

12* X 300 = 43,200 88000 
12* X 300 X 2 + 12 X 30 X 2* + 2» = 87848 

It should be noted in these calculations that, when squaring 
the figures thus far obtained in the root and multiplying by 
the constant 300, the decimal point is disregarded and the 
figures obtained in the root considered as a whole number. 
The decimal pointy however, must be placed in the root as 
already explained, before annexing the fii%t three ciphers (not 
in the given number) to the remainder, in order to give a cor- 
rect value of the root. 

Cube Root of Whole Number and Decimal, — When the 
cube root of a number containing a whole number and a 
decimal is required, always point ofif both the whole number 
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md the decimal in periods of three figures each, beginning at 
e decimal point, thus: 

83'675'73i-S63'75 

If the number of decimal places is not evenly divisible by 

three, the period to the right will liave only one or two figures 

istead of three. By placing one or two ciphers after the 

tedmat in such cases, the last period is made complete without 

Jiging the value of the number, thus- 

-83'675"73i-563'7So 

It should be borne in mind that the pointing off of periods 

«f three figures each should always be commenced at the 

decimal point, both for the whole number and for the decimals. 

Thus, for instance, the pointing off in the first line below is 

rirect while the pointing off in the second line is incorrect: 
Correctly pointed off: o.765'354'3 2'765.J54'2 

Incorrectly pointed off: o.7'653's43 27'65.3'542 

Cube Root of Fractions. — In extracting the cube root of a 
decimal fraction, the decimal point is placed in the root 
^^when the first period of decimals is moved down. 
^^ When it is found that the next figure in the root is a cipher, 
^Kdace it as usual in the root and move down the next period 
^^f three figures, in all other respects following the procedure 

already explained. 
, The cube root of a common fraction may be obtained by 
Etracting the cube root of both the numerator and the de- 
lator, thus: 

J a? ^ - ^ 37 ^ j_ 

"Viooo ^'1000 10' 

I When the terms of the fraction are not perfect cubes (cubes 

whole numbers), it U preferable to cliange the common 

fractioi) to a decimal fraction and then extract the cube root. 

Proof of Cube Root. —When there is no remainder after 

Elbe periods of figures in the given number have been moved 
m, and the last figure of the root found, the calculation 
y be proved by repeating the root as a factor three times, 
vfaich case the product must equal the num\i« ©.n«.ti., »A. 
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which the cube root has been extracted. If there is a re- 
mainder, the figures obtained do not represent the exact 
root, but a dose approximation. If this approximate root is 
repeated as a factor three times the product should very nearly 
equal the given number; if not, an error has been made. 

Extracting Roots Higher than Square or Cube Roots. — 
When the root to be extracted is higher than a square or a 
cube root, the index of the required root is separated into its 
factors and then the roots indicated by the different factors 
are extracted successively.* For example, the fourth root of 
8 1 (v^8i) is found by first extracting the square root of 8i, 
which equals 9. Then the square root of 9 is extracted to 
obtain the fourth root of 81. The square root is extracted 
twice in this case, because the index 4 equals 2X2. That 3 is 
the fourth root of 81 may be proved as follows: 3X3X3X3 
= 81, the fourth root being repeated as a factor four times. 

The sixth root of a number may be obtained by extracting 
the cube root and then the square root. 

Example. — What is the sixth root of 64, or 'Vt^f 

The index 6 equals 3X2 which shows that the cube and 
square roots should be extracted. The cube root of 64, or 
"^^^64^ equals 4, and the square root of 4, or V47 equals 2; 
hence, the sixth root of 64 equals 2. The square root might 
have been extracted first without affecting the result. 

By using tables of squares and cubes, the fifth root of any 
given number may be accurately found to several places by 
interpolation, as the fifth power of a nimiber is equal to the 
product of its square by its cube. For instance, suppose that 
the fifth root of 7214 is required, accurately, to five places. 
A moment's inspection of the tables will show that the product 
of the square and the cube of 6, or 6* X 6' = 7776, is a little too 
large. Looking into the fifties and inserting the decimal point 
in the proper place to get the powers of 5.9, it will be foimd 
that the fifth power of 5.9, or 5.9*, equals 5.9* X 5.9' = 7149-2. 

The method of obtaining this fifth root will be further 
explained. By referring to the tables, it will be seen that 
the square of 59 is 3481; hence, the square of 5.9 is 34.8I1 
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ledmal point being moved two places toward the left. The 
cube of 59 is 205,379; hence, the cube of 5.9 is 205.379, the 
decimal point being moved three places toward the left. 
Therefore, the fifth power .of 5.9 equals 205.379 X 34.81 
= 7149.2, approximately. This number {7149.2), however, is 
less tlian 7214, the fifth root of which is required, but, by 

interpolation, 100 X 7't4 - 7'49-J ^ ^^ Therefore, 5.Q10 

7776-7149.2 
is part of the root. In the same way, 5.91' equals 5.91^ X 5.91' 
= 7210.03, which is also smaller than the number {7214) the 
fifth root of which is required. The fifth power of 5.92 equals 
5.92* X 5.92* = 7271.25, which is greater than 7214. This 
indicates tliat the fifth root of 7214 may be determined by 
interpolation, using the fifth power of 5.91, or 7210.03. Thus, 

too X ~-^ — - — ■ ■ - ' ■ - - — = 6. Therefore, 5.9106 is the re- 
7271.25 - 7210.03 

quired root. 

A result closer than four or five places is seldom of special 
value, and the foregoing method is not very tedious. Fourth 
and sixth roots may also be found by means of the tables in 
two operations, interpolation usually being necessary. 

Cost of a Mixture when Unit Costs are known. — The term 
"alligation" is applied to certain processes in arithmetic for 
ascertaining the relations between the proportions and prices 
of the ingredients of a mLiture and the cost of the mixture 
per unit of weight or volume. The first example referred to 
tUustrates how the price of an alloy per pound is determined 
when the proportions of the different ingredients and the cost 
of each ingredient are known. 

Example. — An alloy for a lining bearing is composed of 
70 pounds of lead at 4 cents per pound, 10 pounds of tin at 
30 cents per pound, 17 pounds of antimony at 9 cents per 
pound, and 3 pounds of copper at 15 cents per pound. What 
is the cost of the alloy or mixture per pound, not considering 
the manufacturing cost? 

Ride: Multiply the number of pounds of each of the in- 
ients by its price per pound, add ite&e \ito4,M(\s. \.»i%t'CG.«, 
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and divide the sum by the total weight of all the ingredients. 
The quotient is the price per pound of the alloy. 

Appl)dng this rule to the preceding example, the price per 
pound may be determined. Thus, 

70 X 4 + lo X 30 + 17 X 9 + 3 X IS ^ 778 ^ g 
70 + 10 + 17 + 3 100 

Therefore, the cost of the ingredients per pound, when 
mixed in the proportions given, is 7.78 cents per pound. 

Finding the Amount of Metals in an Alloy. — Assume that 
an alloy is known to contain copper, tin, and zinc, and, by 
careful weighing, it has been found that a cubic inch weighs 
0.285 poiuid. Is there any way by which we can find the 
proportions of copper, zinc, and tin without making an 
analysis? 

Problems of this kind belong to the class called indetermi- 
nate, because they are capable of an indefinite number of 
solutions. However, by imposing certain restrictions, a sat- 
isfactory solution may usually be obtained. In the present 
case, it is assumed that the density of the alloy is directly 
proportional to the densities and amounts of the metals com- 
posing it. By this is meant that there is not a chemical com- 
bination, as in the case of carbon and iron in steel, the density 
of steel being greater than iron, although the density of carbon 
is less than iron. It is also assumed that the number of parts 
of each metal is integral and less than 10. With these as- 
sumptions granted, the easiest way to solve problems of this 
kind is by the arithmetical process known as alligation alter- 
nate. Referring to page 1245 ^^ Machinery's Handbook, 
it is found that the weight of one cubic inch of copper is 
0.3184; of zinc, 0.2476; and of tin, 0.2632. Taking the weight 
of a cubic inch of the alloy as 0.2850, and dropping the decimal 
points, arrange these quantities as shown herewith: 

"2476 
2850 ' 2632 

3184 - 334 X4_= - 1336 

8 



374X3 = 1122 

218 X I = 218 ^ ^^ 



; th« 
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Subtract (algebraically) each number from the mean number 
2850 and write the results, as shown, in the same rows as 
the corresponding subtrahends; note that two of these remain- 
ders are positive and the other is negative. Multiply these re- 
mainders by such numbers (to be found by trial) as will make 
the sum of the positive numbers at least approximately equal 
the negative number. In this case, the multipliers 3, i, 

d 4 were selected. The sum of the positive numbers 
^Oi23 + 218) is 1340, which nearly equals the negative num- 
ber ( — 1336). The sum of the trial multipliers is 8. It is, 
therefore, assumed that in eight parts of the alloy there are 
3 parts of zinc, 1 part of tin, and 4 parts of copper. Ex- 
pressed in percentages, the alloy contains copper, 50 per cent; 
zinc, 375 per cent; and tin, uj per cent. 



^oof: 



0.J476 X 3 + 0.2632 X ] 



to uir 
I P08 
^olve 
^ftrinci 
^^eauir 



which is very nearly 0,285, ^"<' coincides with it when reduced 
to three signilicant figures. 

Positive and Negative Quantities. — In order to be able to 
polve certain shop problems, a working knowledge of the 
iidples of positive and negative numbers or quantities is 
'required. An explanation of the meaning of these expressions, 
therefore, will be given, together with the rules for calcula- 
tions with negative numbers, and examples to make the rules 
thoroughly understood. 

On the thermometer scale, as is well known, the gradua- 
tions extend upward from zero, the degrees being numbered 
It 2i 3f etc. Graduations also extend downward and are 
numbered in the same way: 1, 2, 3, etc. The degrees on the 
scale extending upward from the zero point may be called 
positive and preceded by a plus sign, so that, for instance, 4-5 
degrees means 5 degrees above zero. The degrees below zero 
^^nay be called negative and may be preceded by a minus sign, 
^■Bo that —5 degrees means 5 degrees below zero. 
^B The ordinary numbers may also be considered positive and 
^Begative in the same way as the graduations on, a. ^i^.w^\wwe.\CT 
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scale. When we count i, 2, 3, etc., we refer to the numbers 
that are larger than o (corresponding to the degrees above 
the zero pomt), and these numbers are called positive nimi- 
bers. We can conceive, however, of nimibers extending in 
the other direction of o; nimibers that are, in fact, less than 
o (corresponding to the degrees below the zero point on the 
thermometer scale). As these nimibers must be expressed by 
the same figures as the positive numbers, they are designated 
by a minus sign placed before them. For example, —3 means 
a nimiber that is as much less than, or beyond, o in the nega- 
tive direction as 3 (or, as it might be written, +3) is larger 
than o in the positive direction. 

A negative value should always be enclosed within pa- 
rentheses whenever it is written in line with other nimibers; 
for example: ^ 

17 + (-13) -3 X (-0.76). 

In this example —13 and —0.76 are negative numbers, 
and by enclosing the whole number, minus sign and all, in 
parentheses, it is shown that the minus sign is part of the 
number itself, indicating its negative value. 

It must be understood that when we say 7—4, then 4 is 
not a negative number, although it is preceded by a minus 
sign. In this case the minus sign is simply the sign of sub- 
traction, indicating that 4 is to be subtracted from 7; but 
4 is still a positive number or a number that is larger than o. 

Rules for Adding Negative Numbers. — It now being clearly 
understood that positive numbers are all ordinary numbers 
greater than o, while negative numbers are conceived of as 
less than o, and preceded by a minus sign which is a part of 
the number itself, we can give the following rules for calcula- 
tions with negative numbers. 

Rule: A negative number can be added to a positive number 
by subtracting its numerical value from the positive number. 

Examples: 

4 + (-3) =4-3 = 1- 
16 +(-7) + (-6) = 16-7-6 = 3. 

327 + (-0.5) - 212 = 327 - 0.5 - 212 = 114.5. 
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In the last example, 212 is not a negative number, because 
there are no parentheses indicating that the minus sign is a 
part of the number itself. The minus sign, then, indicates 
only that 3 u is to be subtracted in the ordinary manner. 

As an example illustrating the rule for adding negative 
numbers to positive ones, the case of a man having $ia in 
his pocket, but owing $9, may be taken. His debt is a nega- 
tive quantity, we may say, and equals { — 9). Now if he 
adds his cash and his debts, to find out how much he really 
has, we have: 

II + (-9) = 12-9-3. 

Of course, in a simple case like this, it is obvious that 9 
would be subtracted directly from 12, but the example serves 
the purpose of illustrating the method used when a negative 

I number is added to a positive number. 

I Subtracting Negative Numbers. — Rtdc: A negative num- 
ber can be subtracted from a positive number by adding its 
numerical value to the positive number. 

» Examples: 
4 - (-3) =4 + 3=7- 
16 - (-7) = 16 + 7 = 23. 
327 - (-0.5) - 212 = 327 +0.5 - 212 = 115.5. 

In the last example, note that 212 is subtracted, because 
the minus sign in front of it does not indicate that 212 is a 

I negative number. 

[ As an illustration of the method used when subtracting a 
negative number from a positive one, assume that we are 
required to find how many degrees difference there is between 
37 degrees above zero and 24 degrees below; this latter may 
be written ( — 24). The difference between the two numbers 
of degrees mentioned is then: 



37 



- (-24) = 37 + 34 = 



A little thought makes it obvious that this result is right, 
iiows that the rule given is based on correct 



nd the example 
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Multiplication and Division of Negative Numbers. — Rule: 
When a positive number is multiplied or divided by a nega- 
tive number, multiply or divide the niunerical values as 
usual; but the product or quotient, respectively, becomes 
negative. The same rule holds true if a negative number is 
divided by a positive number. 

Examples: 

4 X (-3) = -12. (-3) X 4 = -12. 

15 —IS 



-3 



Rule: When two negative niunbers are multiplied by each 
other, the product is positive. When a negative niunber is 
divided by another negative number the quotient is positive. 

Examples: 

(-4) X (-3) = 12. — = 1.333. 

When Subtrahend is Larger than Minuend. — If, in sub- 
traction, the number to be subtracted is larger than the num- 
ber from which it is to be subtracted, the calculation can be 
carried out by subtracting the smaller niunber from the 
larger, and indicating that the remainder is negative. 

Examples: 

3 - 5 = ~(S -3) = -2. 

In this example 5 cannot, of course, be subtracted from 3, 
but the numbers are reversed, 3 being subtracted from 5, and 
the remainder indicated as being negative by placing a minus 
sign before it. 

227 - 375 = -(375 - 227) = -148. 

The examples given, if carefully studied, will enable the 
student to carry out calculations with negative numbers when 
such will be required in solving triangles. 





CHAPTER III 

WHAT FORMULAS AKE AND HOW THEY ARE USED 

Formulas are commonly used in books and periodicals 
lealing with mechanical subjects, because, in many cases, 
Ihey are preferable to rules; in fact, a formula is practically 
: rule expressed by signs and symbols or letters instead of 
ising words to describe the order and kind of operations to 
: performed. 

There are two main reasons why a formula is generally 
preferable to a rule expressed in words, i. The formula is 
more concise, it occupies less space, and it is possible for the 
eye to catch at a glance the whole meaning of the rule laid 
[own. 2. It is easier to remember a short formula than a 
long rule, and it is, therefore, of greater value and convenience. 
I this book, rules and the corresponding formulas are given 
1 most cases, and it will be apparent to those who study the 
Afferent problems that the formula is usually more readily 
inderstood. 

Some shop men consider formulas difficult, and class all 
formulas as problems in algebra, because different values are 
"represented by letters or other symbols. Knowledge of 
algebra is not necessary in order to make possible the success- 
ful use of formulas for the solving of problems such as occur 
1 ordinary shop practice. On the contrary, most formulas are 
blved by ordinary arithmetic and, in many cases, require 
nly addition, subtraction, division, and multiplication. A 
torough understanding of the rules and processes of an'lh 
lelic is essential. A knowledge of algebra is necessary when 
I general rule or formula which gives the answer to a prob- 
1 directly is not available. In such cases, algebra is useful 
I developing or originating a formula, but the latter can be 
I without recourse to algebraic processes. 
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The symbols or letters used in formulas simply are inserted 
instead of the actual figures or nimierical values which are 
substituted in the formula for each specific problem that is 
to be solved. For instance, if the letter 5 in a formula repre- 
sents the speed in feet per minute of a revolving or other 
moving part, when using this particular formula, the figure 
or nimierical value representing the speed is substituted 
for 5. When all the different letters that may be in the for- 
mula are replaced by nimierical values or numbers, the result 
required is obtained by simple arithmetical processes. The 
letters of the alphabet are the symbols commonly used in 
formulas, and the signs are simply the ordinary signs such as 
are used for arithmetical calculations with some additional 
ones that are necessary for special purposes. Letters from 
the Greek alphabet are often used to designate angles, althoug[h 
in this book letters of the English alphabet have been used 
instead in most cases. 

A Simple Rule and Formula Compared. — The relation be- 
tween a rule and a corresponding formula will be illustrated. 
If the speed of a driving pulley and its diameter are known, 
the speed of the driven pulley may be determined by the 
following rule: 

Rtde: Multiply the speed of the driving pulley in revolu- 
tions per minute by its diameter, and divide the product by 
the diameter of the driven pulley, to obtain the speed of the 
driven pulley. 

Now if 5 = the speed of the driving pulley; D = the diam- 
eter of the driving pulley; d = the diameter of the driven 
pulley; and s = the speed of the driven pulley, then the fol- 
lowing formula represents the rule previously given: 

S X D 

This formula merely shows that, to obtain the speed (s) of 
the driven pulley, the speed (5) of the driving pulley must 
be multiplied by its diameter, and the product divided by the 
diameter (d) of the driven pulley. It is evident, then, that 
the formula is practically a picture of the rule and enables 
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at a glance, that, to obtain the value of ;, it is 
simply necessary to multiply the values of S and D and divide 
the product by the value of d. 

To illustrate just how this fonnula is used, suppose the 
speed represented by S is 150 revolutions per minute; that 
diameter D equals 40 inches; and diameter d equals 20 inches. 
Then, when these numerical values are substituted for the 
different letters, the speed s of the driven pulley, in this par- 
^jicular case, is easily determined. Thus, 

Therefore, the speed of the driven pulley, or the numerical 
value represented by the letter s, is 300, which is the number 
of revolutions per minute made by the driven pulley. 

Formulas often appear rather complicated to those who are 

not familiar with them, when, in reality, they are simple and 

^easily solved. To use any formula, simply replace the letters 

Hh the formula by all the hgures which are given for a certain 

^Hroblem, and find the required answer the same as in arithmetic. 

^f In some of the formulas, two letters represent one quantity 

or numerical value. For instance, the letters H.P. are often 

used to represent horsepower, Ng may represent the number 

of teeth in a gear and Np the number of teeth in a pinion, 

This practice, however, is not very general, and, as a rule, 

single letters should be used in preference, in order to avoid 

confusion and mistakes. The following formula, which may 

be used for finding the center distance between two meshing 

fr gears, illustrates the use of the symbols Ng and iV^ 
viously referred to. 



_ Ng + Np 
i X P 



In this formula, C = the center-to-center distance; Ng = the 

number of teeth in the gear; Np = the number of teeth in 

Lhe pinion; and P = the diametral pitch of the gear. This 

mula shows that, to obtain the center distance, the number 

I teeth in the gear and the pinion must be added and Lhe 

1 divided by 2 times the diametral pitch. 
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Omission of Multiplication Signs in Formulas* — The sign 
for multiplication, or (X), is frequently omitted in formulas. 
In the following formula for determining the horsepower of a 
steam engine, H = the indicated horsepower of the engine; 
P = the mean eflFective pressure of the piston in pounds per 
square inch; L = the length of the stroke in feet; A = area 
of the piston in square inches; and N = the number of strokes 
made by the piston per minute. Then, 

-- P X LXAXN 
33»ooo 

Instead of placing the multiplication signs between the dif- 
ferent letters, these are generally omitted in this and other 
formulas. When the signs are omitted in this particular 
formula, it is written as follows: 

^ PLAN 
33,000 

The signs indicating multiplication are not necessary be- 
cause it is understood by those who are familiar with the use 
of formulas that the letters representing the numerical values 
are to be multiplied, and the signs are left out as a matter of 
convenience. The expression P X L X A X N is just the 
same as PLAN. All of the other signs are indicated the 
same as in arithmetic. The multiplication sign is never left 
out between two numbers; thus, 24 always means "twenty- 
four" and "two times four" must be written 2X4. The 
expression "two times P," however, may be written 2P 
instead of 2 X P. The figure is ordinarily written first in an 
expression of this kind, and it is known as the "coefficient"; 
thus, in the expression 2P, 2 is the coefficient of P. When 
the letter is written first, the multiplication sign is inserted, 
as, for example, P X 2. When two letters represent one 
value, as in the formula previously given for determining the 
center distance between meshing gears, the symbol Ng does 
not of course represent N X gy but it is the same as a single 
letter or symbol, which represents a numerical value. 

Why Parentheses are Used in Some Formulas* — When 
expressions occurring in formulas are enclosed by parentheses 
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\ ) or by brackets [ ], this indicates that the values inside 
of the parentheses or brackets should be considered as a 
single value, or that the operations inside the parentheses or 
brackets should be performed before other calculations. The 
following simple examples will show just how parentheses are 
used and how they may affect the result: 

Example. — 5X4 — 2 = 20 — 2 = 18, but, if 4 — 2 is en- 
closed by parentheses, this shows that 2 is to be subtracted from 
4 before multiplying by 5. Thus, 5 X (4 — 1) = 5 X 2 = 10. 

In tie following example, two expressions are enclosed by 
parentheses. Thus, 10 X (20 + 4) — (3 — 2) = 10 X 24 — i 
= 239. In this case, 10 is multiplied by 24 and i is then sub- 
tracted from the product. 

Order of Performing Operations. — Mistakes are often 
made in solving simple problems because the operations are 
nut performed in the right order. For instance, in simplify- 
ing an expression like 10 -f 4 X 5, the operations are per- 
formed frequently in the order written, instead of consideration 
being given to the manner in which the different values are 
connected by signs. The general rule is to perform all multi- 
plication first and then the other operations in the order 
written. Division should also be performed before addition 
or subtraction when the division is indicated in the same tine 
with the other processes, although this general rule may be 
modified when parentheses are used, as just explained. 

In finding the value of the e.'jpression 10 + 4 X 5, the 4 
and 5 are first multiplied, and the product 20 is added to 10. 
Hence, the value of the expression is 30. If the operations 
were performed in the order written, the result would be 14 X 5 
= 70, instead of 30. The reason why the multiplication should 
be performed first is that the numbers connected by the multi- 
plication sign are only factors of a product, and should, there- 
fore, be regarded as one number. 

That mistakes are often made by performing such opera- 

tns in succession is indicated by the fact that in a shop 
ntilining about 300 men there were only two who were sure 
lat 10 + 4 X 5 equals 30. Most of the men obuined. 
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resxilt 70. In order to make this expression equal 70, it would 
be necessary to put parentheses around the expression 10 + 4; 
that is, (10 + 4) X S = 70. Othert\rise, the multiplication should 
be carried out before the addition, and the result would be 30. 

If we substitute a for 10, b for 4, and c for 5, we have 
fl + 6 X ^, or, as it is commonly written, a + be. A glance 
at this expression shows at once that & is to be multiplied 
by c before the result of the multiplication is added to a. 
If it is required to add a to 6, and then multiply by c, the 
expression would have to take the form (a + b)c. If we 
insert the mathematical values for a, &, and c in these two 
expressions, we get 30 and 70, respectively. 

How Formulas are Transposed. — As shown by the pre- 
ceding examples, the common method of writing a formula is 
to place on one side of the equals sign (=) a letter which 
represents the value or quantity to be determined, and on 
the opposite side of the equals sign, the letters (or letters and 
numbers combined) which represent the known values. A 
formula was previously given for determining the speed (s) 
of a driven pulley when its diameter {d), and the diameter 
(D) and speed (5) of the driving pulley are known. The 

formula is as follows; s = — • Now, if the speed of the 

a 

driven pulley is known and the problem is to find its diameter 

or the value of d instead of 5, this formula can be transposed 

or changed. Thus: d = • 

s 

It is essential to know how a formula can be changed to 
determine the values represented by different letters of the 
formula. Changing a formula in this way is known as "trans- 
position " and the changes are governed by four general rules. 

Rule I. An inaependent term preceded by a plus sign {+) 
may be transposed to the other side of the equals sign (=) 
if the plus sign is changed to a minus sign (— ). 

Rule 2. An independent term preceded by a minus sign 
may be transposed to the other side of the equals sign if the 
minus sign is changed to a plus sign. 




me 
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illustration of these rules, if A = B — C, then 
C = B - /I, and if yl = C + D - B, then B = C + D - A. 
That the foregoing is correct may be proved by substituting 
numerical values for the different letters and then transposing 
them as shown. 

Rule 3. A term which multiplies all the other terms on 
le ade of the equals sign may be transposed to the other 
if it is made to divide all the terms on that side. 

As an illustration of this rule, ii A = BC 

Suppose, in the preceding formula, that B 

= 3; then .4 = 10X5X3 = >50. and ^ 

Rule 4. A terra which divides all the other terms on one 

le of the equals sign may be transposed to the other side, 

it is made to multiply all the terms on that side. 

SD 
As an illustration of this rule, if j = — ;-, then sd = SD, 

a 

SD 
Cnd, according to Rule 3, d = • — -• This formula may also 

; transposed for determining the values of S and D; thus 

: = S, and ~- = D. 

If, in the transposition of formulas, minus signs precede 

quantities, the signs may be changed to obtain positive rather 

than minus quantities. All the signs on both sides of the 

equals sign or on both sides of the equation may be changed. 

For example, ii -i A = -B + C, then 3 A = B - C. The 

me result would be obtained by placing all the terms on 

Ibe opposite side of the equals sign which involves changing 

pgns. For instance, if— 2/I = — fi + C, then B — C = 2 A. 

Formula Containing the Power of a Number. — The power 

lof a quantity or number may be given in a formula, and it 

lay be desirable to transpose the formula so that the number 

self may be determined. The formula V = 0.5236^* is for 

iodlng the volume of a spherical body. In this formula, 

= the volume in cubic inches and d = t.Ke A\a.T&t\.a (A. 
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the sphere. Assume that the formula is to be transposed for 

y 

determining the value ol d, F = o,$2i6d^\ then d? = -• 

0.5236 

It follows, then, that the cube root of d equals the cube root of 

^ , or ^y^f = \\ ^ . As £f = -C^?, then d = \\— — 
0.5236' ^"^ >o.5236 ^ ^ ' >o.5236 

If the volume of the sphere is 4.1888 cubic inches, then 



-€ 



1888 



= '^^8"= 2 inches. 



0.5236 

Transposition when Formula Requires Extraction of a 
Root. — The following example illustrates how a formula 
may be transposed to determine the value of a quantity cov- 
ered by a root sign. 

If A equals the length of a hypotenuse of a right-angled 
triangle, B equals the altitude, and C equals the length of the 
base, then A = VB^ + O. If this formula is to be transposed 
for determining the value of C (lengths A and B being known) , 
the first step is to remove the square-root sign, because C* 
cannot be transposed while it is covered by this sign. Now, 
if A equals VB* + C*, it follows that the square of A equals 
the square of VB* + C*, and the square of y/B^ -f- C* is the 
same as -B* -}- C*; that is, the square of the expression is 
obtained by simply removing the square-root sign. The 
reason why this is true will, perhaps, be dearer if numerical 
values are substituted for the letters. Suppose -8 = 4 and 
C = 3, then V42 + 3* = V25 = 5, and the square of 5 = 25. 
The sum of 4^ + 3* also equals 25. 

It is evident, then, that A^ — B'^ + C^, The expression 
has now been changed so that it can be transposed, the square- 
root sign having been removed. Thus, i4* — -B* = C*, or, if 
the formula is written in the usual manner with the letter 
representing the quantity to be determined placed on the 
left-hand side of the equals sign, O = A^ — B^. Now, the 
procedure is the same as for the formula previously referred 
to for determining the diameter of a spherical body of given 
volume. Thus, Va = V A^ - B\ and as C = VO, it fd- 
Jows that C = VA^ - B\ 



CHAPTER IV 
HOW TO CALCULATE AREAS OF PLAKE SURFACES 

In connection with mechanical work, it is frequently neces- 
iry to determine the areas of surfaces as well as the volumes 
of both solid and hollow objects. The area of a surface is 
ejtpressed in square inches or in square feet. If the pressure 
in pounds per square inch on the head of a cylinder is known, 
and the total pressure is required, the area of the surface 
subjected to the pressure is first determined, and there are a 
great variety of other problems the solution of which depends 
in part upon areas. The areas of plane figures will be con- 
^dered in this chapter, and the volumes of solids in the fol- 
lowing chapter. 

Squares. — ■ The square has four ades of equal length, and 
each of the four angles between the sides is a right or go-degree 
angle. The area of the square equals the length of the side 
multiplied by itself, or the square of the length of the side. 
If the side of a square is 14 inches, then the area equals 
14 X 14 = 196 square inches. If the side is 14 feet, then the 
area is 196 square feet. 

If the area of a square is known, the length of the side 
equals the square root of the area. Assume that the area of 
a square equals 1024 square inches. Then the side equals 
v'1024 = 32 inches. 

Rectangles. — The rectangle has four sides, of which those 
opposite each other are of equal length, and the four angles 
between the sides are right or 90-degree angles. The area of 
a rectangle is found by multiplying the height or altitude by 
the length or base. If the height is 6 inches and the length, 
II inches, then the area equals 6X11 =66 square inches. 

If the area of a rectangle and the length of its base are 
mown, the height is found by dividing Ihe aTea\>^ xkeXCTv^J^Iw. 
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of the known base. Either the longer or the shorter side may 
be considered as the base, the altitude being the side at right 
angles to the base. If the area of the rectangle is 96 square 
inches and the length of the base is 12 inches, then the height 
equals 96 -^ i3 =■ 8 inches. 

One square foot equals 12 X 12 = 144 square inches. If 
the area is given in square feet, it can, therefore, be trans- 
formed into square inches by multiplying by 144. If the area 
is given in square inches, it can be transformed into square 
feet by dividing by 144, 
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Fig. 1. Parallelomm and Trfatatf «■ 
Parallelograms. — Two lines are said to be parallel when 
they have the Same direction; when extended, they do not 
meet or intersect, and the same distance is maintained be- 
tween the two lines at every point. Any figure made up of 
four sides, of which those oppjosite are parallel, is called a 
parallelogram. The square and rectangle are parallelograms 
in which all the angles are right angles. At A, Fig. i, is shown 
a parallelogram where two of the angles are less and two more 
than 90 degrees. A line drawn from one side of a parallelogram 
at right angles to the opposite side is called Uie height or 
altitude of the parallelogram. Dimension x is the altitude, and 
^ js the length or base. 
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The area of a parallelogram equals the altitude multiplied 
by the base. If r is i6 inches, and y, 22 inches, then the area 
equals 16 X 22 = 352 square inches. I£ the area and the 
base are given, the altitude is found by dividing the area by 
the base. In parallelograms the angles opposite each other 
are alike, as indicated by the fact that the two angles a are 
\ equal, and the two angles b also are equal. 

TriftDfles. — Any figure bounded by three straight lines is 
railed a triangle. Any one of the three lines may be called 
base, and the line drawn from the angle opposite the 
e at right angles to it is called the height or altitude of the 
triangle. If the side w of the triangle shown at B, Fig. i, is 
taken as the base of the triangle, then 3 is the altitude. 
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Fig. 3. ObtURe-aosled Triangle 



If all three sides of a triangle are of equal length, as in the 
one shown at C, the triangle is called equilateral. Each of the 
three angles in an equilateral triangle equals 60 degrees, 

If two sides are of equal length, as shown at D, the triangle 
is an isosceles triangle. 

If one angle is a right or po-degree angle, the triangle is 
called a right or righl-angled triangle. Such a triangle is shown 
in Fig. 2; the side opposite the right angle is called the 
hypotenuse. 

If all the angles are less than 90 degrees, the triangle is 
called an acute or acute-angled triangle, as shown as B, Fig. i . 
If one of the angles is larger than 90 degrees, as shown in 
Fig. 3, the triangle is called an obtuse or obtuse-angled triangle. 

The sum of the three angles in every triangle is 180 degrees. 
I The area of any triangle equals one-haU \\it v^cAM,tX. q\ SV^i i 
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base and the altitude; thus the area of the triangle shown at 
B m Fig. I equals ^ Xw X z. li w equals 9 inches and 2, 
6 inches, then the area equals iX9X6 = 27 square inches. 
The area of a triangle may also be found by the following 
rule: The area of a triangle equals one-half the product of 
two of its sides multiplied by the sine of the angle between 
them. The application of this rule is dealt with in Chapter 
XI. (See the paragraph headed "Areas of Triangles.") 

If the area and base of a triangle are known, the altitude 
can be foimd by dividing twice the area by the length of the 
base. If the area and the altitude are known, the base is 
found by dividing twice the area by the altitude. If the area 




Fig. 4. Trapezoid 



Fig. 6. Trapezium 



of a triangle is 180 square inches, and the base is 18 inches, 
then the altitude equals (2 X 180) -^ 18 = 20 inches. 

Trapezoids. — When a figure is boimded by four lines, of 
which only two are parallel, it is called a trapezoid. The 
height of a trapezoid is the distance L, Fig. 4, between the 
two parallel Unes H and K. The area of a trapezoid equals 
one-half the sum of the lengths of the parallel sides multi- 
plied by the height. The area of the trapezoid in Fig. 4 thus 
equals ^ X {H + K) X L. If F = 16 feet, K ^ 24 feet, 
and L = 14 feet, then the area = ^(16 + 24) X 14 = 280 
square feet. 

Trapeziums. — When a figure is bounded by four lines, no 
two of which are parallel, as shown in Fig. 5, it is called a 
trapezium. The area of a trapezium is foimd by dividing it 
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:wo triangles as indicated by the dash-and-dot line, 
I the area of each of the two triangles, and adding these 
The doited lines indicate the altitudes of the two 
triangles into which the trapezium has been divided. If the 
dimensions of the base and height of the one triangle are R 
and 5, respectively, and of the other, T and V, as shown, 
then the area of the whole trapezium would be (5 X J? X 5) 
+ (i X 7" X V). Assume that R = 20 feet, S = ij feet, 
,r, = jj feet, and V = g feet, then the area of the trapezium 
!«. (J X 20 X 17) + (i X 23 X 9) = 273-5 square feet. 
I The Circle. — If the diameter of a circle is known, the 
"■circumference is found by multiplying the diameter by 3.1416. 
(Sec Fig. 6 for meaning of terras.) Assume that the circum- 
ference of a circle Is stretched out into a straight line by the 
circle rolling upon a flat surface and unfolding itself, then the 
length of the straight line would be three times the diameter 
plus a distance equal to 0.1416 times the diameter; or the 
whole length of the circumference would be 3.1416 times the 
diameter. As the diameter equals a X radius, the circumfer- 
^ce equals 2 X radius X 3.1416. 

If- the circumference of a circle is known, the diameter is 

lund by dividing the circumference by 3,1416; the radius 
found by di\'iding the circumference by 2 X 3.1416, In- 
stead of writing out the number 3.:4i6, the Greek letter 
X (pi) is often used; thus, for example, 3 t = 3 X 3-1416. 

The area of a circle equals the square of the radius mulriplied 
by 3.1416; or the square of the diameter multiplied by 0.7854. 

If the area of a circle is known, the radius is found by ex- 
tracting the square root of the quotient of the area divided 
by 3.1416. 

li D = diameter, if = radius, A = area, then; 
A = iPx 3.1416; 
A = ^>i3d4i6_ = i^ X 0.7854; 
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Examples. — The diameter of a circle is 6 inches, find the 
area. 

Using the formula given, we have: 

Area = 6^ X 0.7854 = 6 X 6 X 0.7854 = 28.2744 square 
inches. 

The area of a circle is 95.033 square inches, find the radius. 

Using the fo rmula given, we have: 

Radius = V95.033 -^ 3.1416 = 5.5 inches. 

Circular Sectors. — A figure bounded by a part of the cir- 
cumference of a circle and two radii is called a circular sector. 
(See Fig. 6.) The angle b between the radii is called the angle 



PERIPHERY OR 
OIRCUMFERENCC 





ANOLE 0^\ 
•ECTOR \ 

I 
CIRCUUUI SECTOR / 



/■ 

I 
I 




^x->.^ 



I 

CIROUUUI tEOMENT | 



Fig. 6. Circle, Circislar Sector, and Circislar Segment 

of the sector, and the length L of the circumference of the 
circle is called the arc of the sector. 
li R = radius of circle of which the sector is a part; 

b = angle of sector, in degrees; 

L = length of arc of sector; 

A = area of sector; 
then the formulas below are used: 

J. _ RXb X 3.1416 _ 2 X A 

^■" 180 ^ R ' 



b = 



A = 



12 = 



180 X L 
R X 3.1416' 
LXR 



2 
2 X A 



180 X L 
b X 3-1416 
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the radius o( a circle is ij inch, and the angle of a circular 
sector is 60 degrees, how long is the arc of the sector? 
Using the given formula, we have: 



^ ij X 60 X 3'4i6 



1.5708 inch. 



What is the area of the same sector? 
' From the formula given, we have: 

A ~ ■■5708 X T 



781 square inch. 



L„_.... 

circumference of a circle and a chord is called a circular 
segment. (See Fig. 6.) The distance H from the chord to 
the highest point of the circular arc is called the height of the 

r^ent. 
U R = radius; 
C = length of chord; 
L = length of arc of segment; 
n = height of segment; 
A = area of segment; 
then the following formulas are used : 

C = 2 X Vn X{2 X R-H); 



8 X^ 
LX R-CX{R- 



m 



A = 

I If the angle a is given, instead of the length of arc L, the 
I of the arc is found by the formula: 
RX a X 3.1416 
180 

Assume that the radius of a segment is 5 feet and the height, 
8 indies. How long is the chord of this segment? 

First transform 5 feet into inches; 5 X 12 = 60 inches. 
Then apply the formula given: 

= 3 X x/Sge = 2 X 29.95 = 5*^-^^ mtVfi. 



= 2Xv'8XC2X6o- 



so 
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The length of the chord of a segment is i6 inches and* the 
height, 6 inches. How long is the radius of the circle of which 
the segment ^is a part? 

Applying the formula given: 

^ i6» + 4X6» ^ 256 + 144 ^ 8i inches. 
8X6 48 «i ^• 

Regular Polygons. — Any plane surface or figure boimded 
by straight lines is called a polygon. If all the sides are of 
equal length and the angles between the sides are equal, the 
figure is called a regular polygon. A regular polygon having 
five sides is shown at i4 in Fig. 7. The five sides are of the 
same length 5 and the angles b are equal. 




Fig. 7. Regokr Polygons 

A regular polygon with five sides is called a pentagon; one 
with six sides (as at ^), a hexagon; one with seven sides, 
a heptagon; and one with eight sides (as at C), an octagon. 
When a regular polygon has only three sides (Fig. 8), it be- 
comes an equilateral triangle, and when it has four sides, a 
square. 

A circle may be drawn so that it passes through all the 
angle-points of a regular polygon, as shown in Figs. 8 and 9; 
such a circle (with the radius R) is said to be circumscribed 
about the polygon. The smaller circle in the same iUustra- 
tions (with the radius r) which touches or is tangent to the 
sides of the polygon, is said to be inscribed in the polygon. 
The centers of the circumscribed and inscribed circles are 
located at the same point. If the angle-points of the polygon 
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' are connected by lines with this center, as shown by the dotted 
lines in Fig. 7, the polygon is divided up into a number of 
triangles of equal size and shape. The number of triangles 
equals the number of sides in the polygon. 

The angle a of each of these triangles at the center can be 
determined for any polygon when the number of sides is 
known. This angle, in degrees, equals 360 divided by the 
number of sides in the regular polygon, or, expressed as a 
fonnula, if N equals the number of sides: 

Angle a = ^^ 




^k Tb 
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The angle b between two adjacent sides of the polygon 
(see Fig. 7) equals a subtracted from 180, or: 
Angle b = 180 — a. 

The area of a polygon can be found by dividing it into 
igles, as shown in Fig, 7. After having measured the 
base and height of one triangle and calculated its area, the 
area of the whole polygon is found by multiplying the area 
of one triangle by the number of triangles or sides. 

For the more commonly used regular polygons, the follow- 
ing formulas give the area directly when the length of the 
side is known. 

Equilateral Triangles: Since the sum of the three angles in 
Opy triangle equals 180 degrees, each of the angles in an 
^equilateral triangle equals \ of 180 degrees, ot &d Ae.^«;e=.. 
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The radius r of the circle inscribed in an equilateral tri- 
angle (see Fig. 8) equals the side multiplied by 0.289. 

The radius R of the circumscribed circle equals the side 
multiplied by 0.577. 

If the radius of the circumscribed circle is known, the side 
is found by multiplying the radius by 1.732. 

If the radius of the inscribed circle is known, the side is 
found by multiplying the radius by 3.464. 

The area of an equilateral triangle equals the square of the 
side multiplied by 0.433; ^r, the square of the radius of the 
circiunscribed circle multiplied by 1.299; or, the square of the 
radius of the inscribed circle multiplied by 5.196. 
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Fig. 9. HezAf on* Heptagon, and Octagon 

If f = radius of inscribed circle; 
R = radius of circumscribed circle; 
5 = length of side; 
A = area of equilateral triangle; 

then the previous rules may be expressed in formulas as follows : 

f = 0.289 X S; 
R = 0.577 X S; 
S = 1.732 X ie = 3464 X r; 
A = 0.433 X 5* = 1.299 X iP = 5196 X r\ 

The Square: The radius r of the inscribed circle (see Fig. 8) 
equals one-half of the side. 

The radius of the circumscribed circle equals the side multi- 
plied by 0.707. 
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ae wde of a square equals twice the radius of the inscribed 
(rcle, or 1.414 times the radius of the circumscribed circie. 

The area equals the square of the side. The area also 
equals the square of the radius of the circumscribed circle 
multiplied by 2 ; or, the square of the radius of the inscribed 
circle multiplied by 4. 

Using the same meaning for the letters as before, the pre- 
vious rules may be expressed in formulas as follows: 
If = 0.5 X S; 
R = 0.707 X 5; 
5 = 1.414 X « = 2 X r; 
^=5> = 2Xi?' = 4Xr». 
The Pentagon: In the pentagon (see diagram A , Fig. 7) the 
gle b between the sides equals 108 degrees. This is found 
by the formulas previously given as shown below: 
N = number of aides = 5 ; 

■ a ■"As^= ' — = 73 degrees; 
b = 180 — a = 180 — 72 = 108 degrees. 
The following formulas are used for finding the radii of the 
circumscribed and inscribed circles, the side and the area of 

riar pentagons: 
f = 0.688 X S; 
R = 0.85: X S; 
s = 1.176 xR = I.4S3 X"-; 
A = 1.720 X 5" = 2.378 X /P = 3633 X r'. 
The Hexagon: In the hexagon (see Fig. 9) the length of "the 
side 5 equals the radius R of the circumscribed circle so that 
each of the six triangles formed when lines are drawn from 
the center to the angle-points, are equilateral triangles. The 
angle between two adjacent sides equals the sum of two angles 
in two of the equilateral triangles and, consequently, equals 
60 + 60 = 1 20 degrees. 
I Using the same letters as previously given in the formulas, 
l^^k have for the hexagon: 
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f = 0.866 X 5; 
R = S; 

S ^ R-- I.I5S y^r; 
. A = 2.598 X 5* = 2.598 X iP = 3.464 X r*. 

The Heptagon: The heptagon (see Fig. 9) has seven sides, 
and the angle between two adjacent sides is found as follows: 

N = number of sides = 7 ; 

Angle a = ^ri- = - — = 51- degrees; 

iv 7 7 

Angle between adjacent sides = 180 — 51I = 128^ degrees. 

7 7 

Using the same letters as in the formulas previously given, 
we have for the heptagon: 

f = 1.038 X S] 
R = 1.152 XS; 
S = 0.868 X i? = 0.963 X f ; 
A = 3634 X 52 = 2.736 X iP = 3371 X f«. 

The Octagon: The angle between two adjacent sides of the 
octagon, as shown in Fig. 9, is 135 degrees. 

Using the same meaning for the letters as previously given, 
the formulas for the octagon are: 

r = 1.207 X 5; 

R = 1.307 X S] 

S = 0.765 X R = 0.828 X f ; 

A = 4.828 5* = 2.828 X i?^ = 3.314 X r*. 

Practical Examples Involving Areas. — It is often necessary 
to determine the area of some surface, as, for example, when 
a surface is subjected to a certain pressure, and it is essential 
to obtain the total pressure, or the pressure per square inch 
when the total pressure is known. 

Example. — The diameter of the plunger of a hydraulic 
press is 10 inches, and it is subjected to a pressure of 550 
pounds per square inch. What is the total pressure on the 
plunger? 
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' As the area of a circle equals the square of the diameter 
multiplied by 0.7854, the area of a 10-inch plunger equals 
10* X 0.7854 = 78.54 square inches; hence, the total pres- 
sure equals 78.54 X 550 = 43,197 pounds, or 21.6 tons, 
nearly. 

Example. — The total pressure against a piston is 3800 
pounds and the piston is 4 inches in diameter. What is the 
pressure in pounds per square inch? 

Thearea of the piston equals 4^ X 0.7854 = 12,56 square 
inches. Therefore, the pressure per square inch equals 
3800 -T- 12.56 = 302 pounds per square inch, approximately. 

Example. — If a structural steel bar i inch square sustains 
a steady load of 3950 pounds, what is the stress in pounds per 
square inch, and is this a safe load? 

The area of the bar equals i X J = J square inch, and the 

ress in pounds per square inch equals 2950 -5-1 = ^^ X - 

= ti,8oo pounds per square inch. 

As the average ultimate tensile strength of structural stee! 
is about 60,000 pounds per square inch, the J-inch square bar 
sustain this load, since it is only about one-lifth 
that would be required to break the bar. 



CHAPTER V 

HOW TO CALCULATE VOLUBCBS, WEIGHTS, AND 

CAPACITIES 

Calculations relating to volumes may be necessary not 
only to determine the volume of a solid or hollow object, 
but also as a means of comparing the volimies or sizes of 
solid bodies or hollow receptacles of different proportions. 
Volumes are also determined when estimating how much a 
part made of a given material will weigh, as, for example, 
when figuring the weights of castings when only the drawings 
are available. The capacities of hollow objects such as tanks 
or other receptacles are determined by first finding the volume. 
For instance, if the diameter and length (or height) of a 
cylindrical tank are known, and the problem is to determine 
how many gallons it will hold, the capacity in gallons can be 
determined readily if the volume is known. Volume is ex- 
pressed either in cubic inches or in cubic feet. 

Volume of a Cube. — The cube (Fig. i) is a solid body 
having six surfaces or faces, all of which are squares; as all 
the faces are squares, all the sides are of equal length. If the 
side of a face of a cube equals 5, the volume equals S X S X S 
or, as it is commonly written, 5*. 

Assume that the length of the side of a cube equals 3 inches; 
then the volume equals 3X3X3 = 27 cubic inches. 

When the volume of a cube is known, the length of the 
side is found by extracting the cube root of the volume. 

Assume that the volume of a cube equals 343 cubic inches. 
If we extract the cube root of 343, we find that the side of 
the cube is 7 inches. 

One cubic foot equals 12X12X12 = 17 28 cubic inches; 
therefore, a volume given in cubic feet can be transformed 
into cubic inches by multiplying by 1728; if the volume is 
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1 in cubic inches it can be transformed into cubic feet by 
i\iding by 1728. 

! Volume of Prisms. — A solid body, the sides of which are 
I rectangles, and the ends of which are either rectangles or 
iquares, is commonly called a square prism. Opposite sur- 
r faces are parallel, and all the angles are right angles. 
A square prism is shown in Fig. 2, where L is its length, W, 
its width, and H, its height. The volume of a square prism 
equals the length times the width times the height, < 
s a formula, if K = volume, 

F = L X ir X 3. 
I Assume that L = 20 inches, W = 4 inches, and H = 
pches. then volume = 20 X 4 X 5 = 400 cubic inches. 
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Fig. 1. Cube Fig. 1. Sqiure Prigin 

[ A solid body having the end faces parallel, and the lines 
long which the other faces intersect or meet parallel, Is called 
, prism. The two parallel end faces are called bases. The 
length, height, or altitude L, Fig. 3, of a prism is the distajice 
between the bases, measured at right angles to the base 
surfaces. 

Tlie volume of a prism equals the area of the base multi- 
pUed by the length or height of the prism. The area of the 
Mse must, therefore, first be found before the volume can 
e obtained. If the base is a triangle, parallelogram, trapezoid, 
npezium, or a regular polygon, its area is found by the rules 
reviously given for such plane figures. If it is a polygon 
lat is not regular, it can always be divided into triangles, 
I the area of each of the triangles can be ca\c\3i\a,\.s.A., mA 
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these areas added together to obtain the area of the whole • 
polygon. 

Assume that it is required to find the volume of a prism, 
the base of which is a regular hexagon having a side S; the 
length of the prism is L. The volume of this prism is: 

2.598 XS^X L. 

If, in this example, S equals ij inch, and L equals 9 inches, 
then the volume equals: 

2.598 X li^ X 9 = 2.598 X 1.5 X 1.5 X 9 = 52.6095 cubic 
inches. 

Volume of a Pjrramid. — A solid body having a polygon for 
the base and a number of triangles all having a common 
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Fig. 3. Prism 



Fig. 4. Pyramid 



Fig. 6. Frostum of Pyramid 



vertex for the sides is called a pyramid. In Fig. 4, a pyramid 
is shown in which the base has four sides and the side surfaces 
are made up of triangles having two equal sides. If a line is 
drawn from the vertex of the pyramid at right angles to the 
base, the length of this line is the altitude or height H of the 
pyramid. 

The volume of a pyramid equals the base area multiplied 
by one-third of the height. It is, therefore, necessary to find 
the base area before the volume can be found. 

Assume that it is required to find the volume of a p3n:amid, 
the base of which is a regular pentagon, having a side S; the 
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Iiet^t of the pyramid is H. The volume of the pyramid 
equals: 

§1.720 XS'Xs XH (area of base X one-third the height). 
If 5 = 2 inches and H = g inches, then the volume equals 
730 X 2* X i X9 = 1.720 X 2 X 2 X 3 = 20.640 cubic inches. 
A frustum of a pyramid is shown in Fig, 5. It is a pyramid 
from which the top has been cut, ihe top surface being parallel to 
the base. The height of a frusliun of a pyramid is the length 
of a line drawn from the top surface at right angles to the base. 
The volume of a frustum of a pyramid can be found when 
the height, the top area, and the base area are known. 

IU V = volume of frustum of a pyramid; 
H = height of frustum; 
Ai — area of top; 
Ai —. area of base; 



H 



X (Ay + A,-\- VA, X A,). 



m id 



Assume, for example, that the base of a frustum of a pyra- 
mid is a square, and that the side of the square is 5 inches, 
top area is, of course, also a square; assume the side of 
to be 2 inches. The height of the frustum is 6 inches, 
y first calculating the base and top areas and then insert- 
ing the values in the formula given, the volume is obtained. 



Volume = - X (5' + 2^ + V 5* X 2^ 

t= 2 X (25 + 4 + VTfx^ 
= 2 X (25 +4 + 10) = 78. 
The Prismoidal Formula. — The prismoidal formula is a 
general formula by which the volume of any prism, pyramid, 
or frustum of a pjTamid, and the volume of any soUd body 
hounded by regular curved surfaces may be found. 



If ill = area at c 



e end of the body; 



Ai = area at other end; 
Am = areaof a middle section between the two end surfaces; 
H = height of the body; 



1' 



volume ol 



if body; 
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then 



V =-^XUi + 4A 
o 



m 



+ A2). 



As this formula applies to all regular solid bodies, it is use- 
ful to remember. For ordinary calculations, however, the 
formulas previously given for each kind of solid should be 
used because of greater simplicity. 

Volume of a Cylinder. — A solid body having circular and 
parallel end faces of equal size is called a cylinder. (See Fig. 6.) 
The two parallel faces are called bases. The height or altitude 
H oi 3. cylinder is the distance between the bases measured 
at right angles to the base surfaces. 

The volume of a cylinder equals the area of the base multi- 
plied by the height. The area of the base, therefore, must be 




Fig. 6. Cylinder 



Fig. 7. Cone 



Fig. 8. Frttstum of Cone 



found before the volume can be obtained. If the diameter 
of the base is Z>, the area of the base equals 0.7854 D^. The 
volume of the cylinder then equals: 

0.7854 X D^XH. 

If Z> «= 3 inches and H = $ inches, then the volume equals 
0.7854 X 3^ X 5 = 0.7854 X 3 X 3 X 5 = 35-343 cubic inches. 

Volume of a Cone. — A solid body having a circular base 

and the sides inclined so that they meet at a common vertex, 

the same as in a pyramid, is called a cone. (See Fig. 7.) If a 

Jine is drawn from the vertex of the cone at right angle to 
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the base, the length of t-bis line is the altitude or height B of 
the cone. 

The volume of a cone equals the base area multiplied by 
one-third of the height. It is necessary, therefore, to find the 
area of the base circle before the volume can be found. If 
the diameter of the base equals D, then the area equals 
0,7854 tP, and this multiplied by one-third of the height H 
gives us the volume: 

0.7854X u'x\y.B = \y. 0.7854 X i> X ff =0.2618 x IP xH. 

If the diameter of the base of a cone equals 4 inches and 
the height, 6 inches, then the volume equals: 
0.2618 X 4' X 6 = 0.2618 X 4 X 4 X 6 = 25.1328 cubic inches. 

A frustum of a cone is shown in Fig. 8. It is a cone from 
which the top has been cut, the top surface being a circle parallel 
to the base. The height H oi a. frustum of a cone is the length 
of a line drawn from the top surface at right angles to the 
base. 

The volume of a frustum of a cone can be found when the 
diameters of the top and base circles, and the height are 

^B li V = volume of frustum of a cone; 
^H H = height of frustum; 
^H A = diameter of top circle; 
^H A = diameter of base circle; 

■ V =• 0.2618 XS X (Di* + A* + CA X Al). 

^H Assume, for example, that the diameter of the base of a 

^^histura of a cone is 5 inches, and that the diameter of the 

top circle is 2 inches. The height of the frustum is 6 inches. 

By inserting these values in the formula given, we have : 

>V <= 0.2618 X 6 X (2' + 5« + Ci X 5]) 
= 0.2618 X 6 X (4 + as + 10) 
« 0.2618 X 6 X 39 = 61. 2612 cubic inches. 

Vidume of a Sphere. — The name "sphere" is applied to 

a solid body shaped like a ball or globe, that is, bounded by 

HM surface which at all points is at the same di°>\j3i.iic& l^Qin. %. 
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point inside of the sphere called its center. The diameter of 
a sphere is the length of a line drawn from a point on the 
surface through the center to the opposite side. (See Fig. 9.) 

The volume of a sphere equals 3.1416 multiplied by four- 
thirds of the cube of the radius, or 3.1416 multiplied by one- 
sixth of the cube of the diameter. 

If i? = radius of the sphere, D = diameter, and V = volume, 
this rule can be written as formulas thus: 

V = 3.1416 X J X /e* = 4.1888 X i?; 

V = 3.1416 X i X Z?' = 0.5236 X D^. 

If the volume of a sphere is known, the radius can be found 
by extracting the cube root of the quotient of the volume 
divided by 4.1888; the diameter can be found by extracting 
the cube root of the quotient of the volume divided by 0.5236. 
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Fig. 9. Sphere Fig. 10. Spherical Sector Fig. 11. Spherical Segment and Zone 

Written as formulas, these rules are: 
R 



-€S^ "-4. 



0.5236 

Volume of Spherical Sector and Segment. — A spherical 
sector is a part of a sphere bounded by a section of the spherical 
surface and a cone, having its vertex at the center of the 
sphere, as shown in Fig. 10. The volume of a spherical sector 
can be found if the radius R and the height H are known. 

The formula for the volume V is: 

V = 2.0944 X R^ X H. 



I 
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Assume that the length of the radius of a spherical sector | 
is 15 inches and the height is 4 inches. Then the volume | 
equals: 
3.0944 X 15* X 4 = 2.0944 Xi5XisX4= 1884.96 cubic inches. 

A spherical segment is a part of a sphere bounded by a I 
portion of the spherical surface and a plane circular base, as j 
shown in Fig. 11. The volume of a spherical segment can be | 
found when the radius of the sphere and the height B of the I 
segment, or the diameter C of the base of the segment and 1 
its height H. are known. 
It V = volume of segment; 
B = height of segment; 

R = radius of the sphere of which the segment is a part; 
C = diameter of the base of the segment; 

""" V . 3.4.6 X fl' X (k - ^ 

V = 3.1416 X fl X ((y 



-T) 



Assume that the height of a spherical segment is 6 inches 
and the radius, 8 inches, then the volume is: 
3.1416 X 6' X (8 - 6 -5- 3) = 3.1416 X 6 X 6 X (8 - 2) 

= 3.1416 X 6 X 6 X 6 = 678.5856 cubic inches. 
Volume of Spherical Zone. — A spherical zone is bounded 
by a part of a spherical surface, and by two parallel circular I 
bases, as shown in Fig. 11, where C\ and Ca are the diameters 
of the circular bases of the zone, and B its height. 

The volume of a spherical zone can be found when the ] 
bdght of the segment and the two base diameters are known. 
\i V = volume of zone; 

Ci = diameter of the smaller base circle; 
Cs = diameter of the larger base circle; 
B = height of zone; 

then / (•■> r ' \ 

V = 0.5236 X H X {^^^^ + i^ + B'y 



MB^iai 




II 
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Assume that the diameter Ci = 3 inches, the diameter 
C2 = 4 inches, and the height of the segment equals i inch, 
then the volume is 

0.5236 X I X f3Jl^ + 3 X4' + ^2\ ^ 

\ 4 4 / 

0.5236 X I X (^ + — + I ) = 0.5236 X I X 19.75 = IO-34 

\4 4 / 

cubic inches 

[Ji a plane parallel with the end faces and passing through 
the center of the sphere intersects the zone, consider the zone 
as two zones, one zone being on each side of the center. Cal- 
culate the volume of each, and add these to find the total 
volume.] 

Dimensions of a Rectangular Area in the Same Ratio as 
the Sides of a Given Rectangle. — To find the dimensions of 
a rectangular area that shall have the same ratio between 
the sides as a given smaller rectangle, divide the area of the 
required rectangle by the area of the given rectangle, and 
extract the square root of the quotient. The square root is 
the factor by which the dimensions of the given rectangle 
are to be multiplied to yield the dimensions of the required 
rectangle. For example, if a rectangular steel plate measures 
3 by 4 feet, what are the dimensions of a plate having 192 
square feet, with the sides of the same ratio? 

The area of the first plate mentioned is 3 X 4 = 12 square 
feet. 192 feet divided by 12 equals 16. The square root of 
16 is 4. Multiplying both dimensions of the 3- by 4-foot plate 
by 4 gives 12 and 16. 12X16 = 192 square feet, the required 
rectangle. 

The same procedure is followed for a solid as in the case 
of a rectangle, except that the cube root of the ratio of the 
given and required solids is found, and dimensions of the given 
solid are multiplied by the cube root, the result being the 
dimensions of the required solid. 

Example, — A tank is 3 by 4 by 5 feet, and it is desired to 
construct another tank containing 480 cubic feet with sides 
in the same ratio. What are the dimensions? Divide 480 
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7 60 (the cubic contents of the given tank), extract the cube 
root of the quotient, and the root is 2. Then the required 
tank dimensions will be 6 by 8 by 10 feet. 

Specific Gravity and Weights of Materials. — The expres- 
sion "specific gra\ity" indicates how many times a certain 
volume of a material is heavier than an equal volume of water. 
If it is found, for example, that one cubic inch of steel weighs 
7.8 times as much as one cubic inch of pure water, the specific 
gravity of steel Is 7.8. 

As the density of water differs slightly at different tem- 
peratures, it is usual to make comparisons on the basis that 
Jie water has a temperature of 62 degrees F. The weight of 
Rte cubic inch of pure water at 62 degrees F. is 0.0361 pound. 
I the specific gravity of any material is known, the weight 
[ a cubic inch of the material can, therefore, be found by 
Multiplying its specific gravity by 0.0361. 
J The specific gravity of cast iron, for example, is 7.2. The 
■eight of one cubic inch of cast iron ia found by multiplying 
|.a by 0.0361. The product, 0.260, is the weight of one cubic 
DCh of cast iron. 

As there are 12X12X12 = 1728 cubic inches in one cubic 
fool, the weight of a cubic foot is found by multipl)Tng 1728 
^-by the weight of a cubic inch. 

^H If the weight of a cubic inch of a material is known, the 
^Specific gravity is found by dividing the weight per cubic 
^Tnch by 0.0361. 

The weight of a cubic inch of gold is 0.6975 pound. The 
specific gravity of gold is then found by dividing 0,6975 ^Y 
.0361. The quotient, 19.32, is the specific gravity of 
»ld. 

L If the weight per cubic Inch of any material is known, the 
eight of any volume of the material is found by multiplying 
! weight per cubic inch by the volume expressed in cubic 
If brass weighs 0.289 pound per cubic inch, 16 cubic 
ies of brass, of course, weigh 0.289 X r6 = 4.624 pounds, 
1 an example of this kind, if the specific gravity is known, 
btead of the weight per cubic inch, this \a.Uet -wev^x. \=s 
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first found by the rule previously given for finding the weighd 
per cubic inch from the specific gravity. I 

If the specific gravity of tool steel is 7.85, what is the weighs 
of 12 cubic inches of tool steel? The weight of one cubid 
inch is found by multiplying 7,85 by 0.0361. The productJ 
0.183, 's l^hen multiplied by 12 to find the weight of 12 cubitfl 
inches; 0.283 X 12 = 3.396 pounds. I 

Estimating Weight of Bar Stock. — The weight of a piccel 
of round bar stock can be found by first calculating the volumu 
of the piece. When the volume is found in cubic inches, thsfl 
weight is found by multiplying the volume by the weight ofl 
the material per cubic inch, as already explained. 1 

If the diameter of a piece of round tool steel bar is 2 inches, 
and the length is 7 inches, the volume of this piece equals 
0.7854 X square of diameter X length, or 0.7854 X 2* X 7 
= 21.991 cubic inches. The volume in cubic inches havingj 
been found, it is multiplied by the weight of tool steel per« 
cubic inch, which is 0.283 pound. The weight of the bar 13 ' 
then 21.991 X 0.283 = 62235 pounds. The specific gravities 
and weights per cubic inch of various metals and alloys will 
be found in engineering handbooks (see "Specific Gravity" 
index of M.\ch!nery's Handbook). 

In order to find the weight of a hexagonal bar, when 1 
width across flats, the length, and the weight per cubic inch 
of the material from which the bar is made, are known, the 
area of its end section must first be found so that the volume 
can be determined by multiplying this area by the lengthjJ 
when the width across flats is given, this area equals o.S6{ 
times the square of the width across fiats. 

Assume that the weight is to be found of a hexagonal piecC 
of machine steel bar stock 3 inches across flats, and 6 inches 
long. The volume of this piece equals, then, 0.866 X 3' X (i 
= 0.866 X 3 X 3 X 6 = 46.764 cubic inches, and the weight 
equals 46.764 X 0.283 = '3-^34 pounds. The factor 0.283 •* 
the weight of one cubic inch of machine steel. 

Estimating the Weight of Castings. — The weight of ■ 
casting can be calculated when the volume of the casting a 
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[^^ccific gravity or the weight per cubic inch of the malerinl 
from which the casting is made, are known. If the volume 
is known in cubic inches, the volume is simply multiplied by 
the weight per cubic inch to obtain the weight of the casting. 

The specific gravity of cast iron is 7.2 and the weight per 
cubic inch is 0.260; the specific gravity of brass is S and the 
weight per cubic inch is 0.289. 

The problem of finding the weight of castings is chiefly one of 
finding the volume of the casting. The multiplication by the 
weight per cubic inch of the material is then a simple matter. 

Assume that it is required to find the weight of a hollow 
cast-iron cylinder, as shown in Fig. 12, where the outside 




Tit. U- Bo1Id« CyUndet, the Welgbt of Which is 



a ba estimated 



H 



diameter is A, the inside or core diameter B, and the length L. 
To find the volume, first calculate the volume of a cylinder 
with the diameter A and the length L; then subtract from 
this the volume of the cylinder forming the core. 

Assume that A = 3 inches, B = 2 inches, and Z. = 8 
inches. The volume of a cylinder = 0.7854 X the square of 
the diameter X the height. The volume of a cylinder with 
3 inches diameter and a height of 8 inches = 0.7854 X 3" X 8 
= 56.5488 cubic inches. From this is subtracted the volume 
of the cylinder forming the core, which has a diameter of 
3 inches. The volume of this cylinder is 0.7854 X 2* X 8 
= 25.1328 cubic inches. The volume of the hollow cylinder 
equals 56.5488 — 25,1328 = 31.416 cubic inches. A.s the weight 
per cubic inch of cast iron is 0.260 pound, the total weight of 
the hollow cyUnder will be 31.416 X 0.260 = S.\b% ^lovivv^?.. 



I 
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If the outside diameter of a hollow cylinder is A , the inside 
diameter 5, and the length L, the following formula may be 
used for finding the voliune of the cylinder: 

Volume = 0.7854 X (^4* - B^) X L. 

Sectional Method of Determining Volume of a Casting. — In 

Fig. 13 is shown a knee made from cast iron, all the necessary 
dimensions for calculating the weight being given. To calcu- 
late the voliune of a casting of this shape, it is divided into 




Fig. 13. Bracket or Knee — Another Bztmiile Ulmtrating Method of 

Estimating Weight 

prisms or other simple geometric shapes, and the voliune of 
each of the parts is found, after which these volumes are 
added together to find the total volume of the casting. The 
piece shown in Fig. 13 can be divided into three parts^ the 
volume of each of which can be calculated by simple means. 
One part has for base the rectangle HMLKy another the 
rectangle PFMNy and the base of the third is bounded by 
two straight lines EF and FG, and the circular arc EG, The 
length of all the parts in this case equals the length of the 
casting, or 5 inches, as shown. 

The area of the rectangle HMLK equals 6X2 = 12 square 
inches. This area multiplied by 5 equals the volume of this 
part in cubic inches; 12 X 5 = 60 cubic inches. 

The length of the line NM is 4 inches (6 — 2 « 4), and, 
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therefore, the area of the rectangle PFMN is 4X2 = 8 
square inches and 8 X 5 = 40 cubic inches. 

It now remains to find the volume of the section having for 
base the area bounded by the two straight lines EF and FG 
and the chcular arc EG. The area of the square DEFG is 
first found and then the area of the circular sector DEO is 
subtracted. The area of the square is 2J X 23 = 6} square 
inches. The area of the circular sector which is one-fourth of 
. g§' X .i.i4r6 



i 



a complete circle is - 



^ 4.909 square inches. This j 



subtracted from the area of the square equals 1.341 square 1 
inch (6.25 — 4.909 = r-341). This is the area of the third 
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Fig. U. Bcacing Bracket 

section into which the casting is divided, and this area multi- 
pUed by 5 gives the volume of the third part of the casting 
(1.341 X 5 = 6705). Now adding the volumes of the three 
parts together, we have 60 -(- 40 + 6.705 = 106.705 cubic 
inches. This total volume multiplied by the weight per 
cubic inch of cast iron gives the total weight: 106.705 X 0.260 
= 27.743 pounds. The same method of procedure may be 
applied to castings of various shapes. 

Assume that the weight of a cast-iron bracket, as shown in 
Fig. 14. is required. All the required dimensions are here 
given by the letters A, B, C, D. E, F, and G. The casting 
is divided into sections, and the volume of each section 
calculated separately; then the volumes aie a.Ad?.4 Vo'^'Oskx 
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and the total volxime multiplied by the weight per cubic 
inch of cast iron. Very small fillets, like those shown at N 
and R, are not considered, and the area NRST is regarded 
as a perfect rectangle. . 

. In the example given, the casting is divided into five parts; 
one is a hollow cylinder with an outside diameter A ; two parts 
have for bases the rectangles NRST and KMTU; and two 
parts have for bases the areas HKL and OML, respectively, 
each being boimded by two straight lines and a circular arc. 

For an example, assume that, in Fig. 14, ^4 = 7 inches; 
B = 4 inches; C = 3 inches; i> = 4 inches; £ = 12 inches; 
F = 10 inches; and G = 8 inches. 

The volmnes of the different parts will then be found as 
follows: 

Volume of hollow cylinder having an outside diameter of 
7 inches, and inside diameter of 4 inches, and length of 10 
inches: 

0.7854 X (7^ - 4^) X 10 = 0.7854 X (49 - 16) X 10 

= 0.7854 X 33 X 10 = 259.18 cubic inches. 

Volume of section having for base the rectangle NRST: 

4X5X8 = 1 60 cubic inches. 
Volume of section having for base the rectangle KMTU: 

3I X 7 X 8 = 196 cubic inches. 
Volume of section having for base the area HKLx 
{i\ X 3i - 3f' X 31416^ ^ 8 ^ (j2^j _ ^62) X 8 

= 2.63 X 8 = 21.04 cubic inches. 

The volume of the section having for base OML equals the 
volume of the section having for base HKL and is, conse- 
quently, 21.04 cubic inches. 

The total of the five sections then equals: 
259.18 + 160 + 196 + 21.04 + 21.04 = 657.26 cubic inches. 

The total weight of the casting equals 657.26 X 0.260 
~ j7o.8p pounds. 
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When the pattern for a casting contains no core-prints, but 
is in all respects an exact duplicate of the casting to be made, 
the weight of the casting may be found approximately by 
multiplying the weight of the pattern by a constant which 
varies for different kinds of woods used for the pattern. When 
the pattern is made from white pine, multiply the weight of 
the pattern by 13 to obtain the weight of a cast -iron casting; 
if the pattern ts made from cherry, multiply by 10.7; if made 
of mahogany, multiply by 10.28. When an aluminum pattern 
is used, the weight of the aluminum pattern may be multi- 
plied by 2,88 to obtain the weight of a cast-iron casting. 

Capacity of a Tank in Gallons. — In order to determine the 
capacity of a tank or other receptacle, the volume in either 
cubic feet or cubic inches is first determined, and this volume 
is divided by the number of cubic feet or cubic inches in a U. S. 
gallon. 

Rule: To obtain the capacity of a tank in U, S. gallons, 
divide the volume of the tank in cubic inches by 231, or the 
volume of the tank in cubic feet by 1-337. 

Example. — If a cylindrical tank is 10 feet long and 3 feet 
I in diameter, how many gallons will it hold? 
' As the volume of a cylinder equals the area of the base 
multiplied by the length, the volume in this case equals 
3* X 0.7854 X 10 = 7.068 X 10 = 70.6S cubic feet. As one 
gallon contains 1.337 cubic foot, the capacity of this tank 
equals 70.68 t- 1.337 = 52 gallons, approximately. 



CHAPTER VI 
FIGURING TAPERS 

In all circular or round pieces of work, the expressions 
"taper per inch" and "taper per foot" mean the taper on 
the diameter, or the difference between the smaller and the 
larger diameter of a piece, measured one inch or one foot 
apart, as the case may be. Suppose that the diameter at 
one end of the tapering part shown at -4 in Fig. i is one inch, 
and the diameter at the other end, one and one-half inch, 
and that the length of the part is 1 2 inches, or one foot. This 
piece, then, tapers one-half inch per foot, because the dif- 
ference between the diameters at the ends is one-half inch. 
The diameters at the ends of the part shown at B are -^y inch 
and i inch, and the length is one inch; this piece, therefore, 
tapers ^ inch per inch. Tapers may also be expressed for 
other lengths than one inch and one foot. For example, the 
piece shown at C tapers ^ inch in 5 inches, the difference 
between i^ and ij being ^2^ inch. 

If the taper in a certain number of inches is known, the 
taper in i inch can easily be found. If the taper in 5 inches 
is /j inch, the taper in i inch equals the taper in 5 inches 
divided by 5, or, in this case, /j -5- 5 = ^2^, which is the taper 
per inch. The taper per foot is found by multiplying the 
taper per inch by 12. In this case, the taper per foot equals 
12 X ^2^ = f inch. The length of the work is always measured 
parallel to the center line (axis) of the work, and never along 
the tapered surface. 

The problems met with in regard to figuring tapers may be 

of three classes. In the first place, the figures for the large 

and the small ends of a piece of work may be given, and the 

length of the work, as at £, the problem being to find the 

taper per foot. In the second place, the diameter at one 
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id may be known, the length of the work, and the taper per 
as at D, the problem being to find the diameter at the 

.her end of the work. In the third place, the required di- 
ameters at both ends of the work may be known, and the 
taper per foot, as at G, the problem being to find the dimen- 
sion between the given diameters, or the length of the piece. 

ich of these problems will now be dealt with. 




HiscelUoeouB Dlostiatioiis of Problenu io Figutinf: Ttpeis 

To Find the Taper per Foot when End Diameters and Length 
are givea. — When the diameters at the large and the small 
ends of the tapering part and the length of the taper are 
pvcn, the taper per foot may be found by subtracting the 
1 diameter from the large, dividing the difference by the 
'. taper, and multiplying the result by 12. The 
t the large end of the part shown at E, Fig. 1, is 
I inches, the diameter at the small end, i^g wvt\vci,, a-'sA'Cwa 
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length of the work, 7 inches. The taper in 7 inches is then 
equal to the diflference between 2f inches and 2^ inches, 
or ^f inch. The taper in one inch equals ^ divided by 7, 
or ^ inch; and the taper per foot is 12 times the taper per 
inch, or 12 times ^, which equals } inch. The taper per foot, 
then, equals | inch. 

If the length is not expressed in even inches, but is 5-3^ 
inches, for instance, as at F, the procedure is exactly the same. 
Here the diameter at the large end is 2.216 inches and at the 
small end, 2 inches. The taper in s^^ inches is, therefore, 
0.216 inch. This is divided by 5^^ to find the taper per inch. 

2 8^ 16 

0.216 -5- S -^ = 0.216 -^ -2 s= 0.216 X — = 0.0416. 

16 16 83 

The taper per inch, consequently, equals 0.0416 inch, and 
the taper per foot is 12 times this amoimt, or J inch, almost 
exactly. 

Expressed as a formula, if all dimensions given are in inches, 
the previous calculation would take this form: 

rr. . , large diameter - small diameter ^ 
Taper per foot = — ° ; ; — X 12. 

length of work 

It makes no difference if the large and small diameters are 
measured at the extreme ends of the work or at some other 
place on the work, provided the length or distance between 
the points where the diameters are given, is stated. At jET, 
Fig. I, the smaller and larger diameters are given at certain 
distances from the ends of the work, but the distance (3I 
inches) between these points is given, and the calculation is 
exactly the same as if the work were no longer than 3J inches. 
The following examples will tend to show how the figuring 
of the taper per foot enters into actual shop work. 

Example i. — The blank for a taper reamer is shown at .4 . 
Fig. 2. The diameters at the large and small ends of the flu res, 
and the length of the fluted part, are indicated on the drs^w- 
ing. It is required to find the taper per foot in order to be 
able to set the taper-turning attachment of the lathe. 



7 



nCURlNG TAPERS 7S 

Referring to the dimensions given, the difference in diameters 
at the large and small ends of the taper is J^ inch. This div-ided 
by the length of the body, or 7^ inches, gives /j as the taper 
»er inch. The taper per foot is 12 times the taper per inch, 
Wor, in this case, f inch. The taper attachment uf the lathe is, 
therefore, set to the finch graduation, and the taper turned 
Bwill be according to the diameters given on the draw-ing. 

Example 2. — The taper damping bolt shown at B, Fig. 2, is 
irt of a special machine tool. The drawing calls for a diame- 
ter of 2f inches a certain distance from the large end of the 
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tit. !■ U) Bluik for Tapei Reamer. {B) Taper Clamping Bolt 

taper, and for a diameter of 2.542 inches a distance 4 inches 
further down on the taper. The taper in 4 inches is then 2I 
inches minus 2.542 inches, or 0.333 inch. The taper in one 
inch equals 0.333 divided by 4. or 0.0833. The taper per foot 
is la times the taper per inch, or 12 times 0,0833, which equals 
one inch, almost exactly. The taper to which to turn the bolt 
is thus one inch per foot. 

To Find One Diameter when the Other Diameter, Length, 
and Taper per Foot are given. — When one diameter, the 
length of the taper, and the taper per foot are given, the 
other diameter is found as follows: Divide l\\e \a,vct^ v^t VwA. I 
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by 12; multiply the product by the length of the taper, andd 
subtract the result from the large diameter to find the smal 
diameter, or, add the result to the small diameter to £nd tht 
large diameter. 

Referring to sketch D, Fig. 1, the diameter at the largi 
end of the work is if inch, the length of the work is ^\ inches 
and the taper per foot is | inch. The problem is to find thd 
diameter at the small end. In this case we simply reverse 
the method employed in the previous problems, where it was^ 
required to find the taper per foot. In this case, we know that 
the tajjer per foot is equal to \ inch. The taper in one inch 
must be one-twelfth of this, or f inch divided by 12, which 
equals -jV inch. Now, the taper in 3^ inches, which we wanU 
to find in order to know what the diameter is at the smal 
end of the work, must be 3^ times the taper in one inch, 
3 J times ■^, which equals ^. The taper in 3 J inches, theo, 
is /j inch, which means that the diameter at the small en^ 
of a piece of work, 3^ inches long, is g'j inch smaller than thi 
diameter at the large end. The diameter at the large endJ 
according to our drawing, is i\ inch. The diameter at thq 
small end, being /j inch smaller, is, therefore, ij^| inch. 

Expressed as a formula, the previous calculation would tak*3 
this form: 

Diameter at small end = 

Diameter at large end — [ — ^ — ^ X length of taper jj 

Now take a case where the diameter at the small end i 
given, as at yl, Fig. 3, and the diameter at the large end i 
wanted. The figuring is exactly the same, except, of course, 
the amount of taper in the length of the work is added to the 
small diameter to find the large diameter. When the large 
diameter is given, the amount of taper in the length of the 
work is subtrackd to find the small diameter. 

Referring again to sketch A, Fig. 3, where the small diameter 

s given as 1.636 inch, the length of the work as 5 inches, 

and the taper per foot as J inch , how large is the large d 
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If the taper per foot is | inch, the taper per inch is \ divided 
by ij which equals 0.020S, and the taper in 5 inches equals 
5 times o.03o8, or 0.104 it^ch. The diameter at the large end 
of the work, then, is 0.104 inch larger than the diameter at 
the small end. The diameter at the small end is given on 
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Fthe drawing as 1-636 inch; adding 0.104 inch to this, we obtain 
1.740 inch as the diameter at the large end- 
Expressed as a formula, the previous calculation would 
take this form: 
Diameter at large end = 

IDiuneter at small end + (-^ ^ X length of work]. 
It may again be well to call attention to the fact that it 
makes no difference whether the large and small diameters 
are figured at the extreme ends of the work ot at aime. ■a'C&fixl 
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points, as long as the diameter to be found is located at ohm 
end of the length dimension, and the diameter given on thel 
drawing, at the other. Thus, at B in Fig. 3, the diameter is I 
given a certain distance up on the taper, and the diameter ' 
which is required is not at the end of the taper. But the 
dimension 5^ inches is given between the points where these 
diameters are to be measured, and in figuring one may reasoa ■ 
as if the work ended at these points. The following examples,.! 
which are of direct practical application to shop work, wiUl 
prove helpful in remembering the principles outlined. 

Example i, — Sketch C, Fig. 3, shows a taper tap, the blank 
for which is to be turned. The diameter at the large end of 
the threaded part is 35 inches, as given on the drawing, the J 
length of the thread is 6^ inches, and the taper per foot isl 
\ inch. It is required to find the diameter at the small endif 
in order to measure this end and ascertain that the tap blauki 
has been correctly turned. 

The taper per foot being f inch, the taper per inch is }1 
divided by 12, or -^^ inch. The taper in 6^ inches is t\ times! 
the taper in one inch, or 6j times -j'^ inch, which equals Jjl 
inch. The taper in 6j inches being ^l inch means that the 
diameter at the small end of the tap blank is J^| inch smaller 
than the diameter at the large end. The diameter at the 
small end is, therefore, 3^ inches. 

Example 2. — Sketch D, Fig. 3, shows a taper gage for i 
standard Morse taper No. i. The diameter at the smal 
end is 0.356 inch, the length of the gage part is 2% inches, ; 
the taper per foot, 0.600 inch. We want the diameter at thej 
large end, in the first place, in order to know what size stod 
to use for the gage, and later for measuring this diameterJ 
when turned, to see that the taper turned is correct. 

A taper of 0.600 inch per foot gives a taper of 0.050 per" 
inch. In 2f inches, the taper equals zf times 0.050, or o.iiq 
inch. This added to the diameter at the small end gives the 
diameter at the large end: 0.356 + 0.119 = 0.475 inch- J 

Example 3. — Sketch A, Fig. 4. shows a taper bolt used aJ 
J damp bolt. The diameter, gj; indies, is given 3 inches ftqj 
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the large end of the taper. The total length of the taper is 
lo inches. The taper is | inch per foot. It is desired to find 
the diameters at the extreme large and small ends of this 
piece. 

First the diameter at the large end is found. The taper 
per foot being | inch, the taper per inch equals 3*3 inch. The 
taper in 3 inches is, consequently, ^j. This added to 3J inches 
will give the diameter at the large end, which is ^^^ inches. 
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To find the diameter at the small end, subtract the taper 

, 10 inches, which is 10 times the taper in one inch, or 10 

times 5^1, which equals -^, from the diameter 3JJ inches at 

tbe large end. This gives a diameter at the small end of 33*^ 

inches. 

The diameter at the small end can also be found without 

previously finding the diameter at the extreme large end. The 

total length of the taper is 10 inches, and the dimension from 

L where the diameter jj inches is given Vo \i\e W^e: ctA \s, -x,! 
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inches. Consequently, the dimension from where the di- 
ameter 3i inches is given, to the small end, is 7 inches. The 
taper in one inch is ^ inch; in 7 inches, therefore, it is /y 
inch. The diameter at the small end of the work is ^ inch 
smaller than 3J inches, or 3^ inches, the same as found pre- 
viously when we figured from the extreme large diameter of 
the taper. 

To Find the Distance between Two Given Diameters when 
the Taper per Foot is known. — To find the dimension between 
two given diameters of a piece of work, when the taper per 
foot is given, subtract the diameter at the small end from 
the diameter at the large end, and divide the remainder 
by the taper per foot divided by 12. 

Assume that the diameter at the large end of the piece is 
1.750 inch, at the small end, 1.400 inch, and the taper per 
foot is 0.600 inch. How long is this piece of work required 
to be, in order to have the given diameters at the ends, with 
the taper stated? We know that the taper per foot is 0.600 
inch. The taper per inch is then 0.600 divided by 12, or 0.050 
inch. The difference in diameters between the large and the 
small ends of the work is 1.750 — 1.400, or 0.350 inch, which 
rejiresents the taper in the length of the work. Now, we know 
that the taper is 0.050 inch in one inch. How many inches 
does it then require to obtain a taper of 0.350 inch? This is 
found by seeing how many times 0.050 is contained in 0.350, 
or, in other words, by dividing 0.350 by 0.050, which gives 
7 as the result. This means that it takes 7 inches for a piece 
of work to taper 0.350 inch, if the taper is 0.600 per foot. The 
length of the work, consequently, is 7 inches in the case 
referred to. 

Expressj^\|^jiS a formula, the previous calculation would take 
the form: '*^' 

T oth \^ k = dia. at large end -- dia. at small end 
^^ taper per foot ^12 

The taper p^Foot divided by 12, as given in the formula 
above, of course simply represents the taper per inch. The 
formula may, tberefore, be written: 
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" ngth of work = dia. at large end - dia. at smaU end 
taper per inch 

A few examples of the application of these rules will make 

;eir use in actual shop work clearer. 

Example i. — The taper reamer. B, Fig. 4. is for standard 
taper pins and has a taper of J inch per foot. The diameter 
at the large end of the flutes is to be 0.720 inch. The diameter 
at the point of the reamer must be 0,580 inch, in order to 
accommodate the longest taper pins of this size made. How 
long should the fluted part of the reamer be made? 

The taper per foot is j, or 0.250, inch, and the taper per 
inch equals 0.250 divided by 12, or o.ozoS inch. The taper in 
the length of reamer required is equal to the difference between 
the large and the small diameters, or 0.720 — 0.580 equals 
0.140 inch. This amount of taper divided by the taper in 
one inch gives the required length of the flutes; thus, 0.140 
divided by 0.0208 equals 6.731, which represents the length 
of flutes required. This dimension is nearly 6| inches, and, 
being a length dimension of no particular importance, it would 
made to an even fractional part of an inch. 

Example 2. — At C, Fig. 4, is shown a taper master gage 
intended for inspecting taper ring gages of various dimensions. 
The smallest diameter of the smallest ring gage is ij inch, 
and the largest diameter of the largest ring gage is zj inches. 
The taper per foot is i^ inch. It is required that the master 
gage extend one inch outside of the gages at both the small 
and the large ends, when these are tested. How long should 
the gage portion of this piece of work be? 

The taper per foot is rj intS, which is equivalent to | inch 
taper per inch. The total taper from a: to y is 2f minus i|, 
or one inch. Therefore, as the taper per inch, J, is con- 
tained in the taper of OBC inch in the distance from x to y 
:act]y 8 times, the ^jfimension from a; to y is 8 inches. 

le gage extends oat inch beyond x and y, respectively, at 
ither end, and theJWal length of the gage is, therefore, 10 
>ches. 
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Figuring Offset of Tailstock for Taper Turning. — When a 
lathe is not provided with a taper attachment, the tailstock 
center is set over from its central position an amount depend- 
ing upon the amount of taper and length of the part to be 
turned. This offset adjustment may easily be calculated 
approximately. If the tail-center is moved out of alignment 
with the live-center an amount -4, as shown in Fig. 5, then the 
center of the work at the tail-center end will come nearer to 
the line of traverse BC of the tool than the center of 'the work 
at the live-center end, and the diameter of the piece, when 
turned, wiU be smaller at the tail-center than at the live-center. 

When the tail-center is set over an amount A, the radius 
at? the small end will be a dimension D smaller than the radius 
at the large end. This dimension D is also equal to the amount 
A which the tail-center has been set over, and the taper of 
the work in the length between the centers, therefore, is two 
times the amount the tailstock is set over; or, in other words, 
the tailstock is set over one-half of the taper in the length of 
the work. 

When Taper per Foot and Length are known. — The amount 
which the tailstock must be set over can be determined if 
the taper per foot of the work and the length are known. 
Assimie that a piece of work, 7^ inches long, is required to be 
turned with a taper per foot equal to f inch. We must first 
know how much the work tapers in 7^ inches. This is found 
by dividing f by 12, and multiplying the quotient by 7 J: 

(f - 12) X 7i = M. 

The taper in 7^ inches, thus, is ^| inch, and as the tailstock 
is moved one-half of this, it is set over Jf inch. 

When the taper per foot and the length of the work are 
given, the amount to set over the tailstock can be calculated 
from the following formula: 



Amount to set 
over tailstock 



= h X ( taper per foot ^ ^^^^^^ ^^ ^^^^^ 



Expressed in words, this formula reads: 
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'o find the amount to set over the tailstock when the taper 

per foot and the length of the work are known, divide the 

taper per foot by 12, multiply the quotient by the length of the 

work, and divide the result by 2. (To divide by a is the same 

as to multiply by j.) 

Owing to the fact that the work is not supported by the 

L lathe centers at its extreme ends, but that the lathe centers 

I enter into the work and support it at points a short distance 

Ifrom the ends, it is not practicable to calcidate the amount 

■to set over the tailstock so definitely that the taper can be 




Itumed to exact dimensions without a trial cut; but the 
calculation for setting over the tailstock gives a close approxi- 
mation, and when a trial cut on the work has been taken, 
the final adjustment of the tailstock to obtain the correct 
taper can be made easily. 

When the Diameters at Both Ends of a Tapered Piece are 
kntrum. — If the diameters at both the large and small ends 
of work tapering for its full length are given, the amount to 
set over the tailstock can be determined without knowing the 
taper per foot, because all Iliat is necessary to know is the 
taper in the length between the centers of the lathe. If, for 
instance, the diameter at the large end of the work is i| inch 
and the diameter at the small end, ij inch, as shown at A 
in Fig. 6, the amount to set over the tailstock will be one-half 
of the difference between the large and small diameters, or 1 
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To find the amount to set over the tailstock for work taper- 
ing for its full length, when the diameters at the large and 
small ends are known, subtract the small diameter from the 
large, and divide the remainder by 2. 

When Work is Part Straighl and Part Tapered. — If part 
of the work is turned straight and part of it turned tapered, as 




Fig. 6. Different Classes of Problems encountered in connection with 

Taper Turning 

shown at 5, Fig. 6, the taper in the whole length of the work 
must be determined, and then the tailstock set over one-half 
of this amount. The piece shown is i| inch at the small end 
of the taper. It is tapered for 4 inches, and the diameter 
at the large end oi the taper is if inch. It is then turned 
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straight for the remaining 6 inches, the total length being 
10 inches. We must first find what the taper would be in 
10 inches if the whole piece had been tapered with the same 
taper as now required for 4 inches. The taper in 4 inches 
■s if — i| = i inch. The taper in i inch is 3^ inch, and in 
10 inches, 10 X I'a = f inch. The amount to set over the 
tailstock is one-half of this, or ^a 'i^h. If in this case the 
diameter at the small end were not given, but the taper per 
foot of the tapered part given instead, the taper in the total 
length of the work could be found directly; if the taper per 
foot be i inch, the taper in 10 inches is (| -r- 12) X 10 = f inch. 
Therefore, the amount to set over the tailstock is -j^ inch. 
The following formula is used when part of the work is turned 
straight and part tapered: 

Amount to set _ , /" taper per foot 
over tailstock. ~ a '^ \ ^j 



I 



X total length of work) 



Expressed as a rule, this formula would read: 

To find the amount to set over the tailstock for work partly 
tapered and partly straight, when the taper per foot and the 
total length of the work are known, divide the taper per foot 
by 12, multiply the quotient thus obtained by the total length 
of the work, and divide by 2. 

If the taper per foot is not given, it must be found before 
using this formula and rule. 

Examples for Practice. — The following examples will help 
to give a clear idea of the application of these rules. 

Example t. — The taper pin shown at C, Fig. 6, is 8 inches 
long, and tapers \ inch per foot. How much should the tail- 
stock be set over when turning this pin? 

Dividing the taper per foot by 12 gives 0.0208. Multiplying 
this figure (which represents the taper per inch) by 8 gives 
0.166 as the taper in 8 inches. Dividing this by 2 gives the 
amount required to set over the tailstock. Tiiis amount is 
0.083 inch. 

Example 2. — Another taper pin, shown at D, Fig. 6, is 
in diameter at the large end, and \| inch at the siiia.ll 
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end. How much should the tailstock be set over for turning 
this pin? 

The total taper of this pin is found by subtracting the 
diameter at the small end, \i inch, from the diameter at the 
large end, i inch. This gives a remainder of ^. One-half 
of this amount, or ^ inch, represents the amount which the 
tailstock should be set over. 

Example 3. — The diameter. at the large end of the taper 
gage shown at £, Fig. 6, is 2J inches, the diameter at the small 
end is if inch, the length of the taper, 8 inches and the total 
length, 12 inches. How much should the tailstock be set over? 

Subtracting the diameter at the small end, if inch, from 
the diameter at the large end, 2 J inches, gives a taper of J inch 
in 8 inches. Dividing | by 8 gives the taper in one inch, which 
is 3^ inch. Multiplying this by the total length of the work, 
12 inches, gives f inch, which, divided by 2, gives finally, 
the required amount which the tailstock is to be set over. 
This latter is, therefore, set over | inch. 



CHAPTER VII 
SPEEDS OF PULLEYS AND GEARING 

The relative speeds of different parts of a machine or of 
pulleys and gears which serve to transmit motion must be 
adapted to working requirements. If a grinding wheel is 
to be driven from a line of shafting, this wheel will not grind 
to the best advantage unless it runs at a certain speed, but if 
the speed is excessive, the wheel may be a source of danger 
and may even burst as the result of centrifugal force. In the 
case of a machine having tlifferent rotating parts, the speed of 
each shaft with its gearing or pulle>-s is determined in accord- 
ance nith the work or purpose of each part which is in mo- 
tion. In problems relating to speeds, the speed required for 
the driven part may be known, or the object may be to de- 
termine its speed when the driver rotates at a given speed 
and transmits the motion by means of pulleys of known 
diameter, or through gearing of a given size. The various 
classes of problems pertaining to simple and compound belt- 
and-puUey drives and diflferent types and combinations of 
gearing will be explained in this chapter. 

Speed of Driven Pulley required. — To find the number of 
revolutions per minute of the driven pulley when the diameter 
the revolutions per minute of the driving pulley and the 
leter of the driven pulley are known. 

Rule: Multiply the diameter of the driving pulley by Its 
number of revolutions per minute, and divide the product by 
ihe diameter of the driven pulley. 

Example. — If the diameter of the driving pulley shown 
A, Fig. 1, is 15 inches, and it makes 150 revolutions per 
lUte, and the diameter of the driven* pulley B is 9 inches, 
number of revolutions per minute of B c(\\ia!i'=,-. 
87 
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-^ ^ = 250 revolutions per minute. 

9 

Diameter of Driven Pulley required. — To find the diameter 
of the driven pulley when the diameter and the number of 
revolutions per minute of the driving pulley and the number 
of revolutions per minute of the driven pulley are known. 

Rule: Multiply the diameter of the driving pulley by its 
number of revolutions per minute, and divide the product by 
the number of revolutions per minute of the driven pulley. 

Example. — If the diameter of the driving pulley A, Fig. i, 
is 15 inches, and it makes 120 revolutions per minute, and the 
driven pulley B is required to make 200 revolutions per minute, 
the diameter of pulley B equals: 

^ ^^ = 9 inches. 

200 

Speed of Driving Pulley required. — To find the nimiber of 
revolutions per minute of the driving pulley when the diameter 
and the number of revolutions per minute of the driven pulley 
and the diameter of the driving pulley are known. 

Rule: Multiply the diameter of the driven pulley by its 
number of revolutions per minute, and divide the product by 
the diameter of the driving pulley. 

Example. — If the diameter of the driven pulley B, Fig. i, 
is 9 inches, and it makes 300 revolutions per minute, and the 
diameter of the driving pulley ^ is 15 inches, the number of 
revolutions per minute of pulley A equals: 

9 3 — = 180 revolutions per minute. 
IS 

Diameter of Driving Pulley required. — To find the 
diameter of the driving pulley when the diameter and the 
nimiber of revolutions per minute of the driven pulley and 
the nxmiber of revolutions per minute of the driving pulley 
are known. 

Rule: Multiply the diameter of the driven pulley by its 
number of revolutions per minute, and divide the product 
by the number of revolutions per minute of the driving pulley. 
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Example. — If the diameter of the driven puUey B, Fig. i, 
is 9 inches, and it makes 105 revolutions per minute, and 
driving pulley A makes 113 revolutions per minute, the 
diameter of pulley A equals: 
9 X zos 



123 



15 inches. 



Speed of Driven PuUey in Compound Drive. — When 
pulle>'s are arranged as shown in the lower part of Fig, i, 




Fig. 1. Simple uid Compoond Belt and PuUe; Driiei 

this is known as a compound drive. To find the number of 
tevolurions per minute of the driven pulley when the diameters 
of all the pulleys and the number of revolutions per minute 
of the driving pulley are known. 

RtUe: Divide the product of the diameters of all the driving 
pulleys by the product of the diameters of all the driven pul- 
leys, and multiply the quotient thus obtained by the number 
of revolutions per minute of the first driving pulley. 

Example. — If, in the compound drive shown in Fig. i , 
e diameter of the first driving pulley, C, is 18 inches, 
le diameter of the second dri\'ing pulley, D, is 16 inches, the 
liameter of the first driven pulley, E, is 6 inches, and th& 
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diameter of the last driven pulley, F, is 4 inches, and the first 1 
driving pulley C makes 120 revolutions per minute, the num- 
ber of revolutions per minute of driven pulley F equals; 



ao = 1440 revolutions per minute. 



Speed of Driving Pulley in Compound Drive. — To find the 1 
number of revolutions per minute of the driving pulley when , 
the diameters of all the pulleys and the revolutions per minute . 
of the last driven pulley are known. 

Ride: Divide the product of the diameters of all the driven I 
pulleys by the product of the diameters of all the driving 
pulleys, and multiply the quotient thus obtained by the 
number of revolutions per minute of the last driven pulley. 

Example. — If, in the compound drive shown in Fig. i, the 
diameter of the last driven pulley, F, is 4 inches, the diameter ' 
of the second driven pulley, E, 6 inches, the diameter of the 
first driving pulley, C, 18 inches, and the diameter of the 
second driving pulley, D, 16 inches, and the last driven pulley 
F makes 1440 revolutions per minute, the number of revolu- 
tions per minute of the first driving pulley C equals: 



4X6 
16X18 



X 1440= 120 revolutions per minute. 



To Find Diameters of Pulleys in Compound Drive. — To 
find the diameters of four pulleys C, D, E, and F, arranged 
as shown in Fig. 1, when the driving pulley C makes 120 
revolutions per minute and the driven pulley F makes 1440 
revolutions per minute. 

Rule: Reduce to its lowest terms a fraction which has 
as its denominator the number of revolutions per minute of 
the driven pulley F and as its numerator the number of revo- 
lutions per minute of the driving pulley C. Now resolve 
the numerator thus found into two factors. Also resolve the 
denominator into two factors. Multiply one factor in the 
numerator and one factor in the denominator by some number 
which will give the diameters of one driven pulley and one 
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riving pulley, respectively- Now multiply the remaining 
factor in the numerator and the remaining factor in the de- 
nominator by some number which will give the diameters of 
the other driven pulley and. the other driving pulley, 
respectively. 

Example. — If the driving pulley C, Fig. t, makes 120 revo- 
lutions per minute, and the driven puDey F makes 1440 revo- 
lutions per minute, the diameters of four pulleys C, D, E, 
And F which will give the required speed ratio can be found as 

ollows: First write the number of revolutions per minute 
[ the driving pulley C as the numerator and the number of 

evolutions per minute of the driven pulley F as the denominator 

f a fraction, thus: , which reduced to its lowest terms 

1440 

iQtials ^" ■ This represents the required speed ratio between 

he driving and the driven pulley. Now resolve both the 

itimerator and the denominator into two factors: — = . 

^ 12 3X4 

iJow multiply each pair of factors by trial numbers. If the 
tumbers 6 and 4 are selected, then: 

(i X 6) X (i X 4) ^ 6X4 
(3 X 6) X (4 X 4) 18 X 16 

The diameters of the driven pulleys E and F arc equal to 
he two values 6 and 4 found in the numerator; the diameters 
(f the driving pulleys C and D are equal to the values 18 
ji5 16 found in the denominator. The pitch diameters of 
gears could be determined in the same way. 

Influence of Belt Thickness on Pulley Speed. — When the 
diameters of the pulleys are small and the belt is relatively 
thick, the thickness of the belt should be taken into considera- 
tion in pulley speed calculations, especially when the difference 
^_pf the two pulley diameters is great. In ordinary pulley calcu- 
^Kltions, however, where the pulleys are, say, 12 inches in di- 
^Hmeter or more, it is not customary to consider the thickness of 
^^pe belt. In the case of a feed belt of an cngit\e lat.Ke,l\:ie,'i»!2i.- 
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diameter of the last driven pulley, F, is 4 indies, and th ^ 
driving pulley C makes 120 revolutions per minute, the ...^ 
her of revolutions per minute of driven pulley F equals: 

~ X 120 = 1440 revolutions per minute. * 

6X4 



.t •' 



Speed of Driving Pulley in Compound Drive. — To fine ' 
number of revolutions per minute of the driving pulley v ~~' 
the diameters of all the pulleys and the revolutions per mix 
of the last driven pulley are known. 

Ride : Divide the product of the diameters of all the dri" ' ' 
pulleys by the product of the diameters of all the driv" 
pulleys, and multiply the quotient thus obtained by t 
number of revolutions per minute of the last driven pulley. 

Example. — If, in the compound drive shown in Fig. i, t 
diameter of the last driven pulley, F, is 4 inches, the diamet 
of the second driven pulley, £, 6 inches, the diameter of t] 
first driving pulley, C, 18 inches, and the diameter of tt 
second driving pulley, Z), 16 inches, and the last driven pulle, 
F makes 1440 revolutions per minute, the number of revolu 
tions per minute of the first driving pulley C equals: 

A X 6 

■^-■- — X 1440 = 120 revolutions per minute. 
16X18 

To Find Diameters of Pulleys in Compound Drive. — To 

find the diameters of four pulleys C, D, £, and F, arranged 
as shown in Fig. i, when the driving pulley C makes 120 
revolutions per minute and the driven pulley F makes 1440 
revolutions per minute. 

Rule: Reduce to its lowest terms a fraction which has 
as its denominator the number of revolutions per minute of 
the driven pulley F and as its numerator the number of revo- 
lutions per minute of the driving pulley C. Now resolve 
the numerator thus found into two factors. Also resolve the 
denominator into two factors. Multiply one factor in the 
numerator and one factor in the denominator by some number 
which will give the diameters of one driven pulley and one 
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ness of the belt makes an appreciable difference in the ratio 
of the pulley speeds. If the driving pulley is, say, 6 inches in 
diameter and the driven pulley is 2 inches in diameter, then 
the ratio of the driving and driven diameters, not considering 
the belt, would be as 6 to 2, or as 3 to i. Considering the 
thickness of the belt, however, to be i inch and taking this 
thickness into consideration, the ratio would be as 6il to il, 
or as a.77 to I. It will be seen, therefore, that the thickness 




Fi(. S. Simple uid Compound 0«ar DtItm 

of the belt makes a difference of about 8 per cent in the speed 
of the driven pulley. ' 

Speeds of Gearing. — When gearing is to be employed to 
transmit morion and power from one shaft to another, it is 
often necessary or desirable that the ratio between the speeds 
of the driving and the driven shafts be made to equal some 
predetermined raUo. Also when gearing is already installed 
and in operation, it is frequently necessary to determine the 
exact rario between the speeds of the driving and the driven 
shafts. The following rules and examples are applicable to 
such calculations. 

Simple Spur Gearing. — A simple spur-gear drive con- 
sisting of a driving and a driven gear (such as shown at A 
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and B, Fig. 2) will be considered first. Assume that the 
driving shaft B is required to make four revolutions while 
the driven shaft A makes one revolution. The ratio of the 
required gearing would, therefore, be 4 to i and the gear on 
shaft A would have four times as many teeth as the gear on 
shaft B. If the gear on shaft B has 12 teeth, the gear on shaft 
A must have 48 teeth, in order that all the teeth of the gear 
on shaft B may be engaged four times during one complete 
revolution of shaft A. If the relative speeds of shafts A 
and B are known, and also the number of teeth in one of the 
gears, the number of teeth required in the other gear can be 
foimd. Also, if the number of teeth in each of the gears is 
given and the number of revolutions per minute of one gear 
is known, the number of revolutions per minute of the other 
gear can be found. If only the speed ratio of the two gears is 
known, the number of teeth that is required in each of the 
two gears to produce the required ratio can be determined. 

Speed of Driven Gear required. — When the speed of the 
driving gear and the number of teeth in the driving and the 
driven gears are known, the number of revolutions per minute 
of the driven gear can be found by the following rule: 

Rule: Multiply the number of teeth in the driving gear by 
its number of revtilutions per minute, and divide the product 
by the number of teeth in the driven gear. 

Example. — If driving gear B, Fig. 2, has u teeth, and 
makes z6o revolutions per minute, and driven gear A has 
48 teeth, the number of revolutions per minute of the driven 
gear A equals: 

r — - = 65 revolutions per minute. 

48 

ITumber of Teeth in Both Gears required to obtain a Given 
Speed. — If the speed ratio between the driving and the 
driven shafts is known, the number of teeth required in each 
of two gears to produce the given ratio can be found by the 
following rule: 

Rule: Write the speed ratio in the form of a fracrion and 
multiply the numerator and the denoimnatoi \>'j ^ome. TL'\i.'aia«, 



I 

I 
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thus obtaining a new fraction of the same value, which has a 
numerator equivalent to a suitable number of teeth for one 
gear and a denominator equivalent to a suitable number of 
teeth for the other gear. 

Example. — If the speed ratio between the shafts A and B, 
Fig. 2, is }, or, as it is commonly expressed, i to 4, the number 
of teeth in each of two gears to give the required ratio can be 
foimd in. the following manner: Write the ratio as a fraction, 
thus, i, and multiply both the numerator and the denominator 
by some trial number. As the numerator is i in this case, 
the trial number should be some number not less than 12, 
as gears having less than 12 teeth do not operate satisfac- 
torily. Taking 14 as a trial number, we have ; ^\ = ^. 

(4 X 14) 56 

The number of teeth in the gear having the greatest speed 
therefore, is 14, and the number of teeth in the other gear 
is 56. 

Number of Teeth in Driven Gear required. — If the number 
of teeth in the driving gear and the number of revolutions 
per minute of both the driving and driven gears are known, 
the number of teeth in the driven gear can be found by the 
following rule: 

Ride: Multiply the number of teeth in the driving gear by 
its number of revolutions per minute, and divide the product 
by the number of revolutions per minute of the driven gear. 

Example. — If the driving gear B has 12 teeth and makes 
144 revolutions per minute, and A makes 36 revolutions per 
minute, the number of teeth in gear A equals: 

II->^JM = 48 teeth. 
36 

Pitch Diameter of Driven Gear required. — If the pitch 
diameters of the gears are substituted in place of the number 
of teeth in connection with speed calculations, the same results 
will be obtained. If driving gear B has a pitch diameter of 
4 inches and it makes 144 revolutions per minute, and A makes 
j6 revolutions per minute, the pitch diameter of A equals: 




Number of Teeth in Driving Gear requiied. — If the number 
bf revolutions per minute of the driving and the driven gears 
ind the number of teeth in the driven gear are given, the 
number of teeth required in the driving gear can be found by 
the following rule: 

Rule: Multiply the number of teeth in the driven gear by 
pts number of revolutions per minute, and divide the product 
py the number of revolutions per minute of the driving gear. 

Example. — If driven gear B, Fig. 2, has 12 teeth and 

ies 300 revolutions per minute, and driving gear A makes 
^5 revolutions per minute, the number of teeth in gear A 

i^^^^ = 48 teeth. 
75 

Speeds and Sizes of Gears in Compound Gear Drive. — 
The gears C, D, E, and F shown in Fig. 2 form a compound 
drive. This method of employing gears to transmit 
ipotion and power from one shaft to another through inter- 
Diedi^te gears keyed to an intermediate shaft makes it pos- 
sible to obtain a relatively large reduction or increase In the 
speed between the driving and the driven shafts, 

Speed of Driven Gear in Compound Gear Drive. — When 

the number of teeth in all of the gears is known and the 

number of revolutions per minute of the driving gear is given, 

—the number of revolutions per minute of the driven gear can 

: found by the following rule: 

Rule: Multiply the number of revolutions per minute of 

: driving gear by a fraction the numerator of which con- 

bsls of the product of the number of teeth in each of the 

iriving gears, and the denominator of which consists of the 

product of the number of teeth in each of the driven gears. 

Example. — If the driving gear F (Fig. 2) makes 504 revo- 

I lutions per minute and has 12 teeth, and second driving gear, 

^^, has 24 teeth, first driven gear, D, 42 VceXii, axi^ %«.u«A 
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driven gear, C, 36 teeth, the number of revolutions per minute 
of driven gear C equals: 

504 X = 96 revolutions per minute. 

42 X 36 

Number of Teeth in Each Gear of a Compound Gear Drive. 

— To find the number of teeth in each of four gears C, D, £, 
and F, arranged as shown in Fig. 2, when the speeds of the 
driving and the driven gears are known, use the following 
rule: 

Ride: Reduce to its lowest terms a fraction which has as 
its numerator the number of revolutions per minute of the 
driving gear, and as its denominator, the number of revolu- 
tions per minute of the driven gear. Now resolve the 
numerator thus found into two factors. Also resolve the 
denominator into two factors. Multiply each "pair" of 
factors by some trial number which will give suitable numbers 
of teeth in the driving and driven gears. (One factor in the 
numerator and one in the denominator make ''one pair.") 

Example. — If driving gear C makes 80 revolutions per 
minute and driven gear F makes 420 revolutions per minute, 
the number of teeth in each of four gears C, Z), £, and F, 
arranged as shown in Fig. 2, can be found in the following 
manner: Write the number of revolutions per minute of 
C as the numerator and the number of revolutions per nmiute 
of F as the denominator of a fraction. 

Thus: io = 4_^2_Xi. 

420 21 7X3 

Multipl3dng by trial numbers 6 and 12 equals: 

(2 X 6) X (2 X 12) ^ 12 X 24 
(7 X 6) X (3X12) 42X36' 

The number of teeth in the driven gears E and F, therefore, 
are equal to the two values 12 and 24 found in the numerator, 
and the number of teeth in the driving gears C and D are 
equal to the values 42 and 36 found in the denominator. 
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CombinatioQ Belt and Gear Drive. — A combination of belt 
and gear drive is often employed in transmitting motion or 
power from one shaft to another. The calculations required 
in solving problems of this kind can be simplified if the gears 
are considered as pulleys having diameters equal to their 
pitch diameters. When this is done, the rules that apply to 
compound belt drives can be used in determining the speed 
or size of the gears or pulleys. 

Example. — The following example illustrates the method 
; calculating the speed of a driven shaft in a combination 
»clt and gear drive when the diameters of the pulleys and the 
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pitch diameters of the gears are known, and the number of 
niolutions per minute of the driving shaft is given. If 
riving pulley A, Fig, 3, is 16 inches in diameter, and driven 
illey B, 6 inches in diameter, and the pitch diameter of 
riving gear C is 12 Inches, driving gear D is 14 inches, driven 
■ E, 7 inches, driven gear F, 6 inches, and driving pulley 
' A makes 60 revolutions per minute, the number of revolu- 
tions per minute of F equals: 

■ 2 X 60 = 640 revolutions per minute. 

L 6X7X6 

H If the number of teeth in each gear is substituted for its 

'pitch diameter, the result will be the same as when the pitch 

diameters are used. 

, Speeds of Bevel-gear Drives. — The rules for calculating 

Biie speeds and sizes of spur gears also appV^ Vq Nicns^ -HrOTa, 



^^^ 
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Thus, in determining the speed of the driving or the driven 
shafts of a bevel-gear drive, or in calculating the size of gears 
needed to give any required speed ratio, the number of teeth 
in a bevel gear can be used the same as though it were a spur 
gear. 

Example. — If bevel gear A (Fig. 4) has 20 teeth and makes 
80 revolutions per minute and the bevel gear B has 40 teeth, 
the nimiber of revolutions per minute of B equals: 



20 X 80 
40 



= 40 revolutions per minute. 



The pitch diameters of bevel gears can also be used in calcu- 
lating the speeds instead of the number of teeth. 




Fig. 4. Train of BeTel and Spur Gearing 

Effect of Idler Gears. — When idler gears are used in spur- 
gear trains, the speed of the driven shaft is not affected by the 
idler gear or gears, but its direction of rotation is changed. 
If we assume that E (Fig. 4) is the driving gear and / the 
driven gear, the speed or size of either gears E or I can be 
calculated without taking into consideration the size of idler 
gears F, G, and H, as they have no effect whatever on the 
speed ratio between E and /. 

Direction of Rotation. — The following rule can be used to 
determine the direction in which a driven shaft will be rotated 



i 
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when the driving gear transmits motion to the driven gear 
through one or more idler gears. 

RtUe: Whea one idler gear or any odd number of idler 
gears are interposed between the driving and the driven gear, 
the driven gear will be rotated in the same direction as the 
driving gear. When two or any even number of idler gears 
are interposed between the driving and the driven gears, the 
direction of rotation of the driven gear will be opposite to that 
of the driving gear. For example, it will be seen that driven 
gear / (Fig. 4) is rotated in the same direction as driving gear 
E and that there is an odd number of idler gears between the 
driving and driven gears. 

Speeds of Worm-gear Drives. — The ratio between the 
speed of a worm and its driven worm-wheel depends upon 
the number of threads in the worm and the number of teeth 
in the worm-wheel. The number of threads in the worm in 
this case does not refer to the number of threads per inch, 
but to the number of single threads which form the worm 
thread, there being one thread if the worm is single-threaded, 
two, if double- threaded, three, if triple-threaded, etc. 

Speed of Worm-wheel required. — If the number of threads 
the worm and its number of revolutions per minute are 
given, and the number of teeth in the worm-wheel is known, 

le number of revolutions per minute of the worm-wheel can 
found by the following rule: 

Rule: Divide the product of the number of threads in the 
worm, multiplied by its number of revolutions per minute, 
by the number of teeth in the worm-wheel. 

Example. — If worm A (Fig. 5) is double-threaded and 
makes t20 revolutions per minute, and worm-wheel B has 
40 teeth, the number of revolutions per minute of worm- 
'heel B equals: 



■^— ^ = 6 revolutions per minute. 

40 

number of Teeth in Worm-wheel for a Given Speed. — If 
e number of threads in the worm and its rvvimbe^ qC ts^qV*.- 



^\2.\2R>\^ 



lOO 



SHOP MATHEMATICS 



tions per minute are given, the number of teeth needed in 
the worm-wheel to give any required speed can be found by 
the following rule: 

Rule: Multiply the number of threads in the worm by its 
number of revolutions per minute, and divide the product by 
the number of revolutions per minute of the worm-wheel. 

Example. — If the worm is triple-threaded and makes i8o 
revolutions per minute, and the worm-wheel is required to 
make 5 revolutions per minute, the number of teeth in the 
worm-wheel equals: 

3 ^ '^ = 108 teeth. 
5 




Fig. 6. Simple and Compound Wonn-gear Drives 

Speed of Driven Worm-wheel in Compound Drive. — The 

speed of the driven worm-wheel in a compound worm drive 
can be found by the following rule: 

Ride: Multiply the number of revolutions per minute of 
the driving worm by a fraction the numerator of which con- 
sists of the product of the number of threads in all the worms, 
and the denominator of which consists of the product of 
the number of teeth in all the driven worm-wheels. 

Example, — If wonn C (Fig. 5) is single-threaded, worm E 
is double-threaded, worm-wheel D has 80 teeth, worm-wheel 
F, 40 teeth, and C makes 1600 revolutions per minute, the 
number of revolutions per minute of worm-wheel F equals: 

I X 2 



1600 X 



80 X 40 



= I. 
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Speed of Driving Worm in Compound Worm-fear Drive. — 
If the number of threads in each oi the driving worms, the 
number of teeth in each of the driven worm-wheels, and th« 
nimiber of revolutions per Tnintn» of the driven wofro-whed 
are known, the number of revcrfotjons per minute of the driving 
worm can be found by the f<^krmia^ rule: 

RuU: MoJUfdy the ntusbcr ol revoiutioiM per minaU d 
the driven worm-wheel by a fraction the anmentar t4 wUd 
consists of the pndBct a< the mmber of tBKth in the won*' 
wheds, and the denannnaSnr of wticfa cobmU of the prodact 
of the i"»wt»>« ' of tWfjW Jb ii**- 1 

Ej>attlt. — U-mmmC (Tig. 5) mi 
E, doolife-tiinxhd, ■■■ jhil D I 
_wfccd F, 40 utA, tmi r aalw mc on fxr mill ill I, tke 
r of RwfalHas nx HMMe M C flqBflt: 
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tions per minute are given, the number of teeth needed in 
the worm-wheel to give any required speed can be found by 
the following nile: 

Ride: Multiply the number of threads in the worm by its 
number of revolutions per nmiute, and divide the product by 
the number of revolutions per minute of the worm-wheel. 

Example. — If the worm is triple-threaded and makes i8o 
revolutions per minute, and the worm-wheel is required to 
make 5 revolutions per minute, the number of teeth in the 
worm-wheel equals: 

L>Ll^ = 108 teeth. 
5 




Fig. 6. Simple and Compound Wonn-gear Drives 



Speed of Driven Worm-wheel in Compound Drive. — The 

speed of the driven worm-wheel in a compound worm drive 
can be foimd by the following rule: 

Ride: Multiply the number of revolutions per minute of 
the driving worm by a fraction the numerator of which con- 
sists of the product of the number of threads in all the worms, 
and the denominator of which consists of the product of 
the number of teeth in all the driven worm-wheels. 

Example. — If wonn C (Fig. 5) is single-threaded, worm E 
is double-threaded, worm-wheel D has 80 teeth, worm-wheel 
F, 40 teeth, and C makes 1600 revolutions per minute, the 
number of revolutions per minute of worm-wheel F equals: 

I X 2 



1600 X 



80 X 40 



= I. 



E 
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Speed <rf Driving Worm in Compound Worm-gear Drive. — 
If the number of threads in each of the driving worms, the 
number of teeth in each of the driven worm-wheels, and the 
number of revolutions per minute of the driven worm-wheel 
are known, the number of revolutions per minute of the driving 
worm can be found by the following rule: 

Rule: Multiply the number of revolutions per minute of 
the driven worm-wheel by a fraction the numerator of which 
:onsists of the product of the nimiber of teeth in the worm- 
'heeis, and the denominator of which consists 'of the product 

the number of threads in the worms. 

Example. — If worm C (Fig. 5) is double- threaded, worm 
E, double-threaded, worm-wheel D has 80 teeth, worm- 
wheel F, 40 teeth, and F makes one turn per minute, the 
lumber of revolutions per minute of C equals: 



40 X80 
2 X 2 



' Soo revolutions per minute. 



Siie of Worm-wheels and Number of Threads in Worms 
for Given Speed. — The number of teeth in the worm-wheels 
and the number of threads in each of the worms in a com- 
pound worm drive, to produce any required speed, may be 
found by the following rule: 

Rule: Write the number of revolutions per minute of the 
driven worm-wheel as the numerator of a fraction and the 
nimiber of revolutions per minute of the driving worm as 
the denominator. Reduce the fraction to its lowest terms. 
Resolve botlj the niunerator and denominator into two fac- 
tors. The two factors in the numerator then represent the 
number of threads required in the two dri\'ing worms and the 
two factors in the denominator represent the number of teeth 
required in the two driven worm-wheels. 

Example. — If worm-wheel F (Fig. 5) makes 2 revolutions 

I per minute and worm C makes 3200 revolutions per minute, 
|he number of threads in the worms and the number of teeth 
fai the worm-wheels can be found as follows; Write the nimiber 
■ revolutions made by the worm-wheel F as tha Ti>iiojCT^QT 
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of a fraction and the number of revolutions made by the woria 



C as the denominator, thus. 



ator 



3200 
into V 



1600' 

factors, 



solving the numei 



and denominator , 

1600 40 X 40 

Therefore, C will have one thread and E one thread, as indi- 
cated by the two factors in the numerator of the fraction. 
Also the worm-wheel D will have 40 teeth and the worm,* 
wheel F, 40 teeth, as indicated by the two factors in 
denominator. 

Combination of Spur, Bevel, and Worm Gearing. — Whei 
a combination of spur, bevel, and worm gearing is employi 
to transmit motion and power from one shaft to another, 
the speed of the driven shaft can be found by the following 
method: Consider the worm as a gear having one tooth if it 
is single-threaded and as a gear having two teeth if double 
threaded, etc. When this is done, the speed of the drivini 
shaft can be found by applying the rules for ordinary coi 
pound spur gearing. If the pitch diameters of the gears 
used instead of the number of teeth in making calculation; 
the worm should be considered as a gear having a pitch diameti 
of t inch, if a single-threaded, and 2 inches if a double-threadi 
worm, etc. 

Example. — If driving spur gear A {Fig. 6) makes 336 
revolutions per minute and has 42 teeth, driven spur gear B, 
31 teeth, driving bevel gear C, 33 teeth, driven bevel gear D, 
24 teeth, driving worm E, one thread, and driven wona- 
wheel F, 42 teeth, the number of revolutions per minute 
F equab: 

= ^^ X ^i6 = 22 revolutions per minute. 

21X24X42 

Relation of Peripheral Speeds to Pulley Diameters. 
Grinding- ma chine and grin ding-w heel catalogues generally! 
contain a convenient reference table of correct wheel-spindle 
speeds in revolutions per minute, for peripheral speeds of 
4000, 5000, 6000, and 6500 feet per minute. These tables, 
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lowever, are computed for full-size wheels and are not cor- 
rect for wheels reduced by wear. To compensate for this 
wheel wear, many grinding machines, whether for cylindrical 
or wet-tool grinding, snagging, etc., are made with two steps 
on the pulley. Then a worn wheel may be speeded up to its 
initial peripheral speed by shifting the spindle belt to the 
smaller spindle-pulley step. To insert an auxiliary table of 
spindle speeds in a general wheel catalogue would be out of 
the question, as the diameters of the smaller spindle pulleys 
vary on different makes of grinding machines. It has been 
left to the operator to shift his belt from the larger spindle 
pulley to the smaller when he thinks the change should be 
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made. The cutting action of a wheel often depends, to a 
great extent, upon its surface speed, and the time for making 
this change may be determined by means of a definite formula. 

For instance, a 6-inch Norton plain grinding machine with 
a spindle speed of 1773 revolutions per minute, for a recom- 
mended peripheral speed of 6500 feet (as figured for a full- 
size 14-inch wheel for this size of machine), has two steps on 
the spindle pulley; the large step is 5.5 inches in diameter 
and the smalt step, 4 inches. What should be the minimum 
diameter of the wheel before the belt is shifted to the smaller 
step in order to obtain again a peripheral wheel speed of 
6500 feet? 

As the spindle makes 1773 revolutions per minute when the 
^^elt is on the large pulley, its speed with the belt on the &ma.Uec 
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is 5-5 : 4 = ^ : i773, or ^ ^-^ = 2438 revolutions per 

4 

minute, approximately. To obtain the same peripheral speed 
as when the belt is on the large pulley, the diameters of the 

•grinding wheel should be 14:^ = 2438:1773, or -^ ^^ 

2438 

= 10.18 inches. Therefore, when the grinding wheel has 
been worn down to a diameter of 10.18 inches, or approxi- 
mately 10^ inches, the spindle belt should be shifted to the 
smaller step of the spindle pulley to obtain a peripheral speed 
of 6500 feet per minute. The method used in this example 
may be reduced to a formula for use with any make of grind- 
ing machine having a two-step spindle pulley. 

Let D = diameter of wheel, full size; 
1/ = diameter of wheel, reduced size; 
d = diameter of large pulley step; 
d' — diameter of small pulley step ; 
V = revolutions per minute of spindle, using large pul- 
ley step; 
V = revolutions per minute of spindle, using small pul- 
ley step. 

Then —j- = v\ and = U. 

d V 




CHAPTER Vin 

CALCDLATIWG CUTTING SPEEDS, 
MACHIHING TIME 

In the operation of various classes of machine tools such 
3 are used for turning, planing, drilling, and milling castings 
and forgings, it is very essential to run the machine at the 
proper speed and to give the tool a feeding movement which 
k suitable for the work, being operated upon. The selection 
of the proper cutting speed or rate of feed is based upon the 

(different conditions governing each operation, and the ma- 
chinist must be guided either by experience or by records of 
past performances. Sometimes it may be desirable to de- 
termine what cutting speed, in feet per minute, will be obtained 
lor a given number of revolutions per minute; or this prob- 
lem may be reversed, the object being to determine the speed 
of rotation required for a certain cutting speed. Problems 
also arise in connection with the rate at which a tool feeds 
while cutting. Typical speed and feed problems will be found 
in this chapter. 
The meaning of the term "cutting speed" will first be 
B explained. The cutting speed of a tool is the distance in feet 
^^ftvhicb the tool point cuts in one minute; thus, if the point 
^^Hof a lathe tool cuts 40 feet, measured around the work, on 
I^Vthe surface of a casting turned in the lathe, in one minute, 
'' the cutting speed is said to be 40 feet per minute. 

On the planer, the cutting speed is equal to the length of 

cut that would be taken in one minute. If a cut 12 feet long 

t is taken in ao seconds, then, as 20 seconds is one-third of a 

I RUQUte, a cut 36 feet long could be made with the same speed 

1 one minute, and the cutting speed is 36 feet per minute. 

; actual or net cutting speed, however, is reduced by the 

: return stroke, as explained later. 
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When drilling a hole in the drill pre^s, the cutting speed is 
the number of feet that the outer corners of the cutting edges 
travel in one minute. 

Speed of Work for Given Diameter and Cutting Speed. — 
The problems in regard to cutting speeds in the lathe or turn- 
ing and boring mill may be divided into two groups. The 
first problems to be considered are for determining the speed 
of the work in revolutions per minute when the diameter of 
the work turned in a lathe or boring mill and the required 
cutting speed are known. 

Assume that the diameter Z?, Fig. i, of the work is 5 inches, 
and the required cutting speed, 40 feet per minute. When the 
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Fig. 1. Turning Tool and Work 



Fig. a. Boring Tool and Work 



diameter of the work is known, its circumference equals the 
diameter times 3. 141 6. Therefore, the circumference of the 
work in this case is 5 X 3.1416 = 15.708 inches. For calcu- 
lations of this kind, it will be near enough to say that the 
circumference is 15.7 inches. For each revolution of the 
work, the length of its circumference passes the tool point 
once; thus for each revolution a length of 15.7 inches passes 
the tool. As the cutting speed is expressed in feet, the length 
15.7 inches should also be expressed in feet, which is done by 
dividing by 12, thus obtaining 15.7 -5- 12 = 1.308 foot, as the 
circumference of the work. The next question is, how many 
revolutions, each equivalent to 1.308 foot, does it require to 
obtain a cutting speed of 40 feet? This is obtained by finding 
bow many times 1.308 is contained in 40, or, in other words, 
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by dividing 40 by 1.308. The quotient of this division is 
30.6. Therefore, 30.6 revolutions per minute are reqidred 
to obtain a cutting speed of 40 feet per minute in this case. 
This calculation is expressed by the formula: 



, Revolutions per minute = 



cutting speed Jn feet per minute . 
f diameter of 



Work in inches 



X 3-Mi6) -r 



(i) 



' If A' = number of revolutions per minute, C = cutting 
speed in feet per minute, and D = diameter of work in inches, 
this formula can be written: 

(2) 



N = 



(ZJ X 3-MI6) -r 12 
\ If instead of turning work 5 inches in diameter, a hole 5 
inches in diameter is to be bored by an ordinary forged boring 
tool (see Fig. 2) or a tool inserted into a boring bar, and the 
cutting speed is required to be 40 feet per minute, the calcu- 
lation for the revolutions per minute is carried out in the same 
manner as above, and the same formulas are used, except that 
in the formula we write "diameter of hole to be bored in 
inches" instead of "diameter of work in inches." 

For work done in the drill press, the formula can also be 
used by substituting "diameter of hole to be drilled in inches" 
for "diameter of work in inches." 

The above case is a good example of the use of formulas 
in which letters are used for expressing a rule. \i D = the 
diameter of work to be turned or the diameter Z), Fig. 3, of 
the hole lo be drilled or bored in inches, Formula (z) applies 
to both turned and bored or drilled work. 

Cutting Spesd for Given Diameter and Speed of Work. — 
Wlien the number of revolutions which the work makes in a 
lathe or boring mill and the diameter are known, the cutting 
speed may be determined as illustrated by the following 
example: 

A brass rod one inch in diameter is being turned. By 
counting the number of revolutions of the spindle of the lathe 
indicator, it is ioutid V\ia.\. ^^^e -wotIv. t^ 



io8 
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volves 382 revolutions per minute. To find the cutting speed, 
the drcumference of the work is first figured and changed 
into feet. The circumference in inches is 1 X 3.1416 — 3.i4i6, 
and 3.1416 ■*- 13 = 0,362, the drcumference in feet, or the 
distance passed over by the tool point for each revolution. 
During 382 revolutions, the distance passed over is 382 X 0.262 
= 100 feet, which is thus the cutting speed per minute. 




Fig- 8. TwUt Drill 



This calculation is expressed by the formula: 

Cutting speed in ^ diam. of work in inches X 3.1416 revolutions 
feet per minute 12 perminute. 

Using the same letters to denote the quantities in this 
formula as before, the formula may be written: 



C - " ^ •'■""^ X N. 



(3) 



If, in this formula, D -= diameter of work or diameter of 
bored or drilled hole in inches, the formula can be used for 
cutting speeds of drills and boring tools also. 

(If the cut taken on a piece being turned is deep in pro- 
portion to the diameter of the work, it is preferable, in cal- 
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^culations for the cutting speed and revolutions per minute, to 
consider the mean diameter of the cut instead of the outside 
diameter of the work, and use the value for the mean diam- 
eter in the rules and formulas given. When the outside diam- 
eter and the depth of the cut are known, the mean diameter 
equals the outside diameter minus the depth of cut.) 

Cutting Speeds of Milling Cutters. — The cutting speeds 

of milling cutters can be calculated when the diameter D, 

Fig. 4, of the cutter and the revolutions per minute are given, 

I For instance, the diameter of a cutter is 6 inches and it makes 

140 revolutions per minute. To find the cutting speed in feet 

Lpcr minute, first find the drcuniference of the cutter; thus, 

S X 3.1416 = 18.8496, or about r8.8 inches; change this to 

jieet, thus, 18.8 -i- 12 = 1.566 feet. As the cutter makes 40 

revolutions per minute, the cutting speed is 40 times the 

prcumference, or 40 X 1.566 = 62.64 f^et per minute. 

If, in Formula (3), D ^ diameter of cutter, tliis formula 
can be used for finding the cutting speed of milling cutters. 

If the required cutting speed of a cutter is given and its 
diameter known, and the number of revolutions at which it 
should be run are to be found. Formula (2) can be used, in 
this case D being the diameter of cutter. 

Formulas and Rules for Calculating Cutting Speeds. — The 
following formulas and rules for calculating cutting speeds 
are a summary of those previously given. 

If A' = number of revolutions per minute, C = cutting 
speed in feet per minute, and D = the diameter of the work 
to be turned, the hole to be bored or drilled, or the diameter 
k of the milling cutter, the following formulas are used: 




_C . f. _ D X .^1416 



(Z) X 3-I4T6) - 



X iV. 



These formulas may be expressed as rules as follows: 

Rule i: To find the number of revolutions per minute 

the diameter of the work turned, the hole drilled or 

, or the milling cutter used, in inches, and the cutting 

i in feet per minute are given, multiply the diam.et£t 's'j 
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3. 141 6 and divide the result by 12. Then divide the given 
cutting speed by the quotient thus obtained. 

Rule 2 : To find the cutting speed in feet per minute when 
the diameter of the work to be turned, the hole drilled or 
bored, or the milling cutter used is given in inches, and the 
nimiber of revolutions per minute are known, multiply the 
diameter by 3.1416 and divide the result by 12. Then mul- 
tiply the quotient thus obtained by the number of revolutions 
per minute. 

Feed of Cutting Tools. — The feed of a lathe tool is its 
sidewise motion (traverse) for each revolution of the work* 
thus, if the feed is ^ inch, it means that for each revolution 
of the work the lathe carriage and tool move ^ inch along 
the lathe bed, thus cutting a chip ^ inch wide. 

The feed of a drill in the drill press is the downward motion 
of the drill per revolution. The feed of a mining cutter is the 
forward movement of the milling machine table for each revo- 
lution of the cutter. 

Sometimes the feed is expressed as the distance which the 
drill or the milling machine table move forward in one min- 
ute. In order to avoid confusion, it is, therefore, always best 
to state plainly in each case whether feed per revolution or 
feed per minute is meant. 

Time required for Turning Work in the Lathe. — The 
most common calculation in which the feed of a lathe tool 
enters is the time required for turning or boring a given piece 
of work, when the feed, cutting speed, and the diameter of 
work (or the number of revolutions per minute) are known. 

Example. — Assume that a tool-steel arbor, 2 inches in 
diameter, is to be turned. The length to be turned on the 
arbor (the length of cut) is 10 inches. The cutting speed is 
25 feet per minute and the feed or traverse of the cutting tool 
is ^2^ inch per revolution. How long a time would it require 
to take one cut over the surface of the work? 

First find the number of revolutions per minute of the work: 

^5 .^5_ = 47.7. 

(2 X 3.I416) -5- 12 0.524 
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:ool feeds forward g'j inch for each revolution of the 
work, it is (ed forward 47.7 X 3*3, or 1.49 inch in one minute. 
The time required to traverse the whole length of the work, 
10 inches, is obtained by finding how many times 1.45 is 
contained in 10, or by dividing 10 by 1.49. The quotient of 
this division is 6.71 minutes. It would thus take 6j minutes, 
approximately, for the tool to traverse the work once with 
the cutting speed and feed given. 

Expressed in a formula, the calculation takes this form: 

Time required for one len g th of cut 

cut over the work rev. per min. X feed per revolution 

U T = time required for one complete cut over the work, in 
mlnutesi 
L = length of cut, in inches; 
A' = revolutions per minute; 
F = feed per revolution, in inches; 
[titcn the formula above can be written: 

N XF 

Expressed as a rule, the formula would be: 
Rule: To find the time required to take one complete cut 
' over a piece of work in the lathe when the feed per revolu- 
tion, the total length of cut, and the number of revolutions 
per minute are given, divide the total length of the cut by 
the number of revolutions per minute multiplied by the feed 
per revolution. 

If the cutting speed and diameter of work are given in- 
L stead of the number of revolutions, first find the revolutions 
l-before applying the formulas or rules above. When the feed 
I per revolution is known, the feed per minute equals the revo- 
f lutions per minute times the feed per revolution. 

Time required for Drilling. — In order to calculate the 
I time required for drilling a given depth of hole, the number 
I of revolutions per minute of the drill, and the feed per revo- 
k lution (or the cutting speed, the diameter of the drill and the • 
lieed per revolution] must be known. 
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Example. — Assume that a i|-inch drill makes 80 revolu- 
tions per minute and that the feed per revolution is 0.008 
inch. How long a time would be required to drill a hole 5^ 
inches deep? 

To find the number of revolutions required to drill the full 
depth of the hole, divide 5^ by 0.008, obtaining the quotient 
687.5, ^r> approximately, 690 revolutions. As the drill makes 
80 revolutions in one minute, find the total nimiber of minutes 
required by dividing 690 by 80, the quotient 8.6 being the 
number of minutes required to drill a hole 5^ inches deep 
xmder the given conditions. If, in the foregoing, 

T = time required for drilling, in minutes, 

L = depth of drilled hole, in inches, 

N = number of revolutions per minute of the drill, 

F == feed per revolution, in inches 

then: 

~ nxf' 

It will be seen that this formula is of the sarde form as the 
one for finding the time for turning or boring work in the 
lathe. 

If the cutting speed of the drill and its diameter be given 
instead of the number of revolutions, find the nimiber of 
revolutions before applying the formula above. If the feed 
per minute be given, the feed per revolution can be found by 
dividing the feed per minute by the number of revolutions 
per minute. 

Time required for Milling. — The time required for milling 
may be found if the number of revolutions per minute of the 
cutter, and the feed per revolution (or the cutting speed, 
the diameter of the cutter and the feed per revolution) are 
known. If the feed per minute is given, the feed per revolution 
can be found by dividing the feed per minute by the number 
of revolutions per minute. 

Example, — If the length of the cut taken in a milling 
machine is 8§ inches and the feed is ^ inch per revolution, 



Pf 

^1 per minu 
^f As the 
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how iong a time will it take for a cutter making 20 revolutions 
I per minute to traverse the work? 

As the feed per revolution is -^ inch and the cutter makes 
20 revolutions per minute, the feed per minute is f J, or ^5 
inch. To find the time required for the cutter to traverse the 

I full length of the work, divide the length of the cut, 8| inches, 
iby the feed in one minute; thus: 
8| ^ A = V- X -S^ = -lii = 26*g = 26.8. 
The time required would thus be 27 minutes, approximately. 
If T 
11 



time required for the cutter to traverse the work, i 

minutes, 
L = length of cut, in inches, 
N = revolutions per minute of the cutter, 
F = feed per revolution, in indies, 

'then: 2* = ^ 

N XF 

It will be seen that the form of this formula is the same as 
that of the formulas for the time required for drilling and 
turning. 

If the cutting speed and the diameter of the cutter are 
given instead of the number of revolutions, the latter num- 
ber is first found before the formula above is applied. 

To Calculate the Time required for Planing. ^ The time 
required for planing a piece of work can be calculated if the 
feed per stroke, and the number of cutting strokes of the 
planer table per minute, and the width of the work are known. 

The feed of a planer tool is its sidewise motion for each 
cutting stroke of the table or platen. If for each cutting 
stroke the tool-carrying head moves i^ inch along the cross- 
rail, we say tiiat the feed is ^ inch. Each cutting stroke 
necessitates a return stroke, and in the following, when the 
expression "number of strokes" is used, it means the nimiber 
of cutting strokes. 

Example. — Assume that a planer makes 6 cutting strokes 
minute, that the feed per stroke is ^ mc\\, si.ft.i. ^oa-X 'Oa.^ 



^ axampu 
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width of the work is 22 inches. Find the time required for 
planing the work. 

As the planer makes 6 strokes per minute and the feed per 
stroke is ^ inch, the feed per minute is 6 X V^a , or A inch. 
The tool must traverse 22 inches to plane the complete work; 
the traverse in one minute being A inch, the total number of 
minutes required to traverse the work is found by dividing 

22 by A- 

,0 22 ^ 16 352 I . . 

22 -^-^= — X — = *^*^ = 30- mmutes. 

16 I 9 9 9 

The time required for planing the work is thus 40 minutes, 
approximately. 

This calculation may be simmied up in the following formula, 
applicable to any case where the feed per stroke, the nimiber 
of strokes per minute, and the width of the work are known: 

T ^ 

FXN 

In this formula, 

T = time required for planing, in minutes; 
W = width of work, in inches; 

F = feed per stroke, in inches; 

N = number of cutting strokes per minute. 

The formula expressed as a rule would be as follows: 
Rule : To find the time required for planing when the width 
of the work, the feed per stroke, and the number of cutting 
strokes per minute are known, divide the width of the work 
by the feed times the number of cutting strokes per minute. 

To Calculate Cutting Speed and Return Speed. — The speed 
at which the platen returns when the cutting stroke is com- 
pleted is usually two or more times the cutting speed. If the 
return speed is twice as fast as the cutting speed, we say that 
the ratio of return sp>eed to cutting speed is 2 to i. If the 
return speed is three times as fast as the cutting speed, we 
say that the ratio between the speeds is 3 to i, and so on. 
Ordinarily, these ratios are designated "2," "3," etc. If the 
return speed is 100 feet and the cutting speed 50 feet per 



ESTIMATLNG MACHINING TIME 



"S 



minute, the ratio is 2; while, if the return speed is 90 feet 
per minute and the cutting speed 30 feet, the ratio is 3. 

If the number of cutting strokes per mioute, the length 
of the stroke, and the ratio between cutting and return speeds 
are known, the cutting speed and return speed can be calcu- 
lated. The number of strokes per minute can be counted and 
the length of the stroke can be measured in each case; the 
ratio between the return speed and the cutting speed is de- 
termined by the design of the planer, and for long strokes can 
be determined by taking the time required for the forward 
stroke and the return stroke by a watch having a second-hand 
or by a stop-watch. Thus the cutting speed and the return 
speed in feet per minute of any planer can be easily determined. 

If C = cutting speed in feet per minute; 

R = return speed of planer, in feet per minute; 

N = number of cutting strokes per minute; 

5 = length of cutting stroke, in feet; 

P = ratio between return speed and cutting speed; 

then the following formulas for finding the cutting and return 
speeds can be used: 

^ _R N X S X (P + 1) 

^ ~ P~ P 



hen reversing is not con- 



In this formula, the time 
sidered. 

R = N XS XiP + i). 

These formulas may be expressed in rules as follows: 
Rule I : To find the cutting speed in feet per minute when 
the return speed and the ratio of return speed to cutting 
speed are known, divide the return speed by the ratio. 

Rule 2: To find the return speed in feet per minute when 
[ the number of strokes per minute, the length of the cutting 
Istioke in feet, and the ratio of return speed to cutting speed 
lare known, multiply the number of revolutions by the length 
«f stroke, and multiply the product obtained by i added to 
; ratio. 
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To Find the Number of Strokes per Minute from the Cutting 
and Return Speeds. — If the cutting speed and the return 
speed of a planer are known, the number of cutting strokes 
per minute may be found if the length of the stroke is also 
known. 

Example. — Assume that the cutting speed of a planer is 
50 feet per minute, that the ratio between the return speed 
and the cutting speed is 2, and that the length of the stroke 
for planing a given piece of work is 10 feet. How many strokes 
per minute will the planer make? 

As the ratio between the return speed and the cutting speed 
is 2, the return speed is twice the cutting speed, or 100 feet 
per minute. As the length of the stroke is 10 feet and the 
cutting speed is 50 feet per minute, the time required for the 
forward stroke is ^ minute. The return speed being 100 
feet per minute, ^ of a minute will be required for the return 
stroke of 10 feet. The time required for a complete forward 
and return stroke, therefore, is: 

1,1 2,1 S '4. 

-H = h — = -^ = 0.3 mmute. 

5 10 10 10 10 

The number of cutting strokes per minute is obtained by 
finding how many times 0.3 minute is contained in i minute, 
or by dividing i by 0.3. The quotient, 3^, is the number of 
strokes per minute. The time lost at the moment of reversal 
has not been considered. 

The foregoing calculation may be simmied up in the follow- 
ing fonpula, applicable to any case where the cutting speed 
and the return speed and the length of the stroke are known: 

N ^ — 



5,5 
C R 



In this formula, 

N = number of cutting strokes per minute; 
5 = length of stroke, in feet; 
C = cutting speed, in feet per minute; 
J^ = speed of return stroke, in feet per minute. 
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The formula expressed as a rule would be as follows: 
Rule: To find the number of strokes per minute of a planer 
Fwben the cutting and return speed and the length of the 
stroke are known, divide the length of the stroke by the cutting 
speed; then divide the length of the stroke by the return 
speed; add the two quotients, and divide i by the sum thus 
obtained. 

Figuring the Net Cutting Speed of a Planer. — When con- 
adering the cutting speeds of a planer, it is well to remember 
that the speed of the table during the forward or cutting 
stroke is greater than the net cutting speed. For instance, 
if the speed during the forward or cutting stroke is 30 feet 
per minute and the table has a return speed of 90 feet per 
minute, the actual number of feet per minute traversed by 
the tool while cutting would be 22^ feet per minute, the net 
speed being reduced because of the idle return period when 
the tool is not at work. 

Considering the speeds just given, if the forward move- 
ment were equal to a length of 30 feet, one minute would be 
t required, and since the return speed is three times as fast, 
the return stroke would be completed in 5 minute; therefore, 
the total time for the forward and return strokes would be 
I5 minute. To obtain the net cutting speed, divide the speed 
during the forward or cutting stroke in feet per minute by 
the total time required for the forward and return strokes, 
assuming that the length of stroke were equal to the forward 
cutting speed. In this instance, the forward cutting speed 
1] is 30 and the total time required for the forward and return 
"okes is ij minute. Hence, the net cutting speed equals: 




i =35.^4^3?^ 



iSvi = 



22.5 feet per minute. 



When the net cutting speed is known, the number of cutting 
■trokes per minute may be determined by simply dividing 
Jie net cutting speed by the length of the stroke. 



CHAPTER IX 

CHANGB-GEAIONG FOR THREAD CUTTING AND 

SPIRAL MILLING 

While lathe operators ordinarily are not required to calcu- 
late the combinations of gearing to use for cutting screw 
threads of different pitch, the method of determining the 
right combination to use should be imderstood. The number 
of times that the spindle will revolve while the carriage moves 
one inch along the lathe bed is determined by the ratio of the 
change-gears. By employing different ratios of change- 
gearing, therefore, different niunbers of threads per inch can 
be cut. 

The change-gearing may be either simple or compound. 
Simple gearing is shown at A, Fig. i. When simple gearing 
is used it is always necessary to use an idler between the gear 
on the spindle stud and the gear on the lead-screw. This 
idler has no influence on the ratio of the gearing, and can 
have any number of teeth. Compound change-gearing is 
shown at B. 

Finding the Lathe Screw Constant. — In order to be able 
to calculate change-gears for the lathe, it is necessary first 
to find the 'Mathe screw constant." This constant is always 
the same for each particular lathe, but it may be different 
for lathes of different sizes or makes. 

Rule: To find the screw constant of a lathe, place gears 
with an equal number of teeth on the spindle stud and the 
lead-screw. Then cut a thread on a piece of work in the lathe. 
The number of threads per inch that will be cut on the work 
when gears with equal numbers of teeth are placed as directed 
is called the ** screw constant" of the lathe. 

For example, put gears with 48 teeth on the spindle stud 

and on the lead-screw, and any convenient gear on the inter- 
ns 
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Mediate stud. Then cut a thread on a piece between the 
centers. If the number of threads per inch is found to be 8, 
the screw constant of this lathe is said to be 8. 

Change-gears when Simple Gearing is used. — When the 
lathe screw constant has been found, the number of teeth to 
be used in the change-gears for cutting any number of threads 
rithio the capacity of the lathe can be determined as follows: 
Rule: Place the lathe screw constant as tlie numerator 
nd the number of threads per inch to be cut as the denom- 
lator of a fraction, and multiply the numerator and the 
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denominator by the same number until a new fraction results 
where the numerator and denominator represent suitable 

I umbers of teeth for the change-gears. 
In the new fraction, the numerator gives the number of 
feth in the gear on the spindle stud, and the denominator 
lie number of teeth in the gear on the lead-screw. This rule 
kn be more easily remembered if written as a formula: 
A 



Lathe screw constant _ teeth in gear on spindle stud 
Threads per inch to be cut teeth in gear on lead-screw 



Assume that lo threads per inch are to be cut in a lathe 
where the lathe screw constant has been found to be 6. Also 
assume that the numbers of teeth in the available change- 
ihis lathe are 24, 28, 32, 36, 40, etc., increasing by 
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4 up to loo. By substituting the figures given, in the formula 
above, and carrying out the calculation: 

6 6X4 24 
10 10 X 4 40 

By multiplying both the nimierator and the denominator 
by 4, two available gears with 24 and 40 teeth, respectively, 
are obtained. The 24-tooth gear goes on the spindle stud, 
and the 40-tooth gear, on the lead-screw. It will be seen 
that if 6 and id had been multiplied by 5, the result would 
have been 30 and 50 teeth, which gears are not available in 
the set of gears with this lathe. 

Assume that it is required to cut 11^ threads per inch in 
the same lathe having the same set of change-gears. Then, 

6 6X8 48 

iij iij X 8 92 

It will be found that multiplying by any other number 
than 8 would not, in this case, give numbers of teeth that could 
be found in the gears with the lathe. The lathe screw con- 
stant differs for different makes and sizes of lathes, and should 
be determined for each particular lathe. 

Compound Gearing. — Sometimes it is not possible to 
obtain gears that will give the required ratio for the thread 
to be cut in a simple train, and then compound gearing must 
be employed. The method for finding the number of teeth 
in the gears in compound gearing is exactly the same as for 
simple gearing, except that we divide both the numerator 
and the denominator of the fraction, giving the ratio of screw 
constant to threads per inch to be cut, into two factors, and 
then multiply each "pair" of factors by the same number, 
in order to obtain the change-gears. (One factor in the 
numerator and one in the denominator make one pair.) 

Assume that the lathe screw constant is 6, that the numbers 
of teeth in the available gears are 30, 35, 40, 45, 50, 55, etc., 
increasing by 5 up to 100. Assume that it is required to 

cut 24 threads per inch. Then, — = ratio 

24 
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By dividing the numerator and the denonunator of the 
ratio into two factors and multiplying eacli pair of factors by 
the same number, as shown below, we find the gears: 

kA = 3 X j ^ {2 X 2o) X (^ X 10 ) ^ 4 X .^o 
24 4X6 (4 X 20) X (5 X 10) 80 X 60 
The four numbers in the last fraction give the numbers of 
Beth in the gears which should be used. The gears in the 
umerator, with 40 and 30 teeth, are the driving gears, and 
dose in the denominator, with So and 60 teeth, are the driven 
gears. The driving gears are the gears a and c (see Diagram 
B, Fig. i) and the driven gears, b and d. Either of the driving 
gears may be placed on the spindle stud, and either of the 
driven, on the lead-screw. 

Sometimes the lead of a thread is given as a fraction of an 
inch instead of stating the number of threads per inch. For 
instance, a thread may be required to be cut having | inch lead. 
In this case, the expression "g inch lead" should first be trans- 
formed to "number of threads per inch," after which we can 
proceed to find the change-gears as previously explained, 
"he number of threads (the thread being single) equals: 

To find the change-gears to cut if threads per inch in a 
lathe having a screw constant of 8 and change-gears running 
rem 24 to 100 teeth, increasing by 4, proceed as below: 
2 X 4 ^ ( z X .^6) X (4 X 24 ) ^ 72 X 96 
I X 2| (r X 36) X (if X 24) 36 X 64' 
Number of Threads per Inch obtained with a Given Com- 
lUnatioo of Gears. -— If the problem is to determine the num- 
ber of threads per inch that will be obtained with a given 
combination of gearing, the following rule may be applied. 

Rule: Multiply the lathe screw constant by the number of 
teeth in the driven gear (or by the product of the numbers of 
teeth in both driven gears in the case of compound gearing), 
and divide the product thus obtained by the number of teeth 



Number of threads per inch = 
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in the driving gear (or by the product of the numbers of teeth 
in the two driving gears of a compound train). The quotient 
equals the nimiber of threads per inch obtained with that 
combination of gearing. 

Example. — When the driving gears in a compound train 
have 40 and 30 teeth, respectively, and the driven gears 80 
and 60 teeth, how many threads per inch will be cut on a 
lathe equipped with this gearing, if the lathe screw constant 
is 6? 

Threads per inch = constant X No. of teeth in driven gears : 

number of teeth in driving gears 

Therefore, in this example, 

rru A • u 6 X 80 X 60 
Threads per mch = = 24. 

40 X 30 

. Example. — When the driving gear or the "gear on the 
stud" has 48 teeth, and the driven gear or the "gear on the 
lead-screw," 92 teeth, how many threads per inch will be 
cut, if the lathe screw constant is 6? 

Threads per inch = 2_ = iii. 

Change-gears for Cutting Metric Threads. — The metric 
system of length measurement is in use in practically all 
countries except in the United States, Great Britain, and the 
British colonies. The unit of length in the metric system is 
the meter, which equals nearly 39.37 inches (or practically 
39I inches). 

In medium and small machine design the unit employed 
is almost always the millimeter. One millimeter equals 

0.03937 inch; one inch equals — , or 25.4 millimeters, 

0-03937 
almost exactly. 

When screws are made in accordance with the metric sys- 
tem it is not the usual practice to give the number of threads 
per millimeter or centimeter in the same way as the number 
of threads per inch is given in the English system. Instead, 
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ad of the thread in millimeters is given. A screw thread 
d to have 2 millimeters lead, 3 millimeters lead, 4,5 milli- 
leters lead, etc. 

It often happens that screws and taps having threads ac- 
sording to the metric system are required. This thread can 
I cut on a lathe having an English lead-screw, provided 
change-gears with the required number of teeth are used. 

The first step in finding the change-gears is to find how 
many threads per inch there are in the screw to be cut, when 
the lead is given in millimeters. Assume that a screw is re- 
quired with 3 millimeters lead. How many threads per inch 
are there in this screw? As there are 25.4 millimeters in 
one inch, we can find how many threads there would be in 
one inch, if we find how many times 3 is contained in 25.4; 
in other words, divide 25.4 by 3. It is not necessary to carry 
out the division; simply write it as a fraction in the form 

— ^, which implies that 25.4 is to be divided by 3. This 

3 
fraction now gives the number of threads per inch to be cut. 
When this fraction has been obtained, proceed as if change- 
to be found for cutting threads with English pitches, 
lace the lathe screw constant in the numerator of a fraction 
id the number of threads per inch to be cut in the de- 
nominator. If the screw constant of a lathe is 6 and the 

number of threads to be cut, -^, as previously found, the 

^tio of the change-gearing is: 



^Wh. 

^nat 

^nd 



iM. 



\ This may seem complicated, but remembering that the line 
ween the numerator and the denominator in a fraction 
Beans that the numerator is to be divided by the denominator, 
icn by carrying out this division: 

_ 6 X3 



5^15^ = 



6 X- 



IS.4 ■i'^A 
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6 X "^ • 
The fraction ^ is the ratio of tiie change-gearing re- 

25*4 
quired, and all tiiat has to be done now is to multiply the 

numerator and the denominator of this fraction by the same 

nimiber until stdtable nimibers of teeth for the change-gears 

are found. By trial it is foimd that the first whole number by 

which 25.4 can be multiplied so as to obtain a whole number 

as a result, is 5. Multiplying 25.4 by 5 gives 127. Thus 

there must be one gear with 127 teeth whenever a metric 

thread is cut by means of an English lead-screw. The other 

gear required in this case has 90 teeth, because 5 X 6 X 3 = 90. 

The calculation would be carried out as shown below: 

6 X .^ X q ^ 18 X 5 ^ 90 
25.4 X 5 127 127 

What has just been said can be expressed as follows: 
Rule: To find the change-gears for cutting metric pitches 
with an English lead-screw, place the lathe screw constant 
multiplied by the number of millimeters lead of the thread to 
be cut multiplied by 5, in the numerator of the fraction, and 
127 as the denominator. The product of the numbers in the 
numerator give the number of teeth in the gear on the spindle 
stud, and 127 is the nimiber of teeth in the gear on the lead- 
screw. Written as a formula, this rule would be: 

Lathe screw ^ lead of thread to be ^ teeth in spindle stud 
constant cut, in millimeters ^ gear 

127 teeth in lead-screw gear 

As an example, assume that a screw with 2.5 millimeters 
lead is to be cut on a lathe having a screw constant of 8. By 
placing the given figures in the formula: 

8 X 2..«; X t; _ 100 spindle stud gear 

127 127. . . .lead-screw gear 

Continued Fractions applied to Change-gear Calculations. — 

Continued fractions are sometimes employed to obtain a 
fraction which is small and convenient to use and which has 
very nearly the same value as a larger and more cumber- 
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some fraction. The practical use of continued fractions as 
applied to shop work is in calculating change-gears such as 
might be required for cutting a screw thread having an unusual 
pitch. A continued fraction may be defined as a fraction 
having unity, or i , for its numerator, and for its denominator 
some number plus some fraction which also has i for its 

I numerator and for its denominator some number plus a 

' fraction, etc. 

If both the numerator and the denominator of the fraction 

- ^^ are divided by its numerator, the fraction becomes 
1908 ^ 

I -- " . This process may be continued by dividing the numerator 



and the denominator of the fraction -2—, and the same process 



] 

I 



453 

repeated for other fractions that might be obtained. Thus, 

45i__!_. j6__L. !!2=-JL. 

1908 4t%' 453 4M' 96 AV 

22 .-!-■ is __i-. il =_L 

69 'W '1 ■!!' 'S 'l 

If the fractions obtained by dividing the numerators and 
the denominators are written down without the fractional 
part of the denominator, we have, in this case, }, \, \, \,\,\,\. 
As will be seen, the numerators are i in each case, and the 
[denominators are quotients obtained by dividing the dif- 
ferent denominators by their numerators. In this way, the 
intinued fraction is obtained. A common method of ar- 
ngtng a continued fraction is as follows: 
45.^ =1 

4+1 

4 + t 

I + i_ 

2+1 

I 4- I 




126 SHOP MATHEMATICS 

A continued fraction is also frequently arranged as follows: 

££11111 .V 

The method of determining the different values correspond- 
ing to the various parts of a continued fraction will now be 
explained. All the values for the continued fraction previ- 
ously given are as follows: 

I 4 17 21 59 80 139 636 

In order to determine these values, which are called *'con- 
vergents," write the fraction f and then the first fraction in 
the continued fraction; in this case, it is J. Multiply the 
numerator of the second fraction, in (2), by the next denomi- 
nator in the continued fraction, in (i), and add the numerator 
of the preceding fraction, in (2) ; thus, 4X1+0 = 4. Then, 
multiply the denominator of the second fraction, in (2), by the 
next denominator in the continued fraction, in (i), and add the 
denominator of the preceding fraction, in (2); thus, 4X4 + 1 
= 17. Write the results as the numerator and denominator of 
a new fraction, as shown. Multiply the numerator of the 
fraction last foimd by the next denominator in the continued 
fraction and add the preceding numerator to form the numera- 
tor of a new fraction; thus 1X4 + 1 = 5. Do likewise with the 
denominators; thus, 1X17+4 = 21. Proceed in this manner 
with the remaining denominators in the continued fraction. The 
last fraction is equal to the original fraction when reduced to its 
lowest terms. The convergents following f are each nearer in 
value to the original fraction than any preceding one. 

How Continued Fractions are applied to Change-gear Cal- 
culations. — Suppose it were desired to calculate the change- 
gears for a lathe to cut, say, 14.183 threads per inch. It is 
assumed that the lead-screw has four threads per inch and 
the lathe screw constant is also 4. What combination of 
gearing is required for this odd fractional pitch? The true 

pitch required is — = 0.0705+ inch. 

14.183 
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In the calculations, it will be assumed that the pitch should 
be within the nearest ten-thousandth of an inch; then the 
gears must be so selected that the pitch of the screw will be 
0.0705 =•= o.QOOos inch. In other words, it must be greater 
than 0.07045 and less than 0.07055, 

The second step is to convert the decimal into a continued 
[ iraction. Thus, 

0.183 or -^^ = - - - ,etc. 

1000 s + 2 +6 + 

Forming the various convergents, we obtain J, ^, \\, etc. 
I Now if the second convergent is used, the pitch will be equiva- 

I lent' to J- — 5- and — r— ' — '=0.07051+ inch, which is 

I within the limits. Therefore, since the lathe screw constant 
[is 4 for this particular lathe, the ratio of the change-gears is: 
4 ^ 44 ^ 22 
Mi't 156 78 
Hence, the gear on the lead-screw should have either 156 or 
tjS teeth, and the gear meshing with it either 44 or 22 teeth. 
If the third convergent be used, the pitch will be equivalent 

= 0.07050-f- inch, which, as will be observed, is 

i4i 1007 

Since this fraction cannot be reduced any further, and as it 
is impracticable to make a gear ha\'ing 1007 teeth, this ratio 
is valueless for a simple geared lathe. It can be used, how- 
Jpver, with a compound geared lathe, since 

1007 19 53 76 53 
The gears having 16 and 71 teeth are the driving gears and 
Jiose having 76 and 53 teeth are the driven gears. That this 
[is the correct gear combination may easily be proved by apply- 
Eing the formula previously given for determining the number 
threads per inch that may be obtained with any com- 
bination of gearing, Thus, in this case, 



more accurate. The ratio of the gears in this case is - 
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Threads per inch = 4 X 76 X 53 ^ ^g 

^ 16 X 71 ^ 

Change-gears for Cutting a Worm Thread. — To further 
illustrate the use of continued fractions, assume that a single- 
threaded worm is to mesh with a worm-gear of 0.7854 inch 
drcular pitch. What change-gears should be used when 
cutting the worm thread if the lead-screw has a lathe screw 
constant of 4? 

The linear pitch of the worm is equal to the circular pitch 
of the worm-gear, or 0.7854 inch. Therefore, the worm has 
I 4- 0.7854 = 1.273 threads per inch. The decimal 0.273 is 
next converted into a continued fraction. Thus, 0.273 or 

'3 = - - - -, etc. The convergents corresponding 
1000 3 + I + I -I- 1 

to these continued fractions are J, J, f , ^, etc. If the third 

convergent is used, the pitch will be eqtdvalent to-r =^ 

If 9 
= 0.7777 +, which IS within 0.0077 of the required pitch 

(0.7854 - 0.7777 = 0.0077). 

If the fourth convergent is used, — r- = — = 0.7857, which 

III 14 
is within 0.0003 ^^ ^^^ required pitch. Since the lathe screw 
constant is 4, the ratio of the change-gears is represented by 

A. AA 88 

-^ =—=-;;. Therefore, the driving gear or the gear on 
i-f^ 14 28 

the stud must have 88 teeth and the driven gear or the one 

on the lead-screw, 28 teeth. If a compound train of gears 

were used instead, the driving gears would have 60 and 66 

teeth, respectively, and the driven gears, 30 and 42 teeth, 

respectively. Thus, 

44 __ 4 X II _ 60 X 66 
14 2X7 30 X 42 

Verifying the accuracy of the foregoing calculations: 

Threads per inch = ^ ^ ^^ ^^^^ = 1.273, nearly. 

60 X 66 



( 



N 



^^asi 
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Simple Method of Calculating Change-gears for Worms of 
Given Diametral Pitch. — The change-gears required for 
cutting worms that are to mesh with gears of a given diametral 
pitch may be calculated by the following simple method: 

To start with the simplest case, suppose it is desired to cut 
a worm to mesh with a worm-wheel of one diametral pitch, 
and assume, for the sake of illustration, that the lathe has 
a lead-screw with one thread per inch, or a screw of one inch 
pitch. The circular pitch of a one diametral pitch gear is 
3.1416 inches, and a very close approximation to this decimal 
is the fraction ^. The worm, therefore, must have a pitch 
of 3.1416 inches, or ^ inches, This fraction, ^, should be 
memorized, as it is the only number that one need have at 
hand in maJdng change-gear calculations for worm threads. 
In the lathe mentioned, the lead-screw would advance the 
tool one inch for every revolution of the screw and would 
thus have to turn 3.1416 times to advance the tool 3.1416 
inches. In other words, the lead-screw should turn 3.1416 
times as fast as the worm which is being cut. As the fraction 
V is nearly equivalent to 3.1416, this result would be accom- 
plished with a 22-tooth gear on the stud and a 7-tooth pinion 
on the lead-screw, or gears in this ratio, say, 44 on the stud 
and 14 on the screw. 

Now suppose that instead of a lead-screw of one thread 
ir inch, there was one with three threads per inch. The 

■ew would then have to turn three times as fast as before, 
accomplish which the gear on the stud should be three 

les as large, or else the gear on the screw three times as 
small as before. The gearing should be in the ratio, there- 
fore, of 3 X V, or ^. If the lead-screw had four threads 
per inch, the gearing should be in the ratio of ^, and if 
wx threads, in the ratio of J-p. Assume, finally, that it is 
desired to cut a worm of some pitch other than one, say, to 
mesh with a worm-wheel of four diametral pitch. The threads 
of the worm would then be four times as near together as 
before and the lead-screw should turn only one-fourth as 
The gear on the lead-screw coidd thus be four times as 
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large as in the first example, or the gear on the stud four times 
as small. With a three-pitch lead-screw, the gearing should 
be in the ratio of ||; with the four-pitch screw, f|; and with 
the six-pitch screw, ■^. If a worm for a six-pitch worm-wheel 
were desired, then for the three cases the gearing would be 
in the ratio of f}> ft > ^iid J^, respectively. Of course, it is 
understood that these fractions may be reduced to lower 
terms, in order to reduce the size of the gears. Thus, for a 
three-pitch lead-screw and four-pitch worm, the ratio ff was 
found, but gears having 33 and 14 teeth, respectively, could 
be used instead. 

The foregoing calculations apply only to lathes in which 
the spindle and lead-screw make the same number of turns 
with equal gears. Where the spindle turns faster or more 
slowly than the lead-screw, with equal change-gears, allow- 
ance must be made for this. With compound-geared lathes, 
the simplest plan is to use equal intermediate gears and to 
put gears on the stud and screw, as calculated above. The 
following general rule may be used for finding the change- 
gears to use: 

Rtde: Multiply the lathe screw constant by 22 to obtain 
the number of teeth in the stud gear and multiply the diametral 
pitch of the worm-wheel (for which the worm is intended) 
by 7, to obtain the number of teeth in the gear on the lead- 
screw. 

Example. — Determine what change-gears should be used 
for cutting a thread on a worm to mesh with a worm-wheel 
of 6 diametral pitch, assuming that the lead-screw of the 
lathe has 4 threads per inch, and the lathe spindle and stud 
are geared in the ratio of i to i, so that the lathe screw con- 
stant is 4. 

Applying the foregoing rule, 

4 X 22 ^88^ 
6X7 42 

The gear on the stud should have 88 teeth and the gear 
on the lead-screw, 42 teeth. If these gears are used, the error 
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in the lead of the worm will be very slight. This error b due 
to the fact that ^<^ is not quite equal to 3.1416, as previously 

I explained. The number of threads per inch cut with the gears 
referred to equals ^ — = 1.909. Hence, the lead of the 



■orm thread equals = 0.5238 inch. The correct lead 

1.909 

of a worm to mesh with a worm-wheel of 6 diametral pitch is 

5236 inch; therefore, the ferror in lead equals 0.5238 — 0.5336 
= 0.0002 inch. 

Change-gears for Milling Spirals. — The method for the 
figuring of change-gears for cutting spirals on the milling 
machine is, in principle, exactly the same as that used for 
figuring change-gears for the lathe. 

In Fig. 2 is shown an end view of an index-head for a milling 
machine, placed on the top of the milling machine table. 
At ^ is shown the end of the table feed-screw, and 5 is a 
gear placed on this feed-screw. This gear is commonly called 
the feed-screw gear, and it imparts motion, through an inter- 
mediate gear H, to gear C which is placed on the stud D; 
from this stud, in turn, motion is imparted by gearing to the 
worm of the index-head and from the worm to the worm- 
wheel mounted on the index-head spindle. Thus, when con- 
nected by gearing in this manner, the index-head spindle 
may be rotated from the feed-screw. The gear C on the stud 
D is called the "worm-gear"; this worm-gear should not be 
confused with the worm-wheel which is permanently attached 
to the index-head spindle. 

Simple gearing is shown in Fig. 2, while in Fig. 3 the gears 
are compounded. In this case, B still represents the feed- 
screw gear, while E is the gear on the intermediate stud which 
meshes with B, and F is the second gear on the same inter- 
mediate stud, meshing with gear C. The object of the calcu- 
lation is to find the numbers of teeth in gears B and C which 
are used in a simple train, as in Fig. 2; or in the gears B, 
E, F, and C as used in a compound train of gears, as shown 
in Tig. 3. 
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The Lead of a Milling Machine. — If gears with an eqiu 
number of teeth are placed on the feed-screw A and the stud] 
D in Fig. 3, then the lead of the milling machine is the ( 
tance the table will travel while the index-spindle makes one ' 
complete revolution. This distance is a constant used in 
figuring the change-gears, and may vary for different milling 
machines. 

The lead of a helix or spiral is the distance, measured along 
the axis of the work, in which the spiral makes one full turn 




around the work. The lead of the milling machine may, 
therefore, also be expressed as the lead of the spiral that will 
be cut when gears with an equal number of teeth are placed 
on studs A and D, and an idler of suitable size interposed 
between the gears. 

Rule: To find the lead of a milling machine, place equal 
gears on stud D, and on feed-screw A, Fig. 2, and multiply 
the number of revolutions made by the feed-screw to produce 
one revolution of the index-head spindle, by the lead of thi 
thread on the feed-screw. 

Tlu's rule may be expressed as a formula: 



y 

I 




U'' 

I 
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Lead of milling ^ .^^oiuUmot'indcx-spindle X , '"- 
•^'^' with cquid gears ''"^'^ 

Assume that it is necessary to make 40 revolutions of the 
feed-screw to turn the index-head spindle one complete revo- 
lution, when the gears B and C, Fig. 2, are equal, and that 
, the lead of the thread on the feed-screw of the milling machine 
lis } inch; then the lead of the machine equals: 
40 X J inch = 10 inches. 
Cliange-gears for Spiral of Given Lead. — As has already 
r been stated, the lead of the machine means the distance which 
the table of the milling machine moves forward in order to 
turn the work placed on the index-head spindle one complete 
revolution when change-gears with an equal number of teeth 
If then, for instance, a spiral is to be cut, the lead 
[ of which is twice as long as the lead of the machine, change- 
gears of such a ratio must be used that the index-head spindle 
will turn only one-half a revolution while the table moves 
forward a distance equal to the lead of the machine. 

Assume that it is desired to cut a spiral ha\'ing a lead of 
20 inches, that is, making one complete turn in a length of 
20 inches, and that the lead of the milling machine is 10 inches. 

I Then the ratio between the speeds of the feed-screw and of 
stud D must be 2 to I, which means that the feed-screw, which 
is required to turn twice while stud D turns once, must have 
A geaJ that has only one-half the number of teeth of the gear 
paced on stud D. If the lead of the machine is 10 inches 
bnd the lead of the spiral required to be cut on a piece of 
work is 30 inches, then the ratio between the speed of the 
gears would be 3 to i, which is the same as the ratio between 
the lead of the spiral to be cut to the lead of the machine. 
(30 to 10 = 3 to I, or, as it is commonly written, 30 : 10 = 3 : i.) 
The rule for finding the change-gears can be expressed by 
a ample formula: 

number of teetJj in gear 
Lead of spiral to be cut _ on worm stud (D, Fig. 2) . 
^m Lead of milling machine number of teeth. \\\. ^^as 
^B on Ue&-^>cxc?»i 
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Rule: To find the change-gears to be used in a simple train 
of gearing when cutting spirals in the milling machine, place 
the lead of the spiral as the numerator and the lead of the 
milling machine as the denominator of a fraction, and multi- 
ply the numerator and the denominator by the same nxmiber 
until a new fraction is obtained in which the numerator and 
denominator give suitable numbers of teeth for the gears. 

Example. — A milling machine has 4 threads per inch on 
the feed-screw and 40 revolutions of the feed-screw are neces- 
sary to make the index spindle turn one complete revolution 
when gears B and C, Fig. 2, are equal. What change-gears 
are required on this machine to cut a spiral, the lead of which 
is 12 inches? 

First find the lead of the machine. As the feed-screw is 
single-threaded and has 4 threads per inch, the lead of the 
screw thread is \ inch and the lead equals: 

40 X i inch = 10 inches = lead of machine. 

To find the change-gears, place the lead of the required 
spiral as the numerator of a fraction and the lead of the 
machine as the denominator, and multiply both the numerator 
and the denominator by the same number until a new frac- 
tion is obtained in which the numerator and denominator 
express suitable numbers of teeth. Following this rule, then, 

12 _ 12X4 __ 48 
10 10 X 4 40 

The gear with 48 teeth is placed on stud D which is required 
to revolve more slowly than the lead-screw, in order to cut a 
spiral which is 12 inches, when the spiral cut with equal gears 
is only 10 inches. The gear having 40 teeth is placed on the 
feed-screw. An intermediate gear is put between the gear 
on the feed-screw and the gear on stud D; the number of 
teeth in this intermediate gear has no influence on the speed 
ratio of feed-screw A and stud D, but simply serves to transmit 
motion from one gear to the other. 

If it is not possible to find a set of two gears that will trans- 
mit the required motion, it is necessary to use compound 
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geaiing. In this case, the manner in which the gears are 
found b exactly the same as the method used for compound 
gearing in the lathe. 

As an example, assume that the lead of a machine is 10 
inches, and that a spiral having a 48-inch lead is to be cut. 

» Following the method previously explained, then, 
f 48 ^ 6 X 8 ^ (6 X ig) X (8 X 8) ^ 7J X 64 

' 10 "^ 2 X 5 ° (2 X 12) X (5 X 8) 24 X 40 

The gear having 72 teeth is placed on the stud D and meshes 

with the 24-tooth gear F (see Fig. 3) , on the intermediate stud . 

_ On the same intermediate stud is then placed the gear having 

[ teeth, which is driven by the gear having 40 teeth placed 

1 the feed-screw. This makes the gears having 72 and 64 

»th the driven gears, and the gears having 24 and 40 teeth 

he driving gears, the whole train of gears being driven from 

iie feed-screw of the table. 

In general, -for compound gearing, the following formula 
nay be used; 

Lead of spiral to be cut ^ p roduct of driven gears 
Lead of machine product of driving gears 

figuring Change-gears when Lead of Spiral is Fractional. — 
When the lead of a spiral is not an even or whole number of 
inches, but fractional or decimal, change-gears may be calcu- 
lated conveniently by the method to be illustrated, by an 
example. 

Example. — Assume that a spiral (or, more properly, 

helical) groove having a lead of 1.25 inch is to be milled and 

that the lead of the machine is 10. What combination of 

change-gears should be used? 

■ The ratio of the gearing is equivalent to -^- If both terms 



e multiplied fay 100, the expression is changed to - 



Re- 



solving this expression into factors, 

lag ^ 5 X 2 5 = 30 X 25 ^ 
1000 to X 100 60 X 100 



i X 100 11 y,c^ 
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Therefore, gears having 30 and 25 teeth can be used as the 
two driven gears when gears of 60 and 100 teeth are used as 
drivers, or any other combinations may be used. 

Example. — Assume that a spiral groove is to be milled 
having a lead of 2.22 inches, and that the lead of the machine 
is 10. Find the gears that may be used. 

By applying the method previously referred to, we have 



222 



^ 6 X 37 ^ .^6 X .^7 ^ 24 X 37 , 24 X 74 , 
10 X 100 60 X 100 40 X 100 80 X 100 



1000 10 

There are also several other combinations which might be 
used to obtain a lead of 2.22 inches, the numbers above the 
line representing the driven gears and those below the line, 
the driving gears. If the lead should be given in thousandths, 
both terms may be multiplied by 1000, or the required lead 
may be written down as a whole number, as many ciphers 
being annexed to the 10 in the denominator as there are decimal 
places in the required lead. For instance, if the lead is 2.176 

inches, the ratio of the gears is ^ — 

10,000 




CHAPTER X 

ANGLES AND THE USE OF TABLES WHEN FIGURING 
ANGLES 

There is no branch of mathematics which is of greater 

mportance and practical value to machinists and toolmakers 

than that which deals with angles, and especially with the 

solution of triangles. A general knowledge of this subject 

-makes it possible to perform operations readily which, without 
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.Iculation, would cither be impossible or require a long and 
:dious cut-and-try method. Problems requiring the solution 
triangles are common in connection with many operations 
the milling machine, and especially in toolmaking practice>. 

chapter explains the meanings of the various functions 

angles such as the sine, cosine, tangent, etc., and then 

leak with the tables which are used to obtain the numerical 

values for different angles and functions. The practical 

application of these tables will be illustrated in Chapters XI 

id XII. 
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Angular Measurement — When two lines meet as shown 
at ^ in Fig. i, they form an angle with each other. The point 
where the two lines meet or intersect is called the vertex of 
the angle. The two lines forming the angle are called the 
sides of the angle. Angles are measured in degrees and sub- 
divisions of a degree. If the circumference (periphery) of a 
circle is divided into 360 parts, each part is called one degree^ 
and the angle between two lines from the center to the ends 
of the small part of the circle is a one-degree angle, as shown 
at C. As the whole circle contains 360 degrees, one-half of 
a circle contains 180 degrees, and one-quarter of a circle, 
90 degrees. 

In order to obtain finer subdivisions than the degree for 
the measurement of angles, one degree is divided into 60 




Fig. 2. Names given to Angles 

minutes, and one minute into 60 seconds. Any part of a 
degree can be expressed in minutes and seconds, for instance, 
I degree = 30 minutes; I degree = 20 minutes; and since 
\ degree = 15 minutes, f degree = 45 minutes. In the same 
way, I minute = 30 seconds; ^ minute = 20 seconds; J 
minute = 15 seconds; and f minute = 45 seconds. 

The word degree is often abbreviated "deg.," or the 
sign (°) is used to indicate degrees; thus, 60** = 60 degrees. 
In the same way, 60' = 60 minutes (min.), and 60'' = 60 
seconds (sec). 

A 90-degree angle is called a right angle. An angle larger 
than 90 degrees is called an obtuse angle, and an angle less 
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t 96 degrees is called an acute angle. (See Fig. 2.) Any 
kngle which is not a right angle is called an oblique angle. 

When two lines form a right or 90-degrec angle with each 
other, as shown at £ in Fig. i, one line is said to be perpendicular 
to the other. 

Angles are said to be equal when they contain the same 

number of degrees. The angle at A, Fig. 3, and the angle at B 

are equal, because they are both 60 degrees; that the sides 

, of the angle at B are longer than the sides of the angle at A 
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Fig. 3. Diagtuna illuBtratiiig Angles of 30, 4S, 60, 90, and ISO DegiceB 

has no influence on the angle, because of the fact that an 
angle is only the di_fference in direction of two lines. The 
angle at D, which contains only 30 degrees, is only one-half 
of the angle at A. One-half of a right angle is 45 degrees, as 
shown at C. At E is shown an angle which is 120 degrees, 

|*nd which can be div-ided into a right or 90-degree angle, and 
S 30-degree angle. 
Functioos of Angles. — The object of that part of mathe- 
inatics called "trigonometry" is to fumish the methods by 
||vhich the unknown sides and angles in a triangle may be 
idetcnnincd when certain of the sides and an^k'i ^\e. ^Ntt*.. 
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The sides and angles of any triangle, which are not known, 
can be found when (i) all three sides, (2) two sides and one 
angle, or (3) one side and two angles are given. In other 
words, if the triangle is considered as consisting of six parts, 
three angles, and three sides, the unknown parts can be de- 
termined when any three of the parts are given, provided at 
least one of the given parts is a side. 

In order to introduce the values of the angles in calculations 
of triangles, use is made of certain expressions called trigo- 
nometrical functions or functions of angles. The names of 




Fig. 4. Right-angled Triaagle 



these expressions are: sine, cosine, tangent, cotangent, secant, 
and cosecant, and they are usually abbreviated as follows: 



sm = sme, 
cos = cosine, 
tan = tangent. 



cot = cotangent, 
sec = secant, 
cosec = cosecant. 



In Fig. 4 is shown a right-angled triangle. The lengths of 
the three sides are represented by a, 6, and c, respectively, 
and the angles opposite each of these sides are marked A, 
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r^, and C, respectively. Angle A is the right angle in the 

I triangle. The side a opposite the right angle is the hypotenuse. 

I The side h is called the side adjacent to the angle C, but is, of 

' course, also the side opposite to angle B. In the same way, 

the side c b called the side adjacent to angle B, and the side 

opposite to angle C. The reason for these names is made 

clear by studying the figure. 

The meanings of the various functions of angles previously 
named can be explained by the aid of a right-angled triangle. 

The sine of an angle equals the opposite side divided by 
the hypotenuse. The sine of angle B thus equals the side b, 
which is opposite to the angle, divided by the hypotenuse a. 
I Expressed as a formula: 



^If a = i6, and b = g, then sin B = -^ = 0.5625. 
16 
The cosine of an angle equals the adjacent side divided by 
the hypotenuse. The cosine of angle B thus equals the side c, 
which is adjacent to this angle, divided by the hypotenuse a, 
, expressed as a formula: 

cos B = -■ 



If tt = 34, and c = IS, then cos B = -i = 0.625. 

The tangent of an angle equals the opposite side divided by 
the adjacent side. The tangent of angle B thus equals the 
side b divided by side c, or: 

b 



tan 5 = 
If 6 = aS, and c = 25, then tan B = 



^^Biy the opposite side. The cotangent of angle B thus eqi 
the Mde c divided by the side h, or: 
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cot 5 =^- 

If 6 = 28, and c = 25, then cot J5 = ^ = 0.89286. 

28 

The secant of an angle equals the hypotenuse divided by 
the adjacent side. The secant of angle B thus equals the 
hypotenuse a divided by the side c adjacent to the angle, or: 

sec 5 = - • 
c 

If a = 24, and c = 15, then sec J5 = — = 1.6. 

The cosecant of an angle equals the hypotenuse divided by 
the opposite side. The cosecant of angle B thus equals the 
hypotenuse a divided by the side b opposite the angle, or: 

cosec B = -' 
b 

If a = 16, and 6 = 9, then cosec B = — = 1.77778. 

9 

The rules given above are easily memorized, and the student 
should go no further before he can see at a glance the various 
functions in a given right-angled triangle. 

If the functions of the angle C were to be found instead of 
the functions of angle 5, as given above, they would be as 
follows: 



sm C = - 
a 


cos C — - 
a 


tan C = 7 
b 


cot C = - 
c 


sec C = - 
b 


cosec C = - 
c 



It must be remembered that the functions of the angles 
can be found in this manner only when the triangle is right- 
angled. If the triangle has the shape shown by the full lines 
in Fig. 5, the sine of angle Z), for instance, cannot be expressed 
by any relation between two sides of this triangle. The sine 
of angle Z), however, can be found by constructing a right- 
angled triangle by extending the side e to the point P, from 



^^^^^^■^^H 
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where a line can be drawn at right angles to the vertex or ^M 
point of angle E, as shown by the dotted line. The sine of H 
angle D would then be the length of the dotted line g divided ^M 
by the length of the line A, these two lines being, respectively, ^M 
the side opposite angle D, and the hypotenuse, in a right- ^M 
angled triangle. In the same way, the tangent of angle D ^M 
would be the side g divided by the side /. ^M 
. Finding the Values of the Functions of Angles. ~ In Fig. 6 ^M 
is shown a right-angled triangle where the side opposite angle ^m 






~ 








1 




I 


Fig. 5. Acute-ugled Triangle (shown b; tull linna) 

I is four inches, the side opposite angle C is 3 inches, and th 
ypotenuse is 5 inches. Find the values of the functions 
Jie angles B and C. 

Following the rules previously given for finding the sine 
osine, tangent, etc. : , 

sin B = -1 = 0.8 cos B = -2- = 0.6 

5 5 

tan B = ^ = 1.333 cot B = i = c.-\^ 
J 4 








■ 




^^^1 
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C B = i = 1.667 



cosec 5 = -2- - I.2J 
4 
The functions for angle C are as follows: 



an C = -2- = 0.6 
5 

tan C = -^ = 0.75 



cC=i = 



I-2S 



cote =-^= 1.333 
3 

cosec C = -i = 1.667 




The secant and cosecant, being merely the values of i 
divided by the cosine and sine, are not often used in calcula- 
tions, or included in tables of angular functions. 

By studying the results obtained in the calculations above 
it will be noted that in a right-angled triangle there is a definite 
relation between the functions of the two acute angles. The 
sine of angle B equals the cosine of anigje C\ the tangent of 
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MS 

i true 






angle B equals the cotangent of angle C, etc. This i 
of all right-angled triangles. 

As the sum of the three angles in a triangle always equals 
i8o degrees, and as a right angle equals 90 degrees, it follows 
that the sum of the two acute angles in a right-angled triangle 
equals 180 — 90 = 90 degrees. The angle B (Fig, 6) which 
together with angle C forms a 90-degree angle, is called the 
complement of angle C. In the same way, angle C is the com- 
plement of angle B. When any two angles together make 
90'degrees, the one is the complement of the other, and in all 
such cases, the sine of the one equals the cosine of the other, 
and vice versa, the tangent of the one equals the cotangent 
of the other, etc. 

Tables of the Functioas of Angles. — In solving problems 
'hich pertain to angles, tables of trigonometric funcUons 
'hich give the numerical values for different angles and fimc- 
'^ons are used. The sine of angle C, Fig. 6, equals 3-^5= 0.6. 
Now, in order to determine the value of angle C in degrees, 
a table of sines is referred to. Such a table shows what angle 
corresponds to sine 0.6, If, on the other hand, angle C and 
the length of the hypotenuse were known and the problem were 
to determine the length of the side opposite, the sine of angle 
would be found first by referring to a table, and then this 
ine would be multiplied by the h>potenusc, which is 5 in 
case, to obtain the length of the side opposite. 
When using formulas of the type 

. ^ 16 X sin 36 degrees 



I 



is not possible, of course, to find the value of A unless there 

some means of transforming the expression "sin 36 degrees" 

id sine of 36 degrees) into plain figures. In other words, 

ic numerical value of "sine 36 degrees" must be known before 

The value of A can be determined. If sine 36 degrees equals 

0.58779, then, by inserting this value in the formula, it reads: 

A 16 X 0.58779 _ 



= 4-70232. 
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The numerical values for the natural or trigonometric fimc- 
tions, which must be known before a formula containing an 
expression with a trigonometric function can be calculated, 
are given in tables which are found in engineering handbooks. 
These tables are not all arranged in exactly the same way 
and some are more complete than others. The accompanying 
tables give the values of the sines, cosines, tangents, and 
cotangents for all degrees and for every 10 minutes or one- 
sixth of a degree. The tables in Machinery's Handbook 
give the values for all degrees and minutes and they include 
values for all of the functions. The accompanying tables, 
however, will serve to illustrate how tables of functions are 
used and they are complete enough for many practical prob- 
lems. By means of such tables, when the angle is given, the 
angular function can be found, and when the function is 
given, the angle can be determined. 

At the top of Tables i and 2, the heading reads "Table of 
Sines," and at the bottom is the legend "Table of Cosines." 
At the top of Tables 3 and 4, the heading reads "Table of 
Tangents," and at the bottom is the legend "Table of Co- 
tangents." At the top of all the tables, the heading of the 
extreme left-hand* coluxnn reads "Deg.," and the following 
columns are headed o', 10', 20', etc. At the bottom of the 
tables the same legends are placed under the columns, but 
reading from right to left. 

When the sine or tangent of a given angle is to be found, 
first find the number of degrees in the extreme left-hand 
column in the respective tables, and then locate the number 
of minutes at the top of the table. Then follow the column, 
over which the number of minutes is given, downward until 
arriving at the figure in line with the given number of degrees. 
This figure is the numerical value of the sine or tangent for 
the given angle. If the angle is given in even degrees with 
no minutes, the corresponding function will be found opposite 
the number of degrees in the column marked o' at the top. 

The cosines and cotangents of angles are found in the same 
tables as the sines and tangents, but the tables in this case 
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arc read from the bottom up. The number of degrees is foimd 
in the exlrciiie right-hand column and the number of minutes 
at the bottom of the columns. If the number of minutes given 
>is not an even multiple of 10, as 10', 10', 30', etc., but, say 27', 
'•It is generally near enough to take the figures for the nearest 
number of minutes given, being in this case for 30'. 

Examples illustrating the Use of the Tables. — Example i , 
- — Find from the tables given the sine of 56 degrees, or, as it 
is written in formulas, sin 56", — The sines are found by read- 
ing Tables 1 and a from the top; the number of degrees, 56, 
is found in Table a in the left-hand column, and opposite 56 
in the column o', read off 0.82903. 

Example i. — Find sin 56° 20'. — In the column marked 
20' at the top, follow downward until opposite 56 in the left- 
L liand column. The value 0.83227 is the sine of 56° 20'. 
1 Example 3. — Find cos 36° 20'- —To find the cosines, read 
the tables from the bottom, and locate 36 in the right-hand 
column in Table 2. Then follow the column marked 20' at 
the bottom upward until opposite 36, and read off 0.80558. 

Example 4, — Find tan 56° 40', — The tangents are found 
in Tables 3 and 4 by locating ilie number of degrees in the 
left-hand column and reading the value in the column under 
the specified number of minutes. In Table 4, then, tan 56° 40' 
is found to be 1.5204. 

Example 5. — Find the cotangent of 56' 40'. — Read the 
tables from the bottom, locating 56 in the right-hand column, 
and find the required value in line with this figure in the column 
marked 40' at the bottom. Thus, cot 56° 40' = 0.65771, 
Example 6. — Find sin 20° 48'. ~ For shop calculations, 
is almost always near enough to find the value of the angular 
functions for the nearest 10 minutes. Therefore, in this case 
find sin 20° 50', which is 0.35565. 

Example 7. — The sine for a certain angle, which may be 
called a, equals 0.53238. Find the angle. — In the body of 
the tables of sines find the number 0.53238. It will be seen 
that this number is opposite 32 degrees and in the column 
leaded 10' at the top. The angle a , iWidoie, cQ^'aS.% t,i" ■ 



148 SHOP MATHEMATICS 

1. TABUS OF smss 

Read degrees in left-baod colunm ODd minutes at top 

Example: sin 7* 10' - .11473 



Deg. 


=■ 


..• 


10' 


30' 


40' 


so' 


60' 


Q 


OOODO 


00391 


oosSr 


0087 a 


.01163 


■01454 


■01745 


89 




01 745 


01036 


01316 


036,7 


.01908 


■03199 


.03489 


88 




03489 


03780 


04071 


0436, 


.0465 J 


■04943 


05333 


87 


3 


05333 


05524 


058,4 




■06395 


.06685 


.06975 


86 


4 


o6g75 


07365 


07555 


0784s 


.08135 


■08435 


.087,5 


85 


5 


08715 


0900s 


09395 


09584 


.09874 


.,0,63 




&4 


6 


10451 




11031 


11310 


.11609 


.,1898 


;J^86 


83 


7 


i)i86 


"475 


13764 


13053 


■13341 


.13639 


■13917 


Si 


8 


'3917 


1410S 


14493 


14780 


.15068 


■15356 


•15643 


Si 


9 


■5643 


15930 


16117 


16504 


.,679, 


-17078 


-17364 






17364 


17651 


17937 




.18509 


-18795 


,19080 


79 




19080 


19366 


1965, 


19936 




,10506 


.3079, 


78 




J0791 


1107s ■ 


31359 


31644 


.1,917 




.S3495 


77 


■3 


i'49S 


31778 


1306, 


33344 


.33637 


.33909 


.14193 


76 


U 


14191 


34474 


14756 


3503S 


■35319 


-15600 


.15881 


75 


IS 


JSSSt 


J6161 


36443 


16733 


.37004 


-17384 


.J7563 


74 


16 


37563 


37843 


18,11 


18401 


.18680 


.18958 


.39337 


73 


17 


19!37 


29515 


»9793 


30070 


■30347 


-30614 


,30901 




18 


3°90i 


31178 


31454 


31730 


.31006 


-331S, 


.33556 


7' 


"9 


33556 


31831 


33106 


33380 


.33654 


-339V8 


,34303 


70 




34J03 


34475 


34748 


35011 


■35193 


-35565 


-35836 


69 




35856 


36.08 


36379 


36650 


.36930 


-J7190 


-37460 


68 




37460 


37730 


37999 


38368 


.38536 


-3880s 


.39073 


67 


S3 


39073 


3034° 


39607 


39874 




.40407 


.40673 


66 


34 


40G73 


40939 


4,104 


41469 


.41733 


.4.998 


.41161 


65 


ss 


43;6i 


43515 


43788 


43051 


■43313 


-43575 


.43837 


64 


a5 


43837 


44098 


44359 


446IQ 


.44879 


.45139 


45399 


63 


37 


45399 


45658 


45916 


46.74 


.46433 


.46690 


.46947 


61 


iS 


46947 


47303 


47460 


47715 


.47971 


,48336 


,48481 


61 


ig 


48481 


48735 


489S9 


49143 


4949S 


.49747 




60 


30 


50000 


S0351 


S0503 


50753 


.31004 


.51354 


.51504 


S9 


31 


51504 


51753 


51001 


53149 


■53497 


.53745 


.53901 


58 


31 


53991 


53=38 


53484 


53730 


•53975 


.S4ai9 


.54463 


57 


33 


54463 


54707 


5495° 


55193 


-55436 


-55677 


-SS9«9 


56 


34 


55919 


5O160 


56400 


56640 


.56880 


-57119 


-57357 


55 


35 


5735S 


57595 


57833 


58070 


.58306 


-58543 


.58778 


54 


3<* 


58778 


59013 


59348 


59481 


■59715 


-59948 


.60,81 


53 


37 


60181 


604,3 


60645 


60876 


-61106 


.61336 


,6rs66 


S3 


38 


61566 


61795 


61013 


6135. 


.63478 


.61705 


.61931 


5' 


39 


61931 


63157 


63383 


63607 


.63831 


,64055 


.64379 


50 


40 


64379 


64501 


64733 


64944 


■65165 


.65386 


-65605 


49 


41 


65605 


6583s 


66043 


66163 


.66479 


.66696 


.669,3 


48 




66QL3 


67U8 


67344 


67559 


.67773 


,67986 


.68,99 


47 


43 


68159 


68413 


68634 


68835 


.69046 


.69156 


.69465 


46 




69465 


69674 


69883 


70090 


.70198 


.70504 


-70710 


45 




6o' 


50' 


40' 


30' 


30' 


„. 


°' 


Deg. 



TABLE OF 

Read desrees in right-hand co\umn 

Example', cos 56' »o' 
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Read degrees in left-kuid columo and minutes at top 




1 






Example: sm 56° 10' - .8^117 










Deg. 


y 


10' 


jo' 


30' 


40' 


50' 


60' 






45 


.70710 


.70916 


,7Ti»o 


71335 


.71538 


■7173' 


■71934 


44 




46 


■7I9J4 


-7JI35 


73336 


-73537 


.73737 


■ 73936 


.73135 


43 






47 


■7J'35 


73333 


•73530 


-737«7 


73933 


,74110 


■74314 


43 






48 


■74314 


.74508 


.74701 


.74895 




.75379 


■7547> 








49 


•7S47: 


.75661 


7585- 


.76040 




■76417 


.76604 


40 






50 


.76604 


, 76791 


76977 


.77161 


.77347 


-77531 


.77714 


39 






SI 


■777U 


.77897 


78079 


.78160 


.78441 


.786)1 


.78801 


38 






S3 


.78801 


■78979 


79'S7 


79335 


79S>3 


-79688 


,79863 


37 






53 


79863 


.80038 


-80111 


80385 


■80558 


,80730 


,8090. 


36 






S4 


,8090- 


.Sioji 


.81141 


.8.411 


,81580 


,81748 


,8.91s 


35 






55 


,8191s 


.81081 


.81147 


,834.1 


.81577 


.81740 


.83903 


34 






St" 


.81903 


,83066 


83317 


.83388 


-83548 


■83708 


-83867 


33 






ST 


.83S67 


,8401s 


.8418; 


84339 


.84495 


.84630 


.84804 


33 






58 


.84804 


.84958 


,8siM 


.83164 


.85415 


,85566 


-85716 


& 






59 


837:7 


.85866 


.S6014 


.86161 


.863.0 


.86457 


.86601 




L 


60 


.86601 


86747 


.86891 


-8703s 


.87178 


-87330 


87463 


39 




■ 


6t 


.8746 J 


.87601 


.87743 


.87881 


.88010 


.88.57 


.88194 


38 




■ 


bl 


.8819s 


-88430 


.88566 


,88701 


.88835 


,88968 


89.00 






■ 


63 


89100 


89J33 


80363 


-89403 


,8961a 


89751 


.89870 


16 




■ 


64 


.89879 


.90006 


.90133 


.90358 


■90383 


■90507 


.90630 


35 






6s 


,90630 


■90753 


,9087s 


00906 




91335 


.91354 








66 


■91354 


.91473 


.91589 


,91706 


'.Vi'sl, 


■91936 


.93050 


33 






67 


■91050 


93163 


.91176 


,93388 


,93498 


91609 


.9i7'S 








68 


.9*718 


,92817 


03934 


.93041 


■93148 


93353 


■933S8 








69 


■93358 


.93461 


.93565 


■93667 


03768 


-93869 


03969 








70 


,93969 


-94068 


94166 


94364 


.94360 


.94456 


■94551 


JO 






71 


■94551 


,94646 


■94730 


■9*833 


,04934 


.95015 


,9510s 


tS 






73 


■95105 


95195 


■95383 


■95371 


■9S458 


95545 


,03630 


17 






73 


95630 


9S7'5 


■9S799 


.05881 


,95964 


96045 


.96136 


16 






74 


961 J6 


.96305 


.961S4 


96363 


.06440 


.96516 


-96593 


IS 






75 


96S9^i 


-96667 


-9O741 


.96814 


,96887 


.96958 


97O30 


'4 






76 


,970»9 


.97099 


.07>68 


■97337 


07304 


07371 


.97437 


13 






77 


■97437 


■97503 


97.i66 


,97619 


.97691 


97753 


.97814 








78 


97815 


97874 


■97934 


,97991 


,98030 


08.06 


.98.61 








7g 


9«i6s 


.98317 


.98173 


98335 


98378 


.98439 


.98480 








80 


98481 


9S530 


.98580 


.98618 


.98676 


-98731 


.98768 


9 






81 


98768 


988.3 


.98858 


,98901 


,98944 


9H985 


90016 


8 






83 


990»6 


■09066 


,99106 


99"44 


.99181 


99313 


■90354 








83 


99354 


,99^89 


90333 


■90357 


.99380 


.90431 


99453 


6 






*4 


9945' 


.99483 


90S" 


■09539 


-99S<'7 


90593 


.99619 


S 






8S 


99619 


■99644 


.99668 


.90691 


09714 


99735 


.99736 


4 






86 


9975(' 


.99776 


99795 


■00813 


99830 


.99847 


.99863 


3 






a? 


9086J 


■90877 


,99891 


■99904 


.99917 


,99938 


99939 








ss 


99939 


.99948 


99957 


.99065 


.99971 


90979 


99084 








89 


99984 


99989 


99993 


■00096 


,9999a 


99099 


.00000 


° 






»■ 


50' 


4.' 


30' 


„■ 


.0' 


«■ 


Dcg. 
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degrees in Tijihl-hand column nnd minutes nl bot 


torn 


^^^^^M 






Eiamplc; cos 7° 10' - .iw'i'i 
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3. TABLE OF TANGENTS 
CCS in left-hand column and minutes at tap 

Example; tan 7° 10' » .12SJA 



Des. 


0' 


10' 


20' 


30' 


40' 


50' 


60' 







,00000 


.00290 


,0058, 


,00879 


,01163 


■01454 


■01743 


89 




.0174S 


.02036 


,093)7 


.026(8 




,03200 


0349= 


88 




03491 


.03783 


,04074 


-04366 


■04657 


-04949 


-03940 


8r 




.05140 


■05S3' 


,05824 


.06116 


.06408 


,06700 


.06992 


86 




.069QI 


,07^85 


.07577 


.07870 


08169 


,0845s 


,08748 


85 




08748 


.09042 


.09335 


.09628 


.09922 




.103:0 


84 




.10510 


.10804 


.11099 


,11393 


.11688 


■11983 


,12178 


83 




..J278 


.12573 


,12869 


,1316s 


-13461 


13757 


14054 


82 




.14054 


. '43SO 


,14647 


.14945 


■15=4= 


■15540 


,13838 


8t 




. 1583S 


.16136 


■1643s 


.16734 1 


.'703 J 


.17339 


.17639 


80 




.1763^ 


.I703J 1 


-18933 


-18533 


.18834 


.19136 


,'9438 


70 




-19438 


.19740 1 


,J0O42 


■ 3034S 


,90648 


.20951 


,91=55 


78 




.J13SS 


•»«5S9 1 


,2.864 


,99,69 


,22474 


.99780 


.93086 


77 




.13086 


■"3393 1 


-93700 


,24007 


■=4315 


. 24624 


=493= 


76 




.14931 


■33141 1 


-15551 


,9586. 


.26179 


-26483 


,96794 


75 




.16754 


.27106 1 


97419 


3773^ 


.28046 


.28360 


.18674 


74 




-2S674 


.98989 


. 19305 


,29621 


=9938 


30=53 


.30573 


■ 73 




30373 


.30891 


,31310 


■3'5J9 


■31850 


-3='7o 


3=409 


79 




-3'492 


.31813 


■33136 


■33459 


■33783 


.34107 


,34431 






.3443 J 


.34758 


,35084 


354" 


35739 


.36067 


-36397 






■3O397 


.36726 


,37057 


-37388 


-37720 


■38053 


.38386 


69 




.38386 


.38720 


■39055 


,39391 


.39797 


.40064 


.40402 


68 






.40741 


, 41080 




.4176= 


.4=104 


49447 


67 




4^447 


42791 1 


■43135 


43481 


.43827 1 


44174 


,445== 


66 




445" 


.4487' , 


,45121 


4557= 




,46277 


46630 


65 


35 


.4fi0jo 


. 46985 ' 


47341 


,47697 


■4805s 


,48413 


,48773 


64 




•4»773 


-49133 


49495 


.49858 


.SO=!l 


,50586 


.50959 


63 


»7 


■50QS' 


■S1310 1 


516K7 1 


,52056 , 


,5=4=7 


,5=798 


■53170 


62 


aS 


-S3170 


■53544 


539"* , 


54=95 ' 


.54679 


■55051 


55430 


61 


19 


. S54JO 


■55811 1 


.56103 


■56577 1 


,56961 


■57347 ■ 


■57735 




30 


57735 


-58193 1 


■ 58513 


,58904 


■59=97 


.59600 


.600B6 


39 


31 


.600S6 


.604S2 


,6o8Ro 


-61280 , 


.61680 


,62083 1 


-62486 


58 


3' 


.62486 


,62392 


.63298 1 


,63707 ' 


,64116 


.6*3=8 




57 


33 


64940 


-6S35S 


,65771 


,66i8H 


.66607 


.67028 


•67430 


56 


34 


.07450 


.67874 ' 


6K300 


.68728 


,69157 


■6958a 1 


-70090 


55 


35 


.70010 


■J045S 


.70S91 


,7'3=9 


-71769 


.72210 


-7=6J4 


54 


36 


■ 71654 


,73099 


73346 


. 73000 


74447 


.74900 1 


■75355 


53 


37 


■7S3SJ 


,75812 


■76271 


7«'739 ■ 


■77195 


.77661 1 


.78128 


5 = 


38 


.7811M 


,78598 


-79o(>Q 


79543 


-80019 


.80497 


,80978 


SI 


39 


.80978 


.S1461 


.81946 


.82433 


8=9=3 


8341s 


■83910 




40 


.83910 


,84406 i 


,84906 


■85408 1 


8391 = 


,86419 


,86928 


40 


41 


.86998 


,87440 ' 


.87955 


.88479 ! 


.8899= 


■89515 ,' 


,90040 


48 


41 


.50040 


■O056S 


91099 


,91633 


92169 


,92709 1 


93=31 




43 


■93151 


.93796 


94343 


.94896 


93450 


.96008 1 


96568 


46 


44 


-91.308 


-9713' 


97699 


,98269 


98843 


,99419 1 


.00000 


43 




60' 


50' 


40' 


30' 


20' 


„. ! o. 


D«. 



TABLE OF COTANGENTS 

^ in right-hand column and minute 
Example; cot 56° 10' - ,66607 






ANGLES AND THEIR FUNCTIONS 

4. TABLE OF TAHGBHTS 

Read degrees in Idl-hand column and minutes at top 

Example: tan 56° so' - 1.3013 



m\ 


D«. 


0' 


10' 


^' 


30' 


40' 


50' 


60' 




45 


1 OOOQ I 


00S8 


1,0117 « 


0176 


1,0335 


1.019s 


1.03SS 


44 




46 


I-03SS 1 


0415 


I 0476 I 


0537 


1-0599 


1-0661 


1.0713 


43 




47 


1.0713 • 


0786 


1 0S49 I 


0913 


1,0977 


1.1041 




42 




48 




1171 


1,1336 1 


1303 


1 1369 


...436 


'■'S03 






49 


1.1503 1 


157' 


.1639 . 


1708 


1.1777 


1..847 


1.1917 


40 




so 


1.19:7 I 


1988 


1-3059 t 


3131 


1.2203 


1.1175 


1 . 2349 


39 




S' 


1.2349 1 


3413 


1-3496 1 


1571 


1.3647 


1.1723 


1,3799 


38 




5^ 


I-I7IK) I 


2876 


1,3954 I 


3031 


i.ji'i 


1.3190 


I 3170 


37 




S3 


1-3370 I 


33S1 


1.3433 1 


35 14 


1.3596 


1,3680 


I 3763 


36 




54 


• 3763 > 


3348 


1 3933 I 




1 4106 


1 4193 


I 4281 


35 




H 


.4*8. I 


4370 


I 44S9 ' 


45SO 


1,4641 


t 4733 


'.-4815 


34 




S6 


1.4815 1 


4919 


15013 ' 


5108 


1.5304 


'5301 


■ S398 


33 




57 


•.5398 1 


S497 


' 5596 1 


5696 


'.5798 


1.5900 


1.6003 


32 




58 


t 6003 1 


6107 




6318 


1.6425 


'6533 


1.6641 


31 




59 


1 664J < 


6753 


1 .6864 I 


6976 


1 7090 


1 , 7204 


1 7320 


30 




60 


1.73*0 ' 


7437 


I 75SS " 


7674 


' 7795 


1,7917 


1,8040 


39 




6t 


1 8040 1 


8.64 


1.8390 I 


8417 


1.8546 


1.8676 


1.8807 


28 




6j 


.8807 . 


8940 


1 9074 I 


9109 


1 9347 


' 9485 


1,9626 


27 




63 


1 9636 1 


9768 


I 9911 2 


0056 


2.0303 


1 035-' 


2-0503 


26 




64 


J 0503 a 


0655 


3.0809 2 


0965 


3.1133 


2.1383 


1 1445 






6S 


>i445 » 


1609 


1.1774 1 


'943 


3-3113 


3.2285 


1,3460 






66 


a. 1460 3 


S637 


i.i8i6 I 


3998 


2.3181 


1-3369 


2-3558 






67 


» 3558 J 


37SO 


»,3944 1 


4142 


1.4342 


2 -4545 


1 4JSO 






68 


^.4750 ' 


49S9 


I. 5171 3 


5386 


2.5604 


3,5826 


1,6050 






69 


1-6050 I 


6179 


3.6510 3 


6746 


3,6985 


3,7118 


a 7474 






70 


3.7474 ' 


77J5 


1,7980 1 


S239 


1.8503 


3,8770 


2.9041 






Jl 


I. 9041 1 


9318 






30.78 


3-0474 


3 0776 






71 


3.0776 3 


1084 


3.1397 3 


'7IS 


3 3040 


3-3371 


3-1708 






73 


3,1708 3 


305* 


3 3403 3 


3759 


3 4113 


3 4495 


3 4874 






74 


3-4874 3 


5260 


3 5655 3 


6058 


3 6470 


3.689S 


3-7320 






7S 


3.7310 3 


7759 


3.8108 3 


8667 


3 9136 


3-9616 


4-Ot07 






76 


4.0107 4 


0610 


4.H3S 4 


■ 6S3 


4 2193 


4.1747 


4-3314 






77 


43314 4 


3896 




S>07 


4.5736 


4.6382 


4,7046 






78 


4.7046 4 


77j8 


4,8430 4 


9'S» 


4 9894 


S.0658 


S'44S 






79 


5 1445 5 


135& 


53093 5 


39S5 


5 484s 


5 -5763 


5.6713 






80 


S-671J S 


7693 


5 -8708 5 


9757 


6.0844 


6,1970 


6.3137 






81 


63-37 6 


4348 


6.SOOS 6 


69.1 


6 8369 


6,9682 


7.1153 






81 


7 MS3 7 


2687 


7 42B7 7 


S9S7 


7.7703 


7 9S30 


8.1443 






83 


8.1443 s 


3449 


8 S5SS 8 


7768 


9.009B 


9.1553 


9.5143 






84 


95143 9 


7881 


10 078 to 


38s 


10.711 


11,059 


11 430 






&S 


II 430 ■■ 


826 


1»,35« '3 


706 


13 '96 


13 716 


14 300 






Bb 


[4 300 14 


9»4 


15-604 16 


349 


17 169 


'8-075 


19.081 






87 


19.081 ra 


10s 


31 .470 33 


904 


14 54' 


26.431 


;8 636 






88 


18.636 31 




34 367 38 


isa 


41-964 


49 103 


57 290 




1 


89 


57 . 190 68 


7SO 


85939 '■ 


,58 


.7'. 88 


343 77 






60' 


50' 


40' 


30' 


30' 


10' 


°' 


Deg. 



TABLE OF COTANGEHTS 
Read degrees in righl-hand column and minuu? 
£xitiiiple: cot 7* to' • l^qsy 
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Example 8. — Cot b equals 0.77195. Find b. — The co- 
tangents are read from the bottom in Tables 3 and 4. The 
value 0.77195 is located opposite 52 in the right-hand column 
and in the column marked 20' at the bottom. Angle 6, then, 
is 52° 20'. 

Example 9. — Sin b equals 0.31 190. Find b. — It will be 
found that the value 0.31 190 is not given in the table of sines; 
the nearest value in the table is 0.3 11 78. For shop calcula- 
tions, it is near enough to consider the angle b equal to the 
angle corresponding to this latter value; the angle, then, 
is 18° 10'. 

Functions of Angles Greater than 90 Degrees. — The ac- 
companying tables give the angular functions only for angles 
up to 90 degrees (or 89 degrees 60 minutes, which, of course, 
equals 90 degrees). In obtuse triangles, one angle, however, is 
greater than ^ degrees, and the tables can be used for finding 
the functions for angles larger than 90 degrees also. 

The sine of an angle greater than 90 degrees but less than 
180 degrees equals the sine of an angle which is the difference 
between 180 degrees and the given angle. 

Example: Sin 118° = sin (180° - 118°) = sin 62°. In the 
same way, sin 150° 40' = sin (180° — 150° 40') = sin 29° 20'. 

The cosine, tangent, and cotangent for an angle greater 
than 90 but less than 180 degrees equals, respectively, the 
cosine, tangfent, and cotangent of the difference between 180 
degrees and the given angle, but, in this case, the angular 
function found has a negative value, preceded by a minus sign. 
(See "Positive and Negative Quantities," Chapter II.) 

Example i. — Find tan 150°. 

Tan 150° = -tan (180° - 150°) = -tan 30^ From the 
tables we have tan 30° = 0.57735; thus tan 150® = —0.57735. 

Example 2. — Find sin 155° 50'. 

As previously explained, sin 155° 50' = sin (180° — 155® 500 
= sin 24° 10' = 0.40939. 

Example 3. — Find tan 123° 20'. 

Tan 123° 20' = -tan (180° - 123° 20O = -tan 56^ 40' 
= -1.5204. 
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pn calculations of triangles it is very important that the 
minus sign should not be omitted in the cosines, tangents, 
and cotangents of angles between go and 180 degrees.] 

Finding the Angle when the Function is given. — When 
the value of the function of an angle is given, and the angle 
is required in degrees and minutes, the function is located in 
the tables and the corresponding angle found by a process the 
reverse of that employed for finding the functions when the 
angle is given. If the value of the function cannot be found 
[exactly in the tables, use the nearest value found. 

Example 1 . — The sine of a certain angle, which may be 
represented by the letter a, equals 0.53238. Find the angle. 

The function 0.53238 is located in the first table of sines. 
When located, the degrees and minutes of the angle are read 
off directly. If, as in this case, the number (0.53238) repre- 
sents the sine, then the number of degrees is read off at the 
left, and the number of minutes at the top, of the column. 

Example 2. — The cotangent of an angle is 0.77195. Find 
the angle. 

This value will be found in Table 3, and, as the cotangent 
is required, the angle is found in the column to the right, and 
the number of minutes at the bottom, of the column. The 
required angle is 52 degrees 20 minutes. 

Example 3. — The tangent of angle a equals —3.3402. 
Find a. 

The positive value 3.3402 is first located and the correspond- 
angle found. This angle is 73 degrees 20 minutes. As 
tangent is negative (preceded by a minus sign), the angle a 
is not 73 degrees 20 minutes, but (180" — 73° 20') = 106° 40' 

Example 4. — If sine a equals 0.29487, what is the value 
of angle c? 

It will be seen that the function 0.294S7 cannot be found 
exactly in these particular tables. The nearest value to be 
found in the sine columns is 0.29515, which shows that the 
angle is nearly 17 degrees 10 minutes. 
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CHAPTER XI 
SOLUTION OF RIGHT-ANGLED TRIANGLES 

If the lengths of two sides of a right-angled triangle are 
known, the third side can be found by a simple calculation. 
In every right-angled triangle the hypotenuse equals the 
square root of the sum of the squares of the two sides forming 
the right angle. If the hypotenuse equals a, and the sides 
forming the right angle, b and c, respectively, as shown in 
Fig. I, then: 

a = V6*-hc* (i) 

Each of the sides b and c can also be found if the hypotenuse 
and one of the sides are known. The following formulas 
would then be used: 

b = Va^ -(? (2) 

c = Va2 - 62 (3) 

Example, — Assume that side 6 is 18 inches, and side c, 
7.5 inches. What is the length of the hypotenuse of 

If the values of b and c are inserted in the formula given 
above for a, then: 

a = vWry? = V18 X 18 + 7.5 X 7-5 = V324 + 56.25 
= V380.25 = 19.5. 

Assume that the length of the hypotenuse is ib inches and 
that the side c is 6 inches. What is the length of the side 6? 

Using the formula given above for 6, and inserting the values 
of a and c, then: 

ft = \/io2-62 = VioXio-6x6 = Vioo-36 = V64 = 8. 

Thus, whenever two sides of a right-angled triangle are 
given, the third side can always be found by a simple arith- 
metical calculation. To find the angles, however, it is neces- 

I5A 
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sar>' to use the tables of sines, cosines, tangents, and cotangents; 

and if only one side and one of the acute angles are given, the 

tables of functions must be used for finding the lengths of 

the other sides, as explained in the following. 

Use of FuQctioas of Angles for Solving Right-angled Tri- 

^angles. — In every right-angled triangle, one angle, the right 

: go-degree angle, is, of course, always known. In a right 

[angle, therefore, ' the unknown sides and angles can be 

found when either two sides, or one side and one of the acute 

mgles, are known. The methods of solution of right-angled 




triangles may be divided into four classes, according to which 
sides and angles are given or known: 

ti. Two sides known. 
2. The hypotenuse and one acute angle known. 
3, One acute angle and its adjacent side known. 
4. One acute angle and its opposite side known. 
Case I . — When two sides are known, the third side is 
found by one of the preceding formulas (i), (2), or (3). 

In these formulas, a is the hj-potenuse, and b and c the sides 
forming the right angle. 

The acute angles B and C, Fig. 1, are found by determining 
ter the sine, cosine, tangent, 01 coVan^etA lox ^Vt •zav'^'es. 
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and obtaining the angles, expressed in degrees and minutes, 
from the trigonometric tables. When one angle has been 
found, the other can be found directly without reference to 
the tables, because the sum of the acute angles in a right- 
angled triangle equals 90 degrees, and if one of them is known, 
the other must equal 90 degrees minus the known angle. 
Expressed as formulas these would be: 

Example i. — Assimie that the hypotenuse a (Fig. i) of a 
right-angled triangle is 5 inches and side 6 is 4 inches. Find 
angles B and C and the length of side c. 




Fig. 2. When the Base b and the Altitude c are given, to Find the Hypotenuse 

of a and Angles B and C 

The side c is first found by Formula (3), a and b being inserted 
in this formula as below: 

c = V52 - 42 = V25 - 16 = v^ = 3. 

The side opposite an angle divided by the hypotenuse gives 
the sine of the angle. 

sin C = ^ = 0.6. 
5 

By referring to the trigonometric tables, it will be found that 
the nearest value to 0.6 in the columns of sines is 0.599481 and 
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the angle corresponding to this value is 36° $0'. Angle C, 
then, equals 36° 50', nearly. 

In the same way, 

sifi S = * = 0,8. 
5 

From the tables it is found that the nearest value in the 
columns 0/ sines is o,8ck)38, which is the sine of 53° 10'. 

This last calculation would not have been necessary, be- 
cause, as has already been mentioned, angle B could have 
been found directly when angle C was known, by the formula 
B = 90= - C = 90° - 36" 50' = 53° 10'. 

It will be noted that either method for finding angle B gives 
the same result. 

As a further example, assume that one of the sides forming 
the right angle is 15 inches and the other is 36 inches, as 
shown in Fig. 2, Find the hypotenuse and the angles B and C. 

The hypotenuse is found by Formula (i), previously given, 
the values being inserted. 

Hypotenuse = V36^ + 15' = v'1296 + 225 = ^1521 = 39. 

The side opposite an angle divided by the side adjacent 
equals the tangent of the angle. Hence, 

I tan B =-^= 2.4. 

By referring to the tables, it will be found that the nearest 
value to 2.4 in the columns of tangents is 2.3944, which is 
the tangent of 67° 20'. Hence, 
B = 6j° 20', and C = 90° — 67" 20' = 22° 40'. 
' Case 2. — If the hypotenuse and one acute angle are known, 
ihe side adjacent to the known angle is found by multiplying 
the hypotenuse by the cosine of the known angle; the side 

i opposite the known angle is found by multiplying the hypote- 
huse by the sine of the known angle; and the other acute 
■Dgle is found by subtracting the known angle from 90 degrees. 
[ This rule may be expressed by simple formulas. Referring 
to Fig. I, if a is the hypotenuse, and B V\ie Vacrwu^iv^eiN^^^". 
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c^aXcos^; b = a X sin B; C = gol^ — B. 
If C is the known angle, then: 
6 = a X cos C; c = a X sin C; 5 = 90° — C. 

Example. — Assume that the hypotenuse a = 22 inches, and 
angle B = 41 degrees 40 minutes. Find sides b and c and 
angle C. 

c-aXcos 5 = 22Xcos 41® 40' = 22X0.74702 ==16.434 inches. 
6 = aXsin -B = 22Xsin 41° 40' = 22X0.66479 = 14.625 inches. 
C=90°-4i°4o' = 48°2o' 

Case 3. — When one acute angle and its adjacent side are 
known, the hypotenuse is found by dividing the adjacent side 
by the cosine of the known angle; the side opposite the known 
angle is found by multiplying the known adjacent side by 
the tangent of the known angle; and the other acute angle is 
found by subtracting the known angle from 90 degrees. 

Referring to Fig. i, this rule can be expressed by simple 
formulas. If B is the known angle, and c the known side 
adjacent to angle 5, then: 

a = — ^; 6 = c X tan 5; C = 90° - -B. 

cos B 

If C is the known angle, and b the known side, adjacent to 
angle C, then: 

a = — ^; c = 6 X tan C; -B = 90"* - C. 

cos C 

Case 4. — When one acute angle and the side opposite it 
are known, the hypotenuse is found by dividing the known 
side by the sine of the known angle; the side adjacent to 
the known angle is found by multiplying the known opposite 
side by the cotangent of the known angle; and the other 
acute angle is found by subtracting the known angle from 
90 degrees. 

If B is the known angle (see Fig. i), and b the side opposite, 
which is also known, then: 

a = -~-; c -= b X cot B; C = 90° ~ 5. 

sm B 
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If C is the known angle, and c the known side, opposite to 
angle C, then: 



sin C' 



-. X cot C; 



B - 



90 



Practical Problems requiring the Solution of Right-angled 
Triangles. — A great many of the problems encountered in 
the machine shop and tool-room require the solution of right- 
angled triangles, as will be apparent after studying the various 
practical examples found throughout this book. In fact, a 
general knowledge of the subject of trigonometry is of great 




-nih- 



Flf. S. Section of U. S. SUniUid Sciew Thread 

[value to the machinist, toolmaker, and shop foreman as well 
s to the draftsman. Problems from practice will be given to 
illustrate just how the rules and formulas previously given 
are applied, and these will be supplemented by various other 
examples in the different chapters. 

Example 1, — Fig, 3 shows a section of a U. S. standard 
thread. The problem is to find a formula for the depth of 
the thread for a given pitch, and calculate the depth of screw 
threads with 12 and 16 threads per inch. 

In the illustration, p h the pitch of the thread. The pitch 



equals : 



It is required to find the 



No. of threads per inch 
depth BC pi the thread, expressed in terms of the pitch. This 
pth can be found If we can solve the irian^t ABC 
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In the U. S. standard thread system there is a flat at the 
top and bottom of the thread as shown. The width of this 
flat is one-eighth of the pitch, as indicated. Hence, side AB 
of the right-angled triangle ABC equals one-half of | pitch 

minus one-half of J pitch, or f -^ — i ) pitch = f pitch. The 

\i6 16/ 

angle opposite this side is also known; it is one-half of the 

total thread angle, or 30 degrees. According to the rules 

and formulas 

-BC = .45 X cot 30^ 




Fig. 4. Master Jig-pUte 

By inserting in this formula BC = d, AB = ^ p, and cot 30° 
= 1.7320, we have: 

d = I p X 1.7320 = 0.649s p, 

in which d = depth of thread; p = pitch of thread. 

We will now find the depth of the thread for 12 and 16 

-, we have, by 



threads per inch. As p = — —z ; ;— , , 

No. of threads per mch 

inserting the known values in the general formula just found: 

d = 0.649s X — = 0.0541 inch, for 12 threads; 

12 

d = 0.649s X — - = 0.0406 inch, for 16 threads. 

16 
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Example 2. — In laying out a master jig-plate, it is required 
that holes F and H, Fig. 4, shall be on a straight line which is 
ij inch distant from hole E. The holes must also be on lines 
making, respectively, 40- and 50-degrec angles with line EG, 
drawn at right angles to the sides of the jig-plate through E, 
as shown. Find the dimensions necessary for the toolmaker. 

The dimensions which ought to be given the toolmaker in 
addition to those already given are indicated by a, b, c, and d. 
The two latter are the radii of the arcs which, if struck with 
£ as a center, will pass through the centers of F and B. There 




Fig. G. Diagtam of Sprocket Wheel for Roller Cluin 

I are two right-angled triangles EFG and EGII. One acute angle 
' in each is known, and also the length of side EG (if inch) 

which is the same for both triangles and is the side adjacent 

to the known angle. 

FG = 1.75 X tan 40" = 1.75 X 0.83910 = 1.4684 inch; 



cos 40" 0.76604 
CB = 1.7s X tan 50" = 1.75 X 



2.2845 inches; 

917 = 2.0856 inches; 
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By referring to Fig. 4 it will be seen that FE = c\ EH — d\ 
2J - FC = a\ and FG +GH ^ b. Hence, 

a = 2.5 — 1.4684 = 1.0316 inch; 
b = 1.4684 + 2.0856 = 3.5540 inches; 
c = 2.2845 inches; 
d = 2.7225 inches. 

Example 3. — If the pitch ^ of a roller chain is f inch, and 
the sprocket wheel is to have 32 teeth, what will be the pitch 
diameter of the gear? (See Fig. 5.) 

By referring to the engraving, it will be seen that AD = p = ^ 
inch, and AC = i -4/? = | inch, in this case. Line -45 is the 




Fig. 6. Diagram of Flat-sided Taper Reamer 

pitch radius or one-half the pitch diameter. Angle a is the 
angle for one tooth, and as the whole circle is 360 degrees, a in 

this case equals ^ — = iij degrees, or 11 degrees 15 minutes. 

32 

One-half of a, then, equals 5 degrees 37 minutes, approximately. 
We, therefore, have a right-angled triangle in which the length 
of side AC and the angle opposite to it are known, and it is 
necessary to find the hypotenuse AB. 



AB = 



AC 



. a 
sm - 



= .""--^^^ , = ""--^^S = 3.832 inches, 
sm 5° 37 0.09787 



The pitch diameter, then, equals 2 X 3.832 = 7.664 inches. 
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Bed, 
Hde< 
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Example 4. — Small reamers are sometimes provided with 
flats instead of actual flutes. The diameter of iJie reamer is, 
of course, measured over the sharp corners; if the reamer 
tapers, the taper of the flats will not be the same as the taper 
of the sharp corners, and the milling machine dividing-head 
must be set to a different angle from that which the cutting 
Ige makes with the center line. A simple formula may be 
leduced by the aid of trigonometry for finding the angle to 
which to set the dividing-head when milling the flats. 

Referring to Fig. 6, in which the reamer is imagined as 
continued to a sharp point at the end, let 

a - angle made by cutting edge with center line; 
Ji = angle made by flat with center line; 

N = number of sides of reamer; 

T = taper per foot. 
Angle b, can be determined by the formula; 

2N' 

> is evident from the illustralion. 
Angle 111 is the angle sought. It will be seen that if '¥e~ 
ind HE were known, then 

"he 

|>ut F£ = AEX cos 6. 
By iiiserting this value, 

^ AE X cos b 



Tan a, = 



Tan Hi = - 
As cos 6 = cos ^> then: 
Tan at = 



HE 



The distance AE, however, is one-half of the taper in the 



istance BE. The taper per inch, then, 
I taper per foot, 



. -IS 
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T 

If — is inserted in the formula above, we have: 

24 

Tan ai = — X cos ^^ • 

24 2N 

Assume that the taper per foot is } inch, and that a four- 
sided reamer is required. Find the angle to which to set the 

index-head. 1 

Tan ai = -^ X cos 45** = 0.00736, 
24 

which gives a^ = 25 minutes. 

Example 5. — In Fig. 7 are shown two pulleys of 6 and 12 
inches diameter, with a fixed center distance of 5 feet. Find 
the length of belt required to pass over the two pulleys. The 
belt is assumed to be perfectly tight. 

The length of the belt is made up of the two straight por- 
tions AC and BD^ tangent to the circles as shown, and of 
the arc AEB of the larger pulley and the arc CFD of the 
smaller pulley. AC and -BZ? are equal. First find the length 
AC, By drawing a line EG from H, the center of the smaller 
pulley, parallel to AC, we can construct a triangle HGK in 
which HG = AC, and GK = AK - EC, That HG = AC is 
clear from the fact that HC and KA are parallel, both being 
perpendicular or at right angles to the tangent line AC. The 
figure HGAC is, therefore, a rectangle, and hence, opposite 
sides are equal. Therefore, HG equals AC, and HC = GA, 

That GK = AK — HC is evident from the fact that 
GK = AK - GA, but as GA = HC, it foUows that GK 
= AK - HC, 

Now, AK is the radius of the larger pulley, which is one- 
half its diameter, or 6 inches, and HC is the radius of the 
smaller pulley or 3 inches. Hence, GK = 6 — 3=3 inches. 
HK = 5 feet or 60 inches, as given in the problem. Then 
this is a right-angled triangle in which the hypotenuse HK = 60 
inches, and one of the sides forming the right angle is 3 inches. 
Hence, side GH is found by a previous formula given for this 
case, and by inserting the known values it reads: 

CB = VOo^ - 32 = V3600 - 9 = V3591 = 59.925. 



1 6s 



I Solution of right-angled triangles 

As en = AC, ihen AC = 59.925, and as AC = BD. we 
have AC -t- BD = 119.85 inches. It now remains to find the 
lengths of the circular arcs AEB and CFD. In order to Imd 
these lengths the number of degrees in these arcs must first 
be found and to find this, the first step is to find angle a. 
^^ According to rules previously given: 

H Cos a=^f=^ = 0.05. 

^M KU bo 

From this, it is found from the trigonometric tables that 
a = 87''8'. Angle AKE = 180° — a = 180° — 87° 8' = 93° 52'. 




Angle F.KB = angle AKE, so tfiat the arc AEB, therefore, is 
equal to twice angle AKE, or: 

Arc AEB = 2 X 92° 52' = 185° 44'- 
The whole circumference of the larger pulley equals 
3.1416 X 12 = 37.699 inches. As the whole circumference 
is 360 degrees, its length in inches is to the length of arc AEB 
as 360 degrees is to 185° 44', or: 

37-699 ^ 360° . 
arc A EB !&$" 44' 

Transposing this expression: 



I 



Arc A EB = 



37.690 X 185° 44' 
360" 
Before this caicubtion can be carried out, 44 minutes 
be transformed to decimals of a degree. As 44 tcMiMS-u^ 
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1} of a degree, this, changed to a decunal fraction, equals 
it" 0-73. and 185° 44' equals 185.73 degrees. Then: 

Arc AES = ■ 17-699 X i85-73 . ,9.^5 inches. 
360 

Now, to find arc CFD, angle CHF is first determined. This 
angle equals angle GKH or a, because AK and CH are parallel 
lines. Hence, arc CFD = 
2 X angle a = 2 x 87° 8' = 
174° 16'. Now, proceeding 
as before: 

3.1416 X 6 = 18.8496 - 
circumference of small pulley. 
18.8496 ^ .^60° 
arc CFD "^ 174" 16' 
Transposing this and 
changing 16 minutes to deci- 
mals of a degree: 

Arc CFD = 
18.8496 X 174-37 , 
360 
The total length of the 
belt, then, equals: 
119.85 + 19.45 +9.12 = 
148.42 inches. 

Double or Compound AngleSv — Many men in the shop 
and tool-room are familiar with the formulas employed in 
solving problems in which right-angled triangles are involved, 
and a great many can also work out problems requiring the 
solution of oblique-angled triangles, but the method of solving 
double or compound angles is not so well known. The follow- 
ing, however, is a very simple method: Suppose that a 45- 
degree angle on elevation CAB (see Fig. 8) is to be swimg 
30 degrees in a horizontal plane about point A. The plan 
view of this angle before being swung around would be a 




= g.i2 m. 



SOLUTION OF RIGHT-ANGLED TRIANGLES 167 

straight line DE equal to the length of the base AB. Now 
swing the line DE through an arc of 30 degrees to the position 

^DF and draw a line perpendicular to line AB from the point F. 
Call this line FJ and lay ofT HJ equal to CB. Triangle EAJ 
is now the true elevation of the triangle in its new position DF, 
the side AC being represented by line AH, and side BC, by 
ade JB. Now; 



AB = DE = DF, 



and 



BC = HJ. 



BC = AB tan 45 degrees; therefore, HJ = AB tan 45 
I degrees. 

Further, DC = DF cos 30 degrees; and as DG = AJ. AJ 
[ = DF cos 30 degrees = AB cos 30 degrees. Now: 



Tan a 



_ A B tan 45 deg. _ 
A B cos 30 deg. 



tan 4.<; d eg. 
cos 30 deg. 



This principle can be carried a step further and a compound 
jigle worked out in the same manner. resoKTng the problem 
iito a series of simple motions. In using this method any 
jonvenient side of the triangle may be taken as unity and the 
iroblem solved with the trigonometric functions of the angles. 



CHAPTER XII 
SOLUTION OF OBLIQUE-ANGLED TRIANGLES 

The methods used in the solution of oblique triangles — 
that is, triangles in which none of the angles is a right angle 
— differ according to which parts are known and which are 
to be found. The problems which present themselves may 
be divided into four classes: 

1. Two angles and one side known. 

2. Two sides and the angle included between them known. 

3. Two sides and the angle opposite one of them known. 

4. The three sides known. 

Two Angles and One Side known. — Assimie that the 
angles A and B in Fig. i are given as shown, and that side 
a is 5 inches. Find angle C, and sides h and c. 

As the sum of the three angles in a triangle always equals 
180 degrees, angle C can be found directly when angles A 
and B are given, by subtracting the sum of these angles from 
180 degrees. Angle -4 = 80 degrees and 5 = 62 degrees; 
therefore, 

C = 180^ - (80° + 62°) = 180° - 142^ = 38^ 

For finding the sides h and c the following rule is used: 
The side to be found equals the known side multiplied by the 
sine of the angle opposite the side to be found, and the product 
divided by the sine of the angle opposite the known side. 

To find side 6, for example, multiply the known side a by 
the sine of angle 5, and divide the product by the sine of 
angle A, Written as a formula this would be: 

, a X sin B , x 

* = : — . (i) 

sm A 

In the same way 

a X sin C (2) 

sin A 
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If the known values are inserted for side a and the angles 
ip these formulas, they read: 

. 5 X ain 62° 5 X 0.88205 „ , 

^ = — ■ • 7 , o — = — -. \ = 4483 inches; 
sin 80 0.9*1481 

, . sx.'faf = 5x0.6,566 _ i„^^^^ 

Sin So 0.98481 

Example i. — In Fig. 2 is shown a triangle of which one 
side is 6.5 feet, and the two angles A and C (78 and 73 degrees, 
respectively) are given. Find angle B and sides b and c. 




Kg. 1- Two Angles and Oni Side Known 



Fis. t. Enmple 



Using the same method as explained for finding angle C in 
the previous example: 

B = 180" - (78' + 73') = 180' - 151° = 29°. 

For finding sides b and c, use the rule or formulas previously 
I given, inserting the values given in this example: 

h ^ a X sin g ^' 6.5 X sin 29 ° ^ 6.5 X 0.48481 
sin .4 sin 78° 0.97815 



i^i. 



3-222 feet; 



0.9781 s 
__ o X sin C _ 6.5 X sin 73° _ 6.s X 0.QS630 



sin -ji" 
0.0781S 



0.97815 



lyo 
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Example 2. — In Fig. 3, side a equals 3.2 inches, angle i4, 
118 degrees, and angle B, 40 degrees. Find angle C and 
sides b and c. 

C = 180^ - (118^ + 40**) = 180° - 158^ = 22**; 

^ ^ 3.2 X sin 40- ^ 3.2 X 0.64279 ^ ^^^ 

sin 118** 0.8829s ^^ 

Note, when finding sin 118° from the tables, that sin 
118^ = sm (180** - 118^) == sin 62^ 

^ ^ 3.2 X sin 22<> ^ 3.2 X 0.37461 ^ ^3 ^^y^ 
sin 118° 0.8829s 



C-24'lO' 




Fig. 3. Example 2 



Fig. 4. Example 8 



Example 3. — In Fig. 4, side b = 0.3 foot, angle B = 3s® 40', 
and angle C = 24° 10'. Find angle A and sides a and c. 
A = 180° - (35° 40' + 24° loO = 180^ - 59° 50' = 120° 10'; 

^ feXsin A ^ 0.3 Xsin 120° 10^ ^ 0.3 X0.864.s7 ^^ ^, r^^., 
sm B sm 35 40 0.58307 

^ fcXsinC ^ o.3Xsin24''io^ ^ 0.3X0.40939 ^^ ^ii foot, 
sin B sin 35° 40' 0.58307 

Note that in this example the formulas for a and c have the 
same form as Formulas (i) and (2), but as the side b is the known 
side, instead of a, the side b is brought into the formula in- 
stead of a, and angle B instead of angle A. 

Summary of Formulas : If the angles of a triangle are called 
Ay By and C, and the sides opposite each of the angles, a, 6, 
and c, respectively, as shown in Fig. i, then, if two angles 
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and one side are known, the two unknown sides may be found 
by the formulas below: 

^V Two Sides and the Included Angle known. — Assume 
that the sides a and b in Fig. 5 are 9 and 8 inches, respectively, 
as shown, and that the angle C formed by these two sides is 
35 degrees. Find angles A and B, and side c, of the triangle. 



i X sin .4 . 

sin B ' 


, a X sm B 
=- — .--- ■ ; 
sm A 


^.JXsiaC 
sm B 


c X sin ^ . 

sin C 


J cxsin^. 
sin C ' 


^ a X sin C 
sin A 




Fig. 6. Tvo Sidei uid One Angle Known Fig. e. Exunple 1 

The tangent of angle A is found by the following formula: 
Tan^ .^^sin_^ 



0) 



J X cos C 

I If the given values of a, h, and C are inserted in this formula, 
I reads: 

Tan A = " X ^'"^ ^^^ = 9 X ° 57 .^58 



i - 9 X 0.81915 
S. 2 2468. 



8 - 9 X cos 35" 

0.62765 

\ The tangent of angle A = 8.22468, having now been ob- 
ined, it is found from tables that the angle equals 8^° 4'. 
1 angles A and C being known, 
Angle B = i8o^ - (A + C) = 180' - (83" 4' + 35°) 



= 180" 



-- 61" st>' ■ 
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Side c is found by Formula (2) : 

c = ^-4^ = 9 .X f,3.f ^ 9 X 0.57358 ^ ^^^ 
Sin A sm 83 4 0.99269 

All the required quantities of this triangle have now been 
found. 

Example i. — In Fig. 6, a = 4 inches, 6 = 3 inches, and 
C = 20 degrees. Find A, By c, and the area. 

According to Formula (3): 

Tan A = ^ X sin C _ 4 X sin 20"^ _ 4 X o.:^4202 
6 — a X cos C 3 — 4 X cos 20^ 3 — 4 X 0.93969 
^ 1.36808 
3 - 3-75876 

It will be seen that in the denominator of the fraction above, 
the number to be subtracted from 3 is greater than 3; the 
numbers are, therefore, reversed, 3 being subtracted from 
3.75876, the remainder then being negative. Hence: 

Tan A = _^.268o8_ ^ 1.36808 ^ ...g 
3 - 3-75876 -0.75876 

The final result is negative because a positive number 
(1.36808) is divided by a negative number (—0.75876). The 
tangents of angles greater than 90 degrees and smaller than 
180 degrees are negative. Find in this case the value nearest 
to 1.80305 in the columns of tangents in the tables. In a 
table containing values for each minute, the nearest value is 
1.8028, which is the tangent of 60° 59'. As the tangent is 
negative, angle A is not 60° 59', but equals 180° — 60® 59' 
= 119° i'. 

Now angle B is found by the formula: 

B = 180° - {A +C) = 180° - (119^ i' + 20°) 
= 180° - 139° i' = 40° 59'. 

Side c is now found by the same formulas and in the same 
manner as previously shown. 

Example 2. — In Fig. 7, a = 7 feet, 6 = 4 feet, and C = 121 
degrees. Find A, B, and c. 
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As previously explained : 

Sin 121° = sin {i8o° — izi") = sin 59' 



cos I!I 

I Therefore, 

Tan A = — 



—cos (180° 



- 7 X cos 121 

7 X 0.85717 



n- 



and 
cos 59°. 



7X = 



-7 X(-coS59°) 

6.00010 



4 - 7 X {-0.51504) 4 - (-3.60528) 

6.00010 6.0001Q „, 

4 + 3-60528 7.60528 ' ^^ 

The calculation with the negative number {—0.51504) will 
become clear by comparing the foregoing processes with the 



^V-^" 


tC;;^ 


^----^ 






1 1 -c 1 



Rg. 7. Example 3 



Fig. a. Sides a and b and Aufle A known 



i 



les given in Chapter II {see "Positive and Negative Quan- 
ities"). When multiplied by 7, the. product 7 X ( — 0.51504) 

icomes negative, and equals — j.60528. As subtracting a 

tgativc t|uantity from a positive quantity is equal to adding 

le numerical value of the negative number, then: 
4 - (-3-60528) = 4 + 3-60528 = 7.60528. 

Having found tan A = 0.78895, we find angle A from the 

iblcs: A = 38" 16'. 

Angle B and side c are now found in the same way as pre- 

iously explained. 

Summary of Formulas: If the angles of a triangle are 
called A, B, and C and the sides opposite each of the angles, 
a, b, c, respectively, as shown in Fig, 5, then, if any two sides 

id the included angle are known, the oXiitx mv^^s, a.'sA "^^ 
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remaining side may be found. One of the angles is first found 
by any of the following formulas: 



Tani4 


b 


a X sin C 


— a X cos C ' 


Tan B 




6 X sin C 


a 


- i X cos C ' 


T'or^ r 




c X sin B 



tan A = 



tan-B = 



tanC = 



a X sin JB 
c — a X cos B* 

b X sin A 
c — b X cos A ' 

c X sin i4 



a — c X cos 5 ' b — c X cos A 

The remaining side is found by using Formulas (i) and (2), 
and the third angle by subtracting the sum of the known angles 
from 180 degrees as previously explained. 




Fig. 9. Sides a and b and Angle A similar to Fig. 8 



Fig. 10. Example 1 



If the unknown iangles are not required, but merely the 
unknown side of the triangle, the following formulas may be 
employed : 

a = Vb^ + c^ — 2 be X cos A ; 

b = Va^ + c^ — 2 ac X cos B; 

c = Va^ -j. J2 _ 2 (z6 X cos C 

Two Sides and One of the Opposite Angles known. — When 
two sides and the angle opposite one of the given sides are 
known, two triangles can be drawn which have the sides 
the required length, and the angle opposite one of the sides, 
the required size. In Fig. 8 is shown a triangle in which 
side a is 2.5 inches, side b, 3.5 inches, and angle A, 32 degrees. 



I 
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Another triangle is shown in Fig. 9 in which sides a and b 
have the same length as the triangle just referred to, and ■ 
angle A opposite side a still remains 32 degrees; but it will 
be seen that in this triangle the angle B is very much smaller 
than in the triangle shown in Fig. 8. lu every case, therefore, 
when two sides and one of the opposite angles are given, the 
problem is capable of two solutions, there being two triangles 
which fill the given requirements. In one of these triangles, 
the unknown angle opposite a given side is greater than a 
right angle, and in one it is less than a right angle. When 
the triangle to be calculated is drawn to the correct shape, 
it is, therefore, possible to determine from the shape of the 
triangle which of the two solutions applies. When the tri- 
angle is not drawn to the required shape, both solutions must 
be found and applied to the practical problem requiring the 
solution of the triangle; it can then usually be determined 
which of the solutions applies to the practical problem in 
hand. 

Example i. — Assume that the sides a and b in Fig. 10 
are ao and 17 inches, respectively, as shown, and that angle 
A opposite the known side a is 61 degrees. Find angles 5 ' 
and C and side c of the triangle. 

The angle B opposite the known side b may be found by 
the following rule: 

Rule: The sine of the angle opposite one of the known sides 
equals the product of the side opposite this angle times the 
sine of the known angle, divided by the side opposite the , 
known angle. 

From this rule the following formula for the sine of angle 
B is derived: 

(.• D 6 X sin -4 , . 

Sm B = (4) 

a 

If the known values for sides b and a and angle A are in- 
serted in this formula, then: 

I Sin B - '?'<''°^'' 
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Having sin S = 0.74343, it is found from the tables that 
B = 48"* i'. As it is shown in Fig. 10 that angle B is less 
than a right angle, the solution found is the one which applies 
in this case. 
Angle C = 180^ - (i4 + 5) = 180^ - (61° + 48** i') = 70^ 59'. 

Side c is found by Formula (2) : 

^ ^ flXsinC ^ 2oXsm7o°59^ ^ 20X0.94542 = 21.62 inches, 
sin i4 sin 6i° 0.87462 

Example 2. — In Fig. 11, a = 5 inches, 6 = 7 inches, and 
i4 = 35 degrees. Find JB, C, and c. 
According to the rule and formula in the previous example: 

Sin ^ = ^ ^ "^ ^ = 7 ^ ^" ■^ ■ '^° = 7 ^ °-'?7-^-'?^ = 0.80301. 

ass 

Having sin J5 = 0.80301, it is found from the tables that 
B = 53** 25'. However, in the present case it is seen from 
the figure that B is greater than 90 degrees. The solution 
obtained is, therefore, not the solution applying to this case. 
The sine of an angle also equals the sine of 180 degrees minus 
the angle. Therefore, 0.80301 is the sine not only of 53** 25', 
but also of 180° — 53° 25' = 126° 35'. The value of angle B 
applying to the triangle shown in Fig. 11 is, therefore, 126*^ 35', 
because of the two values obtained, this is the one which is 
greater than a right angle. 

Example 3. — In Fig. 12, a = 2 feet, 6 = 3 feet, and -4 = 30 
degrees. Find B, C, and c. 

The sine of angle B is found as in the previous example: 

c- D b X sin A 3 X sin ^0° 

Sm B = = '^ '^— = 0.75000. 

a 2 '^ 

Having sin B = 0.75000, it is found from the tables that 
B = 48° 35'. From Fig. 12, it is apparent, however, that B 
is greater than 90 degrees, and as 0.75000 is the sine not only 
of 48^ 3S', but also of 180° - 48° 35' = 131° 25', angle B m 
this case equals 131° 25'. 

When the angle B is found, angle C and side c are found in 
the same manner as in Example i . 
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Summary of Formulas: If the angles of a triangle are 

called A , B, and C, and the sides opposite each of the angles, 

_fl, b, and c, respectively, as shown in Fig. g, then if any two 

ides and one angle opposite one of the known sides are given, 

3ie other angles and the remaining side may be found. The 

igie opposite the other known side is first found by any of 

; foiTOulas below: 

. . a X sin C , 



Sin A 


a X sin B 
i 


Sin B 


hxdaA_ 

a ' 


Sin C 


c X sin A . 



A-SB" 


3f^,.€*^: 




1 



Fig. 11. Example S 



Fig. 12. 



^B The remaining side is found by Formulas (i) or (2), and 
^the third angle by subtracting the sum of the known angles 
from i8o degrees. 

Three Known Sides. — Example i. — In Fig. 13 the three 
sides a, 6, and c of the triangle are given; a = & inches, 6 = 9 
inches, and c = 10 inches. Find the angles A, B, and C, 

I Any of the angles can be found by the formulas given below: 



\CosA ' 



} OxB 



ICos C 



2 xbxc ' 

a' + c* - y . 

2 X fl Xc ' 
a' + f -c' 
2 Xo X J ' 



(5) 
(6) 
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^ If the given lengths of the sides are inserted in the first of 
the formulas above, then: 

r. . qH-io^- 8* 8i + 100-64 117 .^ 
Cos A = ^ — ' — == ' — ^ = — ^ = 0.65000. 

2 X 9 X 10 180 180 

Having cos A = 0.65000, it is found from the tables that 
angle A = 49*^ 27'. 

Having found angle A the easiest method for finding angle 
B is by Formula (4). From this formula: 



Sin B = *X-§i5LA = 2_Xjin42l2Z. = 9 X 0.75984 ^ ^ g g^ 

a 8 8 ^ 




Fig. 13. Three Known Sides — 
Example 1 



Fig. 14 Three Known Sides- 
Example 2 



Having sin -B = 0.85482, it is found from the tables that 

B = 58° 44'. 

Angle C = 180° - {A + B) = 180° - (49° 27' + 58° 44O 

= 71° 49'- 

Example 2. — In Fig. 14, a = 5 inches, 6 = 4 inches, and 
c = 2 inches. Find the angles of the triangle. 

Using Formula (5) : 

Cos A = 4' + ^' - 5' ^ ^^ +4 - 25 ^ 20 - 25 



16 



16 



2X4X2 

It will be seen that in the numerator of the last fraction, 
the number to be subtracted from 20 is greater than 20. The 
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kumbeni are, therefore, reversed, 20 being subtracted from 25, 
ic remainder then being negative. Hence; 



Cos A : 



t6 



-0.31250. 



LThe final result is negative, because a negative number 
I divided by a positive number (16). The cosines of 
greater than 90 degrees and smaller than 180 degrees 
[ative. Find the value nearest to 0.31250 in the columns 
of cosines in the tables. It will be seen that the nearest value 
is 0.31361, which is the cosine of 71° 47'. As the cosine here 
negative, angle /I, however, is not 71" 47' but equals 
jlSo" — 71° 47' = 108° 13'. Now angle B is found by the 
iormula : 

t-. „ _ b X ain A ^ 4 X sin iq8° 13' 



Sin 108' 13' 
Sin B = 
B - 



X si 



(180° — 108° 13') = sin 71° 47'. Hence: 
in 71° 47' ^ 4 X 0.94988 _ 



= 0.75990, 



5 5 

= 49" 27'. 

Finally, angle C is found by the formula: 

C = i&o" -{A +B) = 180° - (108° 13' + 49' 270 = 32° 20'. 

Areas of Triangles. — The area of any triangle equals one- 
half the product of the base and the altitude, as explained 
in Chapter IV. The length of the base and the altitude, how- 
ever, are not always known and other values must be used 
in determining the area- For example, the lengths of the 
three sides may be known, or the lengths of two sides and the 
angle between them. 

When Three Sides are given. - - When only the lengths of 
the three sides of a triangle .ire given, the area is found as 
follows: Find one-half the sum of the three sides and subtract 
this half sum from each side; then find the product of these 
three remainders and multiply this product by the half sum. 
M^he square root of this final product equals the arei. U ^i\s. 
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lengths of the sides are represented hy A, B, and C, respec- 
tively, and D equals one-half the sum of the sides, then: 

^ ^ A+B + C 

2 

Area = V(Z> - A) X {D - B) X {D - C) X D. 

Example. — What is the area of a triangle the sides of 
which are 6, 8, and lo inches long, respectively? 

One-half the sum of the sides = — — — ^^ =12. 

2 

Area = V(i2 - 6) X (12 - 8) X (12 - 10) X 12 

= V6 X 4 X 2 X 12 = Vs76 = 24 square inches. 

When Two Sides and an Angle are given. — When the 
lengths of two sides of a triangle and the angle between the 
sides are given, the area may be found by multiplying one- 
half the product of the two sides by the sine of the angle 
between them. 

In the example in Fig. i, the area, then, equals one-half 
the product of sides a and b multiplied by the sine of angle C, 
or, expressed as a formula: 

2 

If the known values for a and b are 5 and 4.483 inches, 
respectively, and angle C is 38 degrees, then: 

Area = ^ ^ ^'^^-^ ^ ^^^ ^^^ = 5 X 4.483 X o.6i.s66 

2 2 

13.8000 ^ . , 

= -^^ = 6.9 square mches. 

2 

The three values given in Fig. 5 are 8 and 9 inches for the 
sides and 35 degrees for the angle between the sides. Hence: 

. g X 6 X sin C qX8Xo..^7.^.'>8 . . , 

Area = = ^ ^''^^ = 20.649 square mches. 



CHAPTER Xm 

MILLING MACHINE INDEXING 

The index-head or dividing-head of a milling machine is 
constructed witli a worm and worm-wheel mechanism, the 
worm being rotated by the crank when indexing, and the 
worm-wheel being mounted on the ijidex- spin die to which 
ihe work is attached. By moving the crank with its index-pin 
\ certain number of holes in one of the index circles, a certain 
ular movement can be imparted to the work. The calcu- 
pting of indexing movements for the milling machine con- 
Ists in finding how much the index-crank requires to be turned 
1 order to produce the required movement for indexing what- 
ever part is held by the work spindle. 

Most of the regularly manufactured index-heads use a 
single-threaded worm engaging with a worm-wheel having 
40 teeth. Thus, when the index-crank is turned around one 
full revolution, the worm is also revolved one complete turn, 
and this moves the worm-wheel one tooth, or -^ of its cir- 
cumference. Therefore, in order to turn the worm-wheel 
and the index-spindle on which it is mounted one full revolu- 
tion, it is necessary to turn the index-crank 40 revolutions. 
If it is desired to revolve the index-spindle one-half revolution, 
the index-crank would have to be turned 20 revolutions. If 
it is desired to turn the index-spindle only one-fourth of a 
revolution, the index-crank is turned 10 revolutions. 

Calculating the Indexing Movement. — Suppose that it is 
desired to mill the hexagonal head of a bolt. As the head 
has six sides, it is necessary to index it ^ revolution. As it 

tuires 40 revolutions of the index-crank to revolve the 
ex-spindle once, it evidently requires only ^ of that num- 
to turn the index-spindle i revolution; this is the amount 
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that the work should be turned around or indexed when one 
side of the hexagon has been miUed, and the next is ready to 
be milled. Consequently, the index-crank should be turned 
around ^ = 6f revolutions for milling a hexagon; that is, 
the crank is first turned 6 full revolutions, and then, by means 
of the index-plate, it is turned two-thirds of a revolution. If 
the circle in the index-plate having i8 holes is used, two- 
thirds of a revolution wiU mean 12 holes in this drde, as 12 
is two-thirds of 18 (12 = f X 18). 

Assume that a piece of work has eight sides regularly spaced 
(regular octagon). The indexing for each side is found by 
dividing 40 by 8. Thus ^ = 5, represents the number of 
revolutions of the index-crank for each side indexed and 
milled. 

Assume that it is required to cut nine flutes regularly spaced 
in a reamer. The index-crank must be turned ^ = 4# revo- 
lutions in order to index for each flute. The | of a revolution 
would correspond to eight holes in the i8-hole circle, because 

Assume that it is required to cut 85 teeth in a spur gear. 
The index-crank must be revolved |^ = -^j revolutions to index 
for each tooth. To move the index-crank jj of a revolution 
corresponds to moving it 8 holes in the 17-hole circle. 

General Rule for Indexing. — As a general rule for finding 
the number of revolutions required for indexing for any regu- 
lar spacing, with any index-head, the following rule may be 
used: 

Rule: To find the number of revolutions of the index-crank 
for indexing, divide the number of turns required of the index- 
crank for one revolution of the index-head spindle by the 
number of divisions required in the work. 

[Most standard index-heads are provided with an index- 
plate fastened directly to the index-spindle for rapid direct 
indexing. This index-plate is usually provided with 24 holes, 
so that 2, 3, 4, 6, 8, 12, and 24 divisions can be obtained directly 
by the use of this direct index-plate without using the regular 
indexing mechanism. When using this index-plate for rapid 
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Irect indexing, no calculations are required, as the number 
of divisions obtainable by the use of the different holes in 
this plate are, as a rule, marked directly at the respective 
holes.] 

Finding the Index Circle to Use. — In order to find which 
index circle to use and how many holes in that index circle 
to move for a certain fractional turn of the index-crank, the 
numerator and denominator of the fraction expressing the 
fractional turn are multiplied by the same number until the 
denominator of the new fraction equals the number of holes 
in some one index circle. The number with which to multiply 
must be found by trial. The numerator of the new fraction 
then expresses how many holes the crank is to be moved in 
the circle expressed by the denominator. 

Assume that 12 flutes are to be drilled in a large tap. As- 
sume that 40 turns of the index-crank are rerjuired for one 
turn of the index-head spindle. First divide 40 by 12 to find 
the number of turns of the index-crank required for each 
indexing. Thus: 



^ = 3A' 



33 



^^f The fractional turn required is one-third of a revolution. 
Now multiply, according to the rule given, the numerator and 
denominator of tliis fraction by a number so selected that 

(e new denominator equals the number of holes in some one 
Jex circle. Multiplying by 6 would give the following result: 
3X6 18' 
fwhich the denominator 18 represents the number of holes 
the index circle to use, and 6 is the number of holes the 
crank must be moved in this circle to turn the worm-shaft 
and worm one-third of a revolution. 

Many milling machines are furnished with three index- 
each having sue index circles. The following numbers 
holes in the index circles of the three index-plates are com- 
ly used: 
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15 16 17 18 19 20 
21 23 27 29 31 33 

37 39 41 43 47 49 

Indexing for Angles. — While most indexing is for a given 
number of divisions, it is sometimes necessary to rotate the 
work through a given angle by means of the dividing-head. 
In Fig. I is shown a piece of round stock having two flats 
milled in such a way that the* angle between two lines from 
the center at right angles to the two surfaces is 35 degrees. 
In this case the index-head cannot be turned so as to make a 
certain whole nimiber of moves in one complete revolution 
of the work, as is done, for instance, when four moves are 
made in one revolution for milling a square,, six moves in 
one revolution for milling a hexagon, and 80 moves for milling 
an 80-tooth gear. Instead, here is given a certain number of 
degrees which it is required that the work be turned before 
another cut is taken by the milling cutter. 

Indexing for angles is required only when an angle is given 
which is not such a simple fraction of the whole circle as, for 
instance, 90 degrees, which is J of a complete turn, or 45 
degrees, which is | of a complete turn, or 60 degrees, which is 
^ of a complete turn; the numbers of turns of the index-crank 
in these cases are determined as previously explained. But if 
it be required to index for, say, 19 degrees, the method used is 
the one explained in the following. 

Calculating the Movements for Angular Indexing. — There 
are 360 degrees in one complete circle or turn, and assuming 
that 40 turns of the index-crank are required for one revolu- 
tion of the work, one turn of the index-crank must equal 
^^ = 9 degrees. Then, when one complete turn of the index- 
crank equals 9 degrees, two holes in the i8-hole circle, or 
3 holes in the 27-hole circle, must correspond to one degree. 

3 _ 2 __ I 
27 18 9 

The first principle or rule for indexing for angles is, therefore, 
that two holes in the i8-hole circle or 3 holes in the 27-hole 
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circle equals a movement of one degree of the index-head 

spindle and the work. 

Assume that an indexing movement of 35 degrees is re- 
Hauired as shown in Fig. i. One complete turn of the index- 
^Hrank equals 9 degrees; therefore, first divide the number of 
^Begrees for which it is desired to index, by 9, in order to find 
^Bow many complete turns the index-crank should make. 
^R^e number of degrees left to turn when the full turns have 

"been completed are indexed by taking two holes in the i8-hole 

circle for each degree. The indexing movement for 35 degrees 




equals ■¥■ = 3J, which indicates that the index-crank must 
be turned three revolutions, and then 8 degrees more must be 
^jndexed for, or 16 holes moved in the i8-hole circle. 
^H Indexing a Fractional Part of a Degree. — Assume that 
^Bl*is desired to index ii^ degrees, as shown in Fig. 2. Two 
^Tioles in the i8-hoIe circle represent one degree, and conse- 
quently one hole represents ^ degree. To index for 11 J de- 
grees, first turn the index-crank one revolution, this being 
a Q-degree movement. Then to index 2^ degrees, the index- 
crank must be moved 5 holes in the i8-hoIe circle {4 holes 
for the two whole degrees and one hole for the J degree equais 
^Bhe total movement of 5 holes). 
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Below is shown how this calculation may be carried out to 
indicate plainly the motion required for this angle: 

iii deg. = 9 deg. + 2 deg. + i deg. 

I turn + 4 holes + i hole in the i8-hoIe drde. 

Should it be required to index only J degree, this may be 
made by using the 2 7 -hole circle. In this circle a three-hole 
movement equals one degree, and a one-hole movement in 
the circle thus equals J degree, or 20 minutes. Assume that 
it is required to index the work through an angle of 48 degrees 
40 minutes. First turn the crank 5 turns for 45 degrees 
(S X 9 = 4S). Then there are 3 degrees 40 minutes or 3§ 
degrees left. In the 27-hole circle a 3-degree movement cor- 
responds to 9 holes, and a f-degree movement to 2 holes, 
making a total movement of 11 holes in the 27-hole circle, 
to complete the crank movement for 48 degrees 40 minutes. 
Below is plainly shown how this calculation may be carried 
out: 

48 deg. 40 min. = 45 deg. -I-3 deg. -I-40 min. 

5 turns -|- 9 holes -|- 2 holes in the 27-hole circle. 

Indexing for Minutes. — By using the 18- and 27-hole 
circles, only whole degrees and |, |, and f of a degree (20, 30, 
and 40 minutes) can be indexed. Assimie, however, that it is 
required to index for 16 minutes. One whole turn of the index- 
crank equals 9 degrees or 540 minutes (9 X 60 = 540). To 
index for 16 minutes, therefore, requires about ^ of a turn 
of the index-crank (540 -r- 16 =34, nearly). In this case, 
therefore, an index circle is used having the nearest number 
of holes to 34, or the index circle with 33 holes. A one-hole 
movement in this circle would approximate the required 
movement of 16 minutes. 

Assume that it is required to index for 55 minutes. We 
then have 540 ^ 55 = 10, nearly. In this case there is no 
index circle with 10 or approximately 10 holes, but as there 
is an index circle with 20 holes, this circle will be used, and 
the index-crank is moved two holes in that circle instead of 
one. 
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Assume that it is required to index for 2 degrees 46 minutes. 
Wli this is changed to minutes, then 2 degrees equals a X 60 = 1 30 
' minutes, and 46 minutes added to this gives a total of 166 
minutes. Dividing 540 by 166 gives: 

^540 ^ 166 = 3.253. 
Now multiply this quotient (3.253) by some whole number, 
80 as to obtain a product which equals the number of holes in 
any one index circle. The number by which to multiply must 
be found by trial. In this case, 12 can be the multiplier, 
giving a product of 3.253 X 12 = 39.036. For indexing 2 
degrees and 46 minutes, the 39-hole circle can, therefore, be 
used, moving the index-crank 12 holes. 

General Rule for Angular Indexing. — The following is a 
[eneral rule for approximate indexing of angles, for any index- 
■Jiead where 40 revolutions of the index-crank are required 
Tfor one revolution of the work: 

Rule: Divide 540 by the total number of minutes to be 
Indexed. If the quotient is approximately equal to the 
■ of holes in any index circle, the angular movement 
! by moving one hole in this index circle. If the 
mt does not approximately equal the number of holes 
1 any index circle, find by trial a number by which the quo- 
tient can be multiplied so that the product equals the number 
lof holes in an available indejc circle; in this circle, move the 
index-crank as many holes as indicated by the number by 
which the quotient has been multiplied. (If the quotient of 
I 540 divided by the total number of minutes is greater than 
Jie number of holes in any of the index circles, the movement 
Annot be obtained by simple indexing.) 

Rule for Compound Indexing. — The following rule is 
given for computing the number of holes required for indexing 
by the compound method: 

Rule: Factor the number of divisions required; select 

two circles of holes at random on the same index-plate for 

1^^ trial, and factor the difference; then draw a line under these 

^■twa sets of factors. Now factor ihe Ti\in\\i*iT cS. xcN'AxiJwstti | 




^S40 
Kbe 
^Rani 
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required of the index-crank to make one revolution of the 
index-head spindle, and place these factors under the line. 
Factor the number of holes in each circle chosen for trial and 
place tiiese also under the line; then cancel similar factors 
above and below the line. If all factors above the line cancel, 
the division is possible with the two circles chosen. The 
product of the factors remaining below the line will be the 
niunber of holes to move forward in one of the circles, and 
backward in the other. 

Example. — Divisions required, 154; circles chosen, 33 and 
21; number of turns of crank on index-head, 40. Factoring 
as mentioned: 

154 = 2 X 7 X II 
33-21 = 2X2X3 

40 = 2X2X2X5 
33 = 3 X II 
21 = 3 X 7 

After cancelation it will be found that the factors 3 and 5 
will remain below the line; hence, 3 X 5 = 15 holes, is the 
number that the index-pin is moved forward in the 21 -hole 
circle and backward in the 33-hole circle to obtain the required 
division. The mathematical reasoning or the principle upon 
which this method is founded will now be explained. 

Proof of Rule for Compound Indexing. — The method for 
finding the movements for compound indexing is based upon 
the principle that the difference between two moves obtain- 
able on the index-plate equals the required division. A certain 
number of holes moved forward in one circle and the same 
number of holes moved backward in another circle gives a 
movement which could not be obtained by either of the index 
circles selected. To prove the method mathematically, pro- 
ceed as follows: Let X be the number of holes sought. Other 
quantities are as in the example given in the preceding para- 
graph. Now a movement of X number of holes forward in 
the 2 1 -hole circle and X number of holes backward in the 
33'bole drcle equals yix of a revolution of the work, or: 
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21 X 40 
40\3I 



4o\2i X 33/ 154' 



A" ■■ 



40 X 21 X 33 154(33 - 21) 
This shows that if the factors of 40, zi and 33 are canceled 
j against the factors of 154 and (33 — 21), the factors not can- 
j celed in the denonunator of the first member, when multi- 
I plied, will equal X. 

In the given case, after cancelation: 
X 
I 3X5' 

Another Method of Figuring Compound Indexing Move- 
ments. — Suppose it is desired to cut 77 teeth on a gear blank 
and that an index-plate with a 77-hole circle is not available, 
50 that it is necessary to index by the compound method. 
We know that the ratio of the worm and worm-wheel is 40 
to i; hence, in order to cut 77 teeth, it is necessary to turn 
k.the worm or index-crank through ^ revolution at each setting. 
■The factors of 77 are 7 and 11. The letters x and y will be 
Kused temporarily to represent the numbers of holes to be 
pfndexed. Then, 

^ + ^ = ^, (1)1 

7 II 77 



plete turn of the handle for 



twhere - = the fraction of 
7 

the first indexing movement; 

-^ = the fraction of a complete turn of the handle for 

the second indexing movement. 

In this case, the sum of the quantities - and — equals — 

7 II 77 

[bf a complete turn of the handle. Clearing Formula fi ) ol i 

Ifractions: 
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iix + 7y = 40. 
Then solving the preceding equation for the value of y gives: 

40 — II X 

Since it is known that x and y, which represent the numbers 
of holes for the two indexing movements, must both be integral 
or whole numbers, various integral values can be assigned 
to x\ these values can be substituted in the preceding ex- 
pression for the value of x and the expression solved for y, 
this method of procedure being continued until an integral 
value of y is found. 

When X = I, then y is not a whole number. 

When X = 2, then y is not a whole number. 

When X = 3, then y = i. 

When the value of 3 is substituted for x, the corresponding 
value of y is found to be i, and when these values are inserted 
in Formula (i), then: 

7 II 77 

As applied to the milling machine index-head, this means 
that the movement resulting from turning through 3 holes 
in a 7-hole circle plus the movement resulting from turning 
through one hole in an 11 -hole circle will give the required 
setting. By multiplying both terms of either fraction by 
the same number, the value is not changed, and the de- 
nominator may be made to assume a value corresponding 
with the number of holes in a circle which is available on 
some index-plate. Suppose, for instance, that we multiply 
both the numerator and the denominator by 3. Then: 

^ + A = 42. 
21 II 77 

It will be evident, then, that in order to turn the index- 
crank ^ of a revolution (thus indexing the work -tV revolu- 
tion), the index-crank should be moved through 9 holes in a 
2i'bole circle, and then through 3 holes in a 33-hole circle. 
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The plus sign between the fractions indicates that both 
indexing movements should be in the same direction. In 
some cases, y will have a minus sign, which indicates that 
the two indexing movements are in opposite directions. For 
example, suppose 69 divisions are required. The factors of 

69 are 3 and 23; therefore: 

• 

40-233;^ 



When X = I, then y is not a whole number. 

Whenx = 2, then y equals ^2. (The .algebraic sum of 
40 — 23 X 2 = 40 — 46 = —6, and — 6 -r- 3 = —2.) There- 
fore: 

2 2 40 

3 23 69 

Multiplying both terms of the fraction f by 11, it is changed 
to If ; hence, the indexing movement is : 



22 
33 



_2_ 
23 



This means that the index-crank is moved forward 22 holes 
in the 33-hole circle, and backward 2 holes in the 23-hole circle. 



CHAPTER XIV 
CALCULATIONS FOR CUTTING GEARS 

In repair shops or in the smaller manufacturing plants 
where the cutting of gears is done on a small scale, the milling 
machine is often used, and it may be desirable or necessary 
for the one who does the gear-cutting to make whatever 
calculations are required. This chapter deals with calcula- 
tions pertaining to spur gears, rack teeth, bevel gears, worm- 
gears, and spiral gears and includes only the information 
actually needed in the shop for determining the blank diameters, 
the depth of the teeth, the angular position of the blank in 
the case of bevel, spiral and worm-gears, and similar data. 

The Depth of Cut for Spur Gears. — The whole depth of 
a spur-gear tooth, or the depth to which the cutter should 
be set when milling the teeth, may be determined if either 
the diametral or circular pitch is known. To obtain the 
whole depth, divide 2.157 by the diametral pitch, or multiply 
0.6866 by the circular pitch. 

Example, — If the diametral pitch is 8, the whole depth of 
the tooth equals 2.157 -?- 8 = 0.269 inch. 

Example. — If the circular pitch is 0.3927, the whole depth 
of the tooth equals 0.6866 X 0.3927 = 0.2696 inch. 

Pitch of Spur-gear Teeth. — The pitch of the teeth of 
spur gears may be expressed in two ways. The circular pitch 
is the distance from the center of one tooth to the center of 
the next along an imaginary circle known as a pitch circle. 
The diametral pitch (which is the term generally employed) 
represents the number of teeth for each inch of the pitch 
diameter. 

When the circular pitch is known, the diametral pitch is 
found by dividing 3.1416 by the circular pitch. If the dia- 
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metral pitch is known, the circular pitch is found by dividing 
3.1416 by the diametral pitch. 

Example. — If the circular pitch equals 0.3927, then the 
diametral pitch equals j.1416 -^ 0.3927 = 8. If the diametral 
pitch is 12, then thecircular pitch equals 3. 1416 -;- 12 =0.2618. 

Outside and Pitch Diameters of Spur Gears. — The term 
if'diameter" as applied to a spur gear is generally understood 

' mean the pitch diameter, or the diameter of the pitch 
drcle, and not the outside diameter. To find the pitch di- 
meter, divide the number of teeth in the gear by the diametral 
pitch, or multiply the number of teeth by the circular pitch 
and divide the product by 3.1416. 

The outside diameter to which the gear blank is turned may 

I be found by adding 2 to the number of teeth in the gear and 
dividing the sum by the diametral pitch. The outside diameter 
Itoay also be determined by adding 2 to the number of teeth 
and multiplying the sum by the circular pitch and dividing 
the product by 3.1416. 

Example. — If a spur gear is to have 40 teeth of 8 diametral 
pitch, to what diameter should the blank be turned? 

Adding 2 to the number of teeth, and dividing by the' di- 



ametral pitch, gives - 



3.25 inches. Therefore, the 



^m low 

Bteel 



outside diameter of this gear, or the diameter to which the 
blank would be turned, is 5^ inches. 

In the case of internal spur gears, the inside diameter to 
which the gear blank would be bored may be obtained by 
subtracting 3 from the number of teeth, and dividing the 
remainder by the diametral pitch. 

Diameter of Working Depth and Root Circles. — The fol- 
lowing simple rules may be used for obtaining the diameters 
the circles representing the working depth of spur-gear 

:th and their root diameters. 

For the diameter of the circle representing the working 

depth of the teeth, subtract 2 from the numljcr of teeth in 

the gear and divide by the diametral pitch; the result is the 

[quired diameter. 
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For the diameter of the root circle, subtract 2.314 from the 
nimiber of teeth and divide by the diametral pitch; the result 
is the required diameter. 

Example. — Suppose a gear has 48 teeth and is of 4 di- 
ametral pitch: then ^ " ^ = 4- = nj inches, diameter of 

4 4 

circle representing the working depth of the teeth. ^ '-^-^ 

4 

= ^ = 11.4215 inches, diameter of circle representing the 

4 

bottoms of the tooth spaces. 
Center-to-center Distance between Spur Gears. — The 

center-to-center distance between meshing spur gears may 
be determined by adding the numbers of teeth in both gears 
and dividing the sum by twice the diametral pitch. 

Example. — If one gear has 40 teeth and the other 70 teeth 
and the diametral pitch is 8, what is the center-to-center 
distance between the gears? 

The total number of teeth in both gears equals 40 + 70 = no, 
and no -I- 2 X 8 = 6.875 inches. 

The center distance may also be determined by multiplying 
the total number of teeth in both gears by the circular pitch 
and dividing the product by 6.2832. In the case of internal 
spur gears, the center-to-center distance is found by sub- 
tracting the number of teeth in the pinion from the number 
in the gear and dividing by twice the diametral pitch. 

Calculations for Cutting Rack Teeth. — The teeth of a 
rack are of the same proportions as the teeth of a spur gear or 
pinion which is intended to mesh with the rack. 

Example. — If a pinion having 24 teeth of 6 diametral pitch 
is to mesh with a rack, what should be the linear pitch of 
the rack teeth, or the distance from the center of one tooth 
to the center of the next tooth? How is the whole depth of 
the rack teeth determined? 

The pitch of the rack teeth is equal to the circular pitch 
of the pinion (distance from the center of one tooth to the 
center of the next tooth along the pitch circle), and is found 
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by div-iding 3.1416 by the diametraj pitch. Thus 3.1416 -r 6 

= 0.5236 inch = linear pitch of rack for meshing with a 

pinion of 6 diametral pitch. This dimension (0.5236) represents 

L the distance that the cutter would be indexed when nulling 

I rack teeth, or the distance that the planer too! would be moved 

r for cutting successive teeth in case the planer were used. 

The whole depth of a rack tooth equals 2.157 divided by* 
the diametral pitch of the meshing gear, or the whole depth 
I equals the circular pitch multiplied by 0.6866. In this 
Mease, the dicular pitch is 0.5236 and the whole depth equals 
P0.S336 X 0.6866 = 0.3595 inch- 
Face Angle of Bevel-gear Blanks with Shafts at Right 
Angles. — The face angle (see Fig. 1) to which bevel-gear 
blanks should be turned preparatory to cutting the teeth is 
found by adding the pitch-cone and addendum angles and 
subtracting the sum from 90 degrees. 

The tangent of the pitch-cone angle of the pinion is found 

I by dividing the number of teeth in the pinion by the number 

I of teeth in the gear. The tangent of the pitch-cone angle of 

' the gear which meshes with the pinion is obtained by dividing 

the number of teeth in the gear by the number of teeth in 

the pinion. The tangent of the addendum angle for both the 

gear and the pinion is found by dividing the addendum by the 

pitch-cone radius. 

To find the addendum of both the gear and the pinion, 
divide I by the diametral pitch, or multiply the circular pitch 
by 0.318. 

To find the pitch-cone radius (C, Fig, i) divide the pitch 
diameter by twice the sine of the pitch-cone angle, and to 
find the pitch diameter, divide the number of teeth by the 
diametral pitch, or multiply the number of teeth by the 
circular pitch and divide by 3,1416. 

Example. — A pair of bevel gears of 3 diametral pitch are 

to be mounted upon shafts at right angles to each other. 

The gear is to have 60 teeth, and the pinion 15, What is the 

face angle of the gear, or the angle at which the compound 

at of the lathe would be set for turning the bWik.? 
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The tangent of the pitch-cone angle equals 60 4- 15 = 4, 
which is a tangent of 75 degrees 58 minutes. In order to 
determine the addendum angle, it is necessary to find the 
addendum, the pitch diameter, and the pitch-cone radius. 

The addendum = 14-3= 0.3333; 
. The pitch diameter = 60 -r- 3 = 20 inches; 
The pitch-cone radius 

= 20 -^ (2 X sin 75** sSO = — = 10.3077 inches. 

2 X 0.97015 

The tangent of the addendum angle equals the addendum 
divided by the pitch-cone radius, or 0.3333 -^ 10.3077 = 0.0323, 
which is the tangent of i degree 51 minutes. 

Having now determined the pitch-cone and addendum 
angles, the face angle equals 90 degrees — (75** 58' + 1° 51O 
= 12 degrees 11 minutes. Therefore, when turning the blank 
from which the gear is to be made, the compound rest should 
be swiveled around 12^ degrees from its zero position. 

In order to calculate the face angle of the pinion, its pitch- 
cone angle must first be determined. The tangent of the 
pitch-cone angle for the pinion equals the number of teeth 
in the pinion divided by the number of teeth in the gear; in 
this case, 15 -^ 60 equals 0.25, which is the tangent of 14 
degrees 2 minutes. The addendum angle for the pinion is the 
same as for the gear, and, therefore, the face angle equals 
40 degrees — (14° 2' + 1° 51') = 74 degrees 7 minutes. The 
compound rest, then, should be set to 74I degrees, approxi- 
mately, for turning the pinion blank. 

Outside Diameter of a Bevel-gear Blank. — The outside 
diameter (0, Fig. i) of a bevel-gear blank is obtained as fol- 
lows: First, multiply the addendum by the cosine of the pitch- 
cone angle; then multiply this product by 2 and add the product 
thus obtained to the pitch diameter. Take as an example the 
bevel gearing referred to previously. The gear has 60 teeth 
and the pinion 15 teeth of 3 diametral pitch, and the shafts 
are at right angles to each other. What is the outside diameter 
of the gear? 
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The tangent of the pitch-cone angle of the gear equals 
e number of teeth in the gear divided by the number of 
eth in the pinion, or 60 -s- 15 = 4 = tangent 75 degrees 
B minutes. The addendum equals i divided by the diametral 
itch, or I -r- 3 = 0.3333. The addendum, or 0,3333 X cosine 
degrees 58 minutes = o.^:^^^ X 0.24249 = 0.0808, and 
0808 X 2 + pitch diameter = outside diameter. The pitch 




r equals the number of teeth di\'ided by the diametral 
tch, or 60 -7- 3 = 20. Therefore, the outside diameter equals 
0.0808 X 2 + 20 = 20.161 inches. 

Angular Position of Bevel Gear for Cutting Teeth. — The 
angle at which a bevel gear is set for cutting the teeth is 
usually obtained by subtracting the dedendum angle {see 
Fig. i) from the pitch-cone angle, although when the teeth 
are to be milted with a formed cutter it is considered preferable 
to subtract the addendum angle from the pitch-cone angle 
instead of the dedendum angle, as a more uniform clearance 
^b obtained at the bottom ol the tooth space?. atijA. a. 'iawisiVwitX. 
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closer approximation to the correct tooth shape. The tangent 
of the dedendum angle equals the dedendum divided by the 
pitch-cone radius. The tangent of the dedendum angle equals 
the dedendum divided by the pitch-cone radius. 

Example. — The gear referred to in a preceding example is 
to have 60 teeth of 3 diametr^d pitch, and is to mesh with a 
pinion having 15 teeth, the shafts being at right angles to 
each other. What is the cutting angle for the gear, assuming 
that the dedendum angle is to be subtracted from the pitch- 
cone angle? 

The dedendum equals 1.157 divided by the diametral pitch, 
or 1.157 -7- 3 =* 0.3856 inches. 

The pitch diameter equals the number of teeth divided by 
the diametral pitch, or 60 -s- 3 = 20 inches. 

The tangent of the pitch-cone angle of the gear equals the 
number of teeth in the gear divided by the number of teeth 
in the pinion, or 60 4- 15 = 4, which is the tangent of 75 
degrees 58 minutes. (In the case of miter gears, the pitch- 
cone angle equals 45 degrees.) 

The pitch-cone radius (C, Fig. i) equals the pitch diameter 
divided by twice the sine of the pitch-cone angle, equals 
20 -^ (2 X 0.97015) = 10.3077 inches. 

The dedendum angle equals the dedendum divided by the 
pitch-cone radius equals 0.3856 -^ 10.3077 = 0.0374, which 
is a tangent of 2 degrees 9 minutes. Therefore, the cutting 
angle equals 75 degrees 58 minutes -2 degrees 9 minutes 
= 73 degrees 49 minutes, or, approximately, 73I degrees. 

Number of Teeth for which to Select Bevel-gear Cutter. — 
When the teeth of bevel gears are milled with a fornied cutter, 
the number of cutter to use for a given pitch depends upon 
the number of teeth in the bevel gear and its pitch-cone 
angle. If the actual number of teeth in the gear is divided 
by the cosine of the pitch-cone angle, the result will equal 
the number of teeth for which to select a cutter. 

Example. — If a bevel gear has 60 teeth of 3 diametral 
pitch, and a pitch-cone angle of 75 degrees 58 minutes, for 
what number of teeth should the cutter be selected? 
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' The cosine of 75 degrees 58 minutes equals 0.24249, and 
60 -T- 0.24249 = 247. Therefore, a cutter of 3 diametral 
pitch and No. i shape would be used, because the No. i cutter 
is intended for all numbers of teeth from 135 to a rack. 

Calculations for Cutting Worm-gearing, ^ As a practical 
example to illustrate calculations relating to worm-gearing, 

L assume that a worm having an outside diameter of 2^ inches 

Land a double thread of J inch linear pitch is to be cut so as 

I to mesh with a worm-wheel having 45 teeth. 

The lead of the thread for which the lathe must be geared 

I when cutting the worm equals the pitch times 2 for a double- 
threaded worm, the pitch times 3 for a triple-threaded worm, 
and so on. In this case, the lead equals 0.5 X 2 = i inch. 
The whole depth W of the worm-thread (see Fig. 2) equals 
the linear pitch X 0.6866, or o.g X 0.6866 = 0.3433 inch. 

The bottom diameter B equals the outside diameter minus* 
twice the whole depth of the thread, or 2.5 — 2 X 0.3433 
= 1.8134 inch. The angle of the threading tool for worm- 
gearing is 29 degrees. These calculations cover requirements 
for the worm itself, as far as cutting it is concerned. 

Throat Diameter of Worm-wheel Blank. — The blank from 
which the worm-wheel is to be made must be turned to the 

t correct diameter, and most worm-wheels have a curved throat, 
the radius of which must be determined. Continuing with 
the example given at the beginning of the preceding para- 
graph, it is necessary to determine the throat diameter T 
(Fig. 2) of the worm-wheel, and the radius R of the throat. 
The throat diameter is found by adding twice the addendum 
of the worm-thread to the pitch diameter of the worm-wheel. 
The addendum of the worm-thread equals the linear pitch 
multiplied by 0.3183, and in this case equals 0.5 X 0.3183 
= 0.1591 inch. 

The pitch diameter of the worm-wheel is obtained by multi- 
plymg the number of teeth m the wheel by the linear pitch 
of the worm, and dividing the product by 3.1416 equals 
45 X o-s -i- 3.1416 = 7.162 inches. Hence, the throat di- 
ameter equals 7.162 -f- a X o.rsgi = 7.4S inches. 



L 



200 SHOP MATHEMATICS 

Minimum Length of Worm. — The shortest length to 
which the worm should be made is found by subtracting four 
times the addendum of the worm-thread from the throat 
diameter of the worm-wheel, squaring the remainder, and 
subtracting the result from the square of the worm-wheel 
throat diameter. The square root of the result represents 
the minimum length of the worm. 
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Fig. 9. Double-thiMiled Worm — Section*! ^^eir of Von»-irti«el 

Taking the example referred to in the preceding paragraph, 
the addendum of the worm having a linear pitch of 0.5 inch 
equals 0.1591 inch, and the throat diameter of the worm- 
wheel equals 7.48 inches. Four times the addendum sub- 
tracted from the throat diameter equals 7.48 — {4 X 0.1591) 
= 6.843 inches. This remainder squared and subtracted 
from the square of the throat diameter equals 7.48' — 6.843* 
= g.i2 square inches. The square root of 9.12 equals 3 inches 
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nearly, which represenls the shortest length of worm to obtain 
complete action with the worm-wheel. 

Radius of Worm-wheel Throat. — The radius R (see Fig, 2) 
a worm-wheel throat is found by subtracting twice the 

Idendum of the worm-thread from one-half the outside 
diajneter of the worm. The addendum of the worm-thread 
(as previously explained) equals 0.5 X 0.3183 = 0.1591 inch, 
and radius R = (2.5 -^ 2) — 2 X 0.1591 =0.931 inch. 

Angular Position of Worm-wheel for Gashing. — When a 
worm-wheel is hobbed in a milling machine, gashes are milled 
before the bobbing operation. The table of the machine, 
while gashing, must be swiveled around from its right-angle 
position, the amount depending upon the relation between the 
lead of the worm-thread and the pitch circumference. 

Example. — If a worm-wheel is to mesh with a double- 
threaded worm haviiig a linear pitch of 0.5 inch and an out- 
side diameter of 2.5 inches, at what angle should the milling 
machine table be set for gashing? 

The first step is to find the circumference of the pitch circle 

of the worm. The pitch diameter equals the outside diameter 

us twice the addendum of the worm thread, and the 

Idendum equals the linear pitch times 0.3183, or 0.5 X 0.3183 
inch. Hence, the pitch diameter equals 2.5 — 2 
X 0.1591 ■= 2. 18 inches, and the pitch circumference equals 
2.18 X 3.1416 = 6.848 inches. 

As the worm is double-threaded, the lead equals 2 times 
the pitch, or 1 inch. After determining the lead and the pitch 
^circumference, the angle to which the table of the machine 

lould be set is found as follows: 

Rule: Divide the lead of the worm-thread by the pitch 
mference to obtain the tangent of the desired angle, and 
then refer to a table of tangents to determine what this angle 
is. In this case it is i -^ 6.848 = 0.1460, which is the tangent 
of 8^ degrees, nearly. Therefore, the table of the milling 
machine is set at an angle of S5 degrees from its normal position. 

Pitch of Cutter for Spiral Gears. — If the number of teeth 

ra helical or spiral gear, the helix aix^lc ol VVe Xs.^'Os). t^^a.'t^N'e. 
.11 
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to the axis, and the pitch diameter are known, the diajnctrfl 
pitch of the cutler to use for that gear may- be determincfl 
as follows; H 

Rtile: Divide the number of teeth by the pitch diameto^ 
thus obtaining the "real diametral pitch." The "normal 
diametral pitch," which represents the pitch of the cutter 
to use, is then found by dividing the real diametral pitch by^ 
the cosine of the helix angle of the gear teeth. 

Example. — Assume that the gear has 48 teeth, a pitd 
diameter of 13.5 inches, and a tooth angle of 16 degrees 16" 
minutes. What is the normal diametral pitch of the cutter? 
The real diametral pitch equals 48 -^ 12.5 = 3.84. The cosine 
of i6 degrees 16 minutes is 0.9599; therefore, the normal dt-J 
ametral pitch of the cutter equals 3.84 -§- 0.9599 = 
nearly; hence, a cutter of 4 diametral pitch would be used,l 
Thb same cutter could be used for a spur gear having 48 
teeth and a pitch diameter of u inches. 

Depth of Cut for Spiral Gears. — After the normal diametraj 
pitch of the cutter to use for spiral gears is determined, 
explained in the preceding paragraph, the whole depth 1 
the tooth, or depth to which the cutter should be sunk int(^ 
the blank, may be found by dividing 2.157 W ^^ normal 
diametral pitch. If the normal diametral pitch were 4, the 
whole depth of tooth would equal 2.157 -5- 4 = o-539 inch. 

Cutter Number for Spiral Gears. — The formed cuttet 
sometimes used for cutting spur gears may also be employe^ 
for spiral gears, although the number of the cutter for a g 
pitch is not selected with reference to the actual number < 
teeth in a spiral gear as in the case of a spur gear. 

Riile: When a spiral gear is to be milled with a formd 
cutter, the number of teeth for which the cutter should 1 
selected may be determined by dividing the actual nmntu 
uf teeth in the spiral gear by the cube of the cosine of the 
tooth angle. 

Example. — If the angle between the teeth and the axis 
of a spiral gear is 20 depees, and the gear is to have 48 teeth, 
what number of cutter should be used, assuming that involute 
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d gear-cutters made according to the Brown & Sharpe sys- 
1 for spur gears are to be used? 

; co&ine of 20 degrees is 0.9397, nearly. Therefore, the 

Tiber of teeth for which to select a cutter equals - — ^ — r- 

(0.9397)' 
7.8 or, say, 58 teeth. The No. 2 cutter would be used in 
i case, as this is intended for gears having from 55 to 134 
th. 

Lead of Spiral-gear Teeth. — If a spiral or helical gear 

; wide enough, the teeth would wind around the gear like 

threads of a multiple- threaded screw. When cutting a 

liral gear, it is necessary to determine the lead of the teeth, 

the distance each tooth would advance, assuming that it 

,de one complete turn. If a milli ng machine is used for 

tting the gear, the index- he ad and table feed-screw are 

mnected by change-gears selected according to the lead. 

\Vhen the pitch diameter and tooth angle {angle between a 

tooth and the axis of the gear) are known, the lead of the 

teeth may be found as follows: 

Rule: Multiply the pitch circumference of the gear by the 
cotangent of the tooth angle. The lead is equal to the pitch 
circumference when the tooth angle is 45 degrees. 

Example. — If the pitch diameter equals 4.005 inches, and 
tooth angle is 22J degrees, what is the lead of the gear 
leth? 

The first step is to find the pitch circumference, which 
equals 4.005 X 3.1416 = 12.582 inches. As the cotangent of 
-ii degrees is 2.414, the lead equals 12.582 X 2.414 = 30.373 



w^. 



' In designing spiral gears, the diameter and helix angle of 
"the teeth are ordinarily made to suit conditions so that the 
lead of the teeth may be an odd dimension which cannot be 
obtained exactly, although usually some combination of the 
change-gears furnished with a universal milling machine will 
pve a lead which is accurate enough for practical purposes. 
^^ Calculating Tooth Angle of Spiral Gear from Sample. — 
^■t is sometimes necessary to determine V\»c ^^e^is. ^w^c\w.v«*:k^ 
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the teeth of a spiral gear and its ads, by measuring a gear 
which is already cut, the object being to reproduce the sample 
gear. In order to determine the helix angle by the following 
method, it is necessary to know the width TV of the face (see 
Fig. 3), the distance A that a tooth advances in the width of 




Flf . 3. Dlicnm illnctiatiog Method of calcnUUng Tooth Antle of Spirt] 
GMT from SamiilB 

the face, the outside diameter O, and the pitch diameter D. 
All of these measurements are taken directly from the sample, 
ctcept the pitch diameter. The latter is obtained from the 
normal diametral pitch of the cutter used for cutting the 
gear teeth, and is found as follows: Divide 2 by the normal 
diametral pitch, and subtract the quotient from the outside 
diameter. The difference equals the pitch diameter. 
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Suppose the outside diameter of the gear is 6.968 inches and 
the normal diametral pitch of the cutter used for cutting the 
sample gear is 8 inches. Then the pitch diameter of the gear 
equals 6.968 — (2-^8)= 6.718 inches, which is the pitch 
diameter. 

The next step is to calculate the distance x {Fig, 3) which 
the tooth advances on the pitch circle in tJie width of the 
face. The advance A is first measured by using a height 
^ge, or in any other convenient way. The sine of angle b 
equals dimension A divided by the outside diameter. Thus: 

(.. . A o ^ 

bin =— ~- - = — . 

2-2 o 

Assuming that A measures 3.01 inches, then sine b equals 

^ ■-■- = 0.432. By referring to a table of sineSj it is found 
6.968 

that angle b equals 15 degrees 36 minutes, or 23.6 degrees. 

When this angle has been determined, the dimension x can 

[ be found by proportion, thus: 

- : 3.1416 X D:: 25.6 degrees : 360 degrees. 

This proportion may be simplified to the following expres- 
[ ^on: 

25.6 X 1.1416 X D c • 1, 

X = -^ fil ~ 3.0016 mches. 

After determining the distance x which the helix advances 
along the pitch circle in the width of the gear, the helix angle 
may be found easily. This helLx angle a is indicated in Fig. 3 
on the development at the upper part of the illustration, 
which represents a section of the surface of the pitch cylinder 
as it would appear if the surface had been laid out flat on a 
drawing-board. The tangent of helix angle a equals dimen- 
sion X divided by the width W of the gear. Assuming this 
width to be 3 inches, then the tangent of angle a equals 
3.0016 -i- 3 = 1.0005. which is the tangent of 45 degrees i 
minute, thus indicating that the helical angle of the gear is 
45 degrees. 
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CHAPTER XV 
TYPICAL HACHinE SHOP PROBLEMS 

The use of mathematics in the machine shop and tool-rooin 
often saves time and prevents spoiling work by substituting 
a direct and accurate method for the "cut-and-try" method 
which is frequently resorted to by those who are unable to 
apply mathematical principles to the problems at hand. 
While the drafting-room is the proper place to do the mathe- 
matical work, a great many machinists and toolmakers, 
particularly in small shops, find it necessary to carry on cer- 
tain operations independently of a draftsman and sometimes 
without a drawing when, as often occurs in repair work, 
drawings do not exist. Some of the examples included in 
this chapter are intended to illustrate principles which have 
been explained in preceding chapters. Other examples are 
inserted primarily because they re])reaent the kind of Informa- 
tion frequently required in general machine shop practice. 

Pitch and Lead of Screw Threads and Number of Threads 
per Inch. — The terms pitch and lead of screw threads arc 
often confused. The pitch of a screw thread is the distance 
from the top of one thread to the top of the next thread. No 
matter whether the screw has a single, double, triple, or 
quadruple thread, the pitch is always the distance from the 
top of one thread to the top of the next thread. The lead of 
a screw thread is the distance the nut will move forward on 
the screw, if it is turned around one full revolution. In ihi' 
single-threaded screw, the pitch and lead are equal, becau^- 
the nut would move forward the distance from one thread % 
the next, if turned around once. In a double-threaded s 
however, the nut will move forward two threads, or 1 
the pitch, so that, in a double-threaded screw, the lead eqia 
twice the pitch. In a triple-threaded screw, the lead eqta 



MACHINE SHOP PROBLEMS 207 

ibree times the pitch, and so forth. The lead may also be 
expressed as being the distance from center to center of the 
same thread, after one turn. 

The word pitch is often, though improperly, used in the 
shop to denote the number of threads per inch. Screws are 
often referred to as having 12 pitch thread, 16 pitch thread, 
when 12 threads per inch and 16 threads per inch is what is 
really meant. The number of threads per inch equals 1 divided 
I by the pitch, or, expressed as a formula: 

Number of threads per inch = 



The pitch of a screw equals 
■threads per inch, or: 

Pitch - 



pitch 
divided by the number of 



per 

^the 

^■tnu] 



number of threads per inch 
Thus, if the number of threads per inch equals 16, the pitch 
equals tV- If ^^^ pitch equals 0.05, the number of threads 
per inch equals i -^ 0.05 = 20. If the pitch equals J inch, 
I the number of threads per inch equals i -^ | = 2^. 

Confusion is often caused by indefinite designation of 
nultiple-thread {double, triple, quadruple, etc.) screws. One 
"way of expressing that a double-thread screw is required is 
to say, for instance: "3 threads per inch double," which 
means that the screw is cut with 3 double threads, or 6 threads 
per inch. The pitch of this screw is i inch, and the lead is 
twice this, or J inch. To cut this screw, the lathe will be 
geared to cut 3 threads per inch, but the thread will be cut 
only to the depth required for 6 threads per inch. "Four 
threads per inch triple" means that there are 4 times 3, or 

ki2 threads along one inch of the screw. The pitch of the 
icrew is -^ inch, but being a triple screw, the lead of the thread 
b 3 times the pitch, or J inch. 
The best way of expressing that a multiple-thread screw is 
to be cut, when the lead and the pitch have been figured, is, 
I for example: "J inch lead, -^ inch pitch, triple thread." In 
^nbc case of single-threaded screws, the numbcT ot \JKi«aiis. 
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per inch and the form of the thread only are given. The 
word "single" is not required. 

Diameters of Holes before Tapping and Thread Cutting. — 
Holes that ate to be tapp>ed should ordinarily be somewhat 
larger than the root diameter of the thread to reduce tap 
breakage and to increase the tapping sp>eed. A thread equal 
to about 75 per cent of the standard depth is considered about 
right for ordinary manufacturing practice. If the holes are 
to have U. S. standard threads, the diameter of the tap drill 
may be determined as follows: 

Rule: Divide 1.299 by the nimiber of threads per inch, 
multiply the quotient by 0.75, and subtract the result from 
the outside diameter of the tap. To allow for a full depth of 
thread, the multiplication by 0.75 before subtracting from 
the outside diameter is omitted. If some other percentage of 
depth is desired, this is merely substituted for the figure 
given. 

Example. — What is the diameter of a tap driU for holes 
to be tapped with f| U. S. standard threads? 

The a U. S. standard thread has 10 threads per inch. 

h^99. = 0.1299, and 0.1299 X 0.75 = 0.0974 inch. 
10 

The outside diameter of the tap, or 0.8125 — 0.0974, equals 
0.715 inch. Hence, a drill H inch in diameter should be used. 

In figuring the tap drill sizes for other threads, the follow- 
ing constants are used: 

For a sharp V- thread, divide 1.732 by the number of threads 
per inch. 

For the Whitworth standard thread, divide 1.2806 by the* 
number of threads per inch. 

When cutting internal threads in a lathe, the hole is usually 
bored to the root diameter, especially for the larger sizes of 
screw threads, instead of making the diameter somewhat 
larger than the root diameter, as when tapping. To obtain 
the root diameter, divide one of the constants previously 
given by the number of threads per inch and stlbtract the 
quotient from the outside diameter of the screw thread. 
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Qch; hence the root diameter equals 4 - 



- 0-433 



Example. — If a hole is to be threaded to receive a U. S. 

standard screw 4 inches in diameter, to what diameter should 

the hole be bored? 

The 4-inch U. S. standard screw thread has 3 threads per 
_lii92 = 
3 

■-= 3-567 inches. 

Inclination of Thread Tool Relative to Thread. — When 
utting screw threads, and especially square threads which 

incline considerably relative to 

the axis, it is desirable, if not 

accessary, to set the cutting 

end of the tool in line with the 

thread groove, or at the helix 

imgle. The diagram (Fig. i) 

Illustrates how tapering steel 

strips may be used for holding 

the tool in the proper position. 

The angle a of these strips is 

Ithe same as the helix angle of 

Jie thread relative to a plane 

jerpendicular to the axis of the 

Bcrew. The tangent of this angle 

equals the lead of the thread 

divided by the circumference of 

the screw. The outside circum- 
ference may be taken in most cases, although the pitch dr- 
^^ cumference is more nearly correct. 

^B Example. — A number of double-threaded screws 2J inches 
^Bn diameter and J inch pitch are to be cut, and it is desired to 
^^make tapering strips for holding the thread tool in line with 

the thread groove. To what angle a (Fig. i) should the strips 

be made? 

Since the screw is doubled-threaded, it is necessary to con- 
sider the lead of the thread in order to determine the proper 
jl helix angle. The lead of a double thread equals twice the 
^^kutch, or, in this case, 0.25 X 2 = o,^ uac\i. 'Wife Q^i.^.•i^&Si | 




Fig. 1. 
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circumference of the screw equals 2.25 X 3.1416 = 7.068. 

Therefore, tan a = — ^ = 0.0707, which is the tangent of 

7.068 

4 degrees, approximately. 

^dth of Cutter for Milling Straight-tooth Clutches.— 
The width of the cutter to use for milling the teeth of straight- 
tooth clutches (of the type illustrated by the diagram, Fig. 2) 
depends upon the width of the tooth space across the inside 
diameter of the clutch. 

Rule: In order to determine the cutter width FT, first find 
the angle a of the tooth space by dividing 360 by twice the 
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CLUTCH 



Fig. 2. Diagram illustrating Problem of determining Width W of Cutter for 

Milling Straight-tooth Clutch 

number of clutch teeth. Divide the sine of this angle by 2 
and multiply the quotient by the inside diameter D of the 
clutch to obtain the width W of the cutter. 

Example. — If the clutch is to have 7 teeth and the inside 
diameter Z) is 4 inches, what width of cutter should be used? 

As there are to be 7 teeth, the angle a of the tooth space 
equals 360 -^ 14 = 25.7, or 25 degrees 40 minutes, approxi- 
mately. The sine of 25 degrees 40 minutes, or 0.433 -r- 2 
= 0.216, and 0.216 X 4 = 0.86, or | inch, nearly. Hence, 
a cutter | inch wide would be used. 

Clutches of this kind usually have an odd number of teeth, 
the advantage being that a cut can be taken clear across the 
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blank when milliag teeth, thus finishing the sides of two teeth 
at one passage of the cutter. 

Angular Position of Blank for Milling Saw-tooth Clutches. — 
When the teeth of saw-tooth clutches are being milled, the 
clutch blank should be set at such an angle that the bot- 
toms and tops of the teeth incline an equal amount relative 
to the axis of the clutch. The teeth on the driving and the 
driven parts of the clutch will then mesh properly. The 
diagram (Fig. 3) represents the clutch blank held in an angular 




wbith S«w-tooth 



wsition by the dividing-head of a milling machine. The 
KiBogle a to which the dividing-head should be set may be de-i 
termined as follows: 

Ride: Divide 180 by the number of teeth the clutch is to 
bavc: find the tangent of the angle thus obtained and multi- 
ply this tangent by the cotangent of the cutter angle. The 
result equals the cosine of angle a (Fig. 3) to which the dividing- 
head should be set. This rule is clearer when expressed as a 
formula. Thus: 

Cos a = tan ~- X cot cutter angle. 
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In this formula, N equals the number of teeth in the dutch. 
Both the formula and the preceding rule apply to the single- 
angle form of clutch-tooth which has one side parallel with 
the axis of the clutch. 

Example. — A dutch is to have lo teelh and is to be milled 
with a 6o-degree single-angle cutter. To what angle a should 
the dividing-head be set? 

i8o -i- 10 = 18°, and the tangent of 18 degrees is 0.3249. 
The cotangent of the cutter angle equals 0.5773, ^nd 0.5773 
X 0.3249 = 0.1875, which is 
the cosine of 79 degrees 10 
minutes, nearly. 

Depth of Keyway. — When 
milling or planing a keyway, 
it is convenient to adjust 
the tool until it just grazes 
the top of the shaft, and 
then adjust it to the proper 
depth from this point. If 
the depth B (Fig. 4) at one 
side is given on the drawing, 
it is necessary to determine 
the height of the arc A and 
add this to depth B to de- 
termine the total depth as measured from the top of the shaft. 
Rule: To find the height of arc A, square one-half the 
width of the keyway and subtract the result from the square 
of the shaft radius. The square root of the remainder, sub- 
tracted from the shaft radius, equals the height A of the 




Expressed as a formula in which the letters correspond to 

those in Fig. 4; 

A = R- VR^ - (i wy. 

Example. — If the shaft diameter is 10 inches and the 
width of the keyway is 2 inches, what is the height of arc A? 

A = 5 - V5' - 1' = 5 - ^24 = 5 - 4.899 = o.ioi indi. 
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This amount should be added to the depth B of the keyway 

I obtain the total depth. When milling the keyway, the 

jcutter would be set to just graze the top of the shaft, and then 

the knee of the machine should be elevated an amount equal 

to this total depth. 

Taper of Dovetail Slide for Given Gib Taper. — In planing 

taper gibs and dovetail slides, if the gib is first planed to a 

given taper per foot the dovetail slide should not be planed 

» this same taper per foot, assuming that the taper on the 




gib is measured in a plane x ~ x (see Fig. 5) and the taper of 
the slide is measured in a plane y — y. Suppose that the gib 
as first planed is simply a tapering strip of rectangular cross- 
section, and that it has a taper of 0.125 inch per foot. After 
the top and bottom edges of the gib are planed so that they 
: parallel ■with plane y — y when the gib is in place, the 
problem is to determine the taper of the slide. The 

totted line / in the illustration represents the taper of the 
^b in a length of one foot. This taper will equal dimension 
I if measured in plane x — x. and in this case is 0.125 inch. 
^aw, in order to set the slide in the proper position on the 

lacbine, (he amount of taper T measuied m ^ia.x^t ^ — "J 
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is first determined and tlien the corresponding angle, 
taper T depends upon the angle of the dovetail and represent^ 
the taper to which the slide should be planed in order to hav( 
the outer side of the gib parallel with the opposite or straigl 
side of the dovetailed part. 

If the angle a is 50 degrees, the angle b equals 90 — 50 = 
degrees. Having the angle b, the taper T for a given taper t 

equals ~- Expressing this formula as a rule, the taper 

cos 6 

for planing a dovetail to fit a tapering gib may be obtained 

as follows: 

Rule: Subtract the angle a of the dovetail slide from 90 
degrees and find the cosine corresponding to the different 
between these angles. Divide the taper of the gib by 1 
cosine to obtain the taper of the dovetail in a plane y ~ y. 

In this case, the angle b equals 40 degrees and the cosine 
40 degrees equals 0.766. The taper to which the gib is planed 
equals 0,125 '^^^ P^r ^oot, and 0.125 ■=" 0.766 = 0.163, which™ 
is the taper per foot in a plane y — y. 

The tangent of the angle corresponding to the taper | 
foot may be found by dividing the taper in inches per foot 
by 12. In this case, the taper per foot of the dovetail slide is 
0.163 inch, when measured parallel to the flat bearing surfaces- 
At what angle should the slide be set for planing or miUing 
that side against which the gib bears? 

The tangent of the angle equals 0.163 -^ 12 = 0.0136 wUch 
is the tangent of 47 minutes. Therefore, one side of the slide 
should be set as nearly as possible to this angle when machin- 
ing the opposite or gib side. It will be understood that ths^ 
angular position of the slide when planing or milling it, Ifl 
relative to the travel of the machine table. fl 

Finding Lead of Spiral Milling Cutter from Sample. — 
The lead of a spiral milling cutter, like the one shown by the 
diagram, Fig. 6, may be determined from the cutter itself 
by the following method: 

First, it is necessary to obtain the angle between the teell 
gnd the axis of the cutter. A practifcai method of ] 
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this angle is to coat the land or edge of one of the teeth, as 
AB, with some marking material, such as black lead, and then 
rol! the cutter upon a flat sheet of paper in the direction shown 
by arrow K. The contact between the spiral or, more properly, 
helical edge of the cutter tooth and the paper will form a 
straight line AiBi. In order to determine the angle, it may 
be preferable to extend this line by means of a straightedge. 
Another line 3/lA^ is then drawn, to represent the axis of 
e cutter at right angles to line C along which the cutter 
IS rolled. The next step is to measure angle a by means 




of a protractor. The lead of the spiral or helix for any cir- 
cumference is then determined by multiplying this circum- 
ference by the cotangent of the helix angle just measured. 
For instance, if the circumference were is inches and the 
cotangent of angle a were 4, the lead of the spiral would be 
1 2 times 4, or 48 inches. The cutter might be rolled along 
one edge of the sheet, or, all of the teeth could be covered at 
one end with marking material to locate line C. 

Calculations for Measuring Dovetail Slides. — A common 
method of measuring or ga^ng dovetail slides is illustrated 
by Fig. 7. The upper ^w, .4, shows how a male dovetail is 
gaged by measuring the distance x acio'a*i Vnu ojXvR&r^'^'i^ 
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rods or plugs which are placed against each side of the dove- 
tail. This same general method applied to a female dovetail 
is illustrated by the lower view, B. The dimension x for 
gaging the male dovetail may be determined by the following 
rule: 




<: n >j 

B 



Fig. 7. Measurement of Dovetail Slides by Cylindrical Plug Method 

Rule: Add one to the cotangent of one-half the dovetail 
angle a and multiply the sum by the diameter D of the 
cylindrical rods used. Next add the product thus obtained 
to dimension m. 

Expressing this rule as a formula: 

x = Z) X (i + cot I a) + m. 

Example. — If the width w of a male dovetail is to be lo 
inches, the angle a, 50 degrees, and diameter D of the rods, 
1.25 inch, to what dimension x should a vernier caliper be 
set for testing the width of the dovetail? 
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Dimension a; = 1.25 X (i + cot 25 degrees) + m = 1.25 
X 3->445 + 10 = 13-93 inches. 

When the female dovetail is to be measured, as illustrated 
it B, dimension y may be found by the following rule: 
Rule: Add one to the cotangent of one-half the dovetail 
'angle a; multiply the sum by the diameter D of the rod, and 
subtract the result from dimension n. 
Expressing this nUe as a formula, 

y = n - Z>X{i +cot^a). 
If the dimension c is required, this equals the vertical height 
h multiplied by the cotangent of angle a. The cylindrical 
rods or plugs used for gaging a dovetail by this method should 
be small enough so that the point c of contact is somewhat 
below the corner or edge of the dovetail. 

Estimating Weights of Bar Stock. — The weight of round 

steel bars per foot of length may be determined by multiply- 

ig the diameter of the bar by 4, squaring the product and 

len dividing the result by 6. This rule expressed as a formula 

'would be: 

Weight per foot = id_^-^, 
6 

in which d equals the diameter of the stock, in inches. This 
rule is based on 489 pounds per cubic foot. 

Hexagon stock is about 10 per cent heavier than round; 

|uarc stock, about 28 per cent heavier than round. It is 

Lsier, however, to obtain the weight of square or rectangular 

ictions by multiplying the area of the cross-section in square 

inches by 10, which will give the weight per yard of length. 

This is based on 480 pounds to the cubic foot, the weight of 

iron and a unit of length which was in common use when 

iron was generally used. "Weights per yard," however, have 

disappeared almost entirely, except in connection with rails, 

and section books now give the weights of material in pounds 

per foot. The weight per foot is easily arrived at by taking 

one-third of the figures obtained by the preceding rule for 

m and by adding 2 per cent for weight ot s\.t«\. 

14 1 
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Weight of Sheet Iron per Square Foot. — The weight of 
sheet iron is found by using the number of thousandths of 
thickness considered as a whole number and dividing by 25 
to obtain the weight in pounds per square foot. Hence i-inch 
plate equals 125 thousandths + 25 = 5 pounds. This, too, 
is based on 480 pounds per square foot and is 2 per cent too 
light for steel, which would then weigh 5.1 pounds in the 
above example. The result obtained by using a block 12 
inches thick is 

12 X 1000 o J * ■ 

= 480 pounds, for iron. 

To this add 2 per cent for sheet steel which equals 480 + 9.6 
= 489.6 pounds. 




terminine Rumber 

Number of Bars of Stock in a PUe. — When bars of stock, 
billets or other pieces of uniform size are piled in rows, as 
illustrated in Fig. 8, the number may be determined without 
actually counting all the pieces. The method is as follows: 
Multiply the number of bars or other pieces in the top row 
by the number of rows, which gives the number contained 
in the parallelogram shown at ^4, To this result add the 
number of odd bars, if any, on top of the pile and also the 
product of one-half the number of rows multiplied by one 
less than the number of rows in the pile. The latter gives the 
number of bars shown at the right of the parallelogram. This 
rule can be stated as a simple formula as follows: 



ff = TS +-{S - i) +0, 



in wbichf 



MACHINE SHOP PROBLEMS 



aig 



N = number of bars; 

T = number of bars in top row; 

S = number of bars in side row; 

O = number of odd bars on top, 

For example, in the case shown aX A, T = i$; S = 6; and 
10=4. Inserting these values in the formula and solving, the 
[number of bars is found to be: 

iSX6 + |X(6-i)-|-4 = 9o + i5+4= 109. 

Should the pile have only one bar on top, as at B, add i to 
•the number of rows, then multiply one-half of this sum by the 
factual number of rows; or, as a formula: 



(^)- 



Substituting in this formula the value of S shown at B, 
or 7, and solving, the number of bars is found to be: 

1 + I 



7X^ 



'=7X4= 



jS. 



Another method for determining the number of bars in a 

Ipile without actually counting all of them is as follows: Add 

I the number of bars in the top row to the number of bars in 

■the bottom row and multiply the result by one-half the num- 

>er of rows. To this result add the odd number, if any, at 

iie top of the pile. This can be stated as a simple formula: 

S = {T + B)- + 0, 
n which, 

S = total number of bars; 
T = number of bars in top row; 
B = number of bars in bottom row; 
N = number of complete rows; 
= number of odd bars at top of pile. 
For example, in the case shown at A, (Fig. 8) 7" = 15, 
= 20, iV = 6, O = 4. Inserting these values in the formula 
md solving: 

5 = (15 -f ao) - -F 4 = 35 X 3 + 4 = 109- 
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In the case shown at 5, T = i, 5 = 7, iV = 7, « o. 
Inserting these values in the formula and solving: 

5 = (1+7) ^ + = 8X^ + = 28. 

2 2 

To Find Economical Length of Stock for Four-spindle 
Screw Machine. — Frequently, in multiple-spindle screw- 
machine work, four bars of unequal length are in the machine 
and one bar of stock remains to be cut. The problem then 
arises of cutting this bar into four pieces of such lengths that 
all the stock will be finished at the same time, yet none of 
the spindles will be running empty while the others are 
finishing. 

This can be solved by finding the difference in the lengths of 
the bars in the machine and' then finding the amount that 
must be added to the longest bar. For example, the remain- 
ing bar is 8 feet long. The difference between the longest 
and the next longest bar is 9 inches; between the longest 
and the third longest bar is 14 inches; and between the long- 
est and the shortest bar is 17 inches. 

li X = number of inches to be added to longest bar; 
. X + g = number of inches to be added to next longest bar; 

X + 14 = number of inches to be added to third longest bar; 

X + ly = number of inches to be added to shortest bar; 
4 X + 40 = amount to be added to all the bars. 

As the remaining bar is 96 inches long, 40; -h 40 = 96; 
4 :«: = 96 ~ 40 = 56, and x = 14. So the lengths into which 
the bar should be cut are a; = 14 inches; a; -|- 9 = 23 inches; 
X -f 14 = 28 inches; and re -f 17 = 31 inches. 

Setting the Sine Bar to a Given Angle. — A simple applica- 
tion of the sine bar is illustrated by the diagram, Fig. 9. A 
taper plate is to be ground to an angle of 10 degrees 30 minutes. 
After one edge is finished straight the plate is held against 
an angle-plate and upon a sine bar, which must be set to the 
angle required. An accurate sine bar can be set to a given 
angle within close limits, provided the distance C between 
the centers of the plugs or bushings attached to the bar is 
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Dowh. Assuming that center distance C equals lo inches, 
in this case, then the problem is to find what the vertical 
distance x between the plugs should be when the sine bar is 
set to lo degrees 30 minutes. 

Rule : To obtain this distance x, first find the sine of 
the angle required and mulLiply this sine by the center 
distance C. 

By referring to a table of sines, we find that the sine of 
iodegrees3ominutesiso.i83a3, and distance a; = 0.18223 X 10 
= 1,82a inch for an angle of 10 degrees 30 minutes. 

Setting a Sine-bar Fixture to a Given Angle. — Sine-bar 
fixtures similar to the one shown in Fig. :o are sometimes used 




ol ■ Plain Sine Bw 

1 preference to a plain bar. That part of the fixture which 

takes the place of the sine bar is in the form of a plate or 

leaf, and is pivoted at one end to the base. On this fixture, 

the center of the pivot is exactly i^ inch from the under side 

L of the base, and the distance from the center of the pivot to 

I the center of the plug on the leaf is 5 inches, as indicated on 

I the illustration. Therefore, the vertical height x from a 

nirface plate on which the fixture is held, to the top of the 

B^-inch plug on the leaf, is determined for this sine-bar fixture 

as follows: 

Find the sine of the required angle A, multiply the sine 
by 5 and add to the product 1.5 inch plus the radius of the 
fttlug, or 1.5 + 0.25. Thus, ar = sin A X S + t-IS- 
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Example. — Suppose a gage is to be ground to an angle 
of 31 degrees. To what distance x should the height gage be 

Sin 31 degrees = 0.51504. 
Therefore, 

X = 0.51504 X 5 + 1.7s = 4-325 inches. 

This fixture has in addition to a plug on the leaf another 
plug on the base, the center of which is also exactly 5 inches 
from the center of the pivot. The height x would be required 
when setting the leaf to a given angle A by means of a height 
gage or a similar measuring instrument, but if a micrometer 




Fig. 10. Sine-bar Fizture 

or a vernier caliper were used, the distance y over the plugs 
would be required. The distance y from the outside of one 
plug to the outside of the other plug equals the sine of \ the 
angle C multiplied by twice the center distance, plus the plug 

C 

diameter, or y = sin — X 10 + 0.5, for this particular sine bar. 

2 
The angle A represents the angle between the leaf and base 
of the fixture. Angle C for any angle A equals -4 + 10 degrees. 
The angle of 10 degrees marked on the drawing (Fig. 10) 
represents the angle between a horizontal line intersecting the 
axis of the leaf pivot and a line passing through the center of 
this pivot and the center of the lower measuring plug. 
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he sine bar were set for 3 1 degrees, then angle C would 

equal 31 + 10 = 41 degrees, and the sine of ^ angle C or 

20 degrees 30 minutes = 0,35021, and 0.35021 X 10 + 0.5 

= 4.002 inches. The micrometer or vernier caliper would 

then be set to 4.00a Inches. 

! Measurement of Angles with Sine Bar. — When the sine 

Hjbar is used for measuring the angle of a finished part, the 

^■problem is the reverse of that previously referred to, the 

^■object being to determine the angle corresponding to a given 

^■measurement instead of the measurement for setting the 

V'Une bar to a given angle. 

Example. — ■ Assuming that the angle of the tapering plate 
shown on the sine bar in Fig. 9 is not known, how is this angle 
determined? 

If the top edge of the plate is parallel with the surface 
plate from which the heights of the plugs are to be measured, 
iie difference x between the heights of the plugs is first de- 
§termined. This distance is then divided by the center dis- 
tance C of the sine bar to obtain the sine of the angle. For 
tstance, if x equals 1.822 inch, the sine of the required angle 
tquals 1.822 -^ 10 = 0.1822, which is the sine of 10 degrees 
> minutes. 

If both edges of the plate to be measured were at an 
Lngle with the surface plate, the angle of each edge would 
rbe determined separately by placing the sine bar in 
contact with first one edge and then the other, and pro- 
ceeding as just described. The sum of the angles thus 
obtained would equal the total included angle between the 



r 



When using the sine-bar fixture shown in Fig. 10, the sine 
angle A for a given measurement x is found as follows: 
Subtract from height x the radius of the plug plus the dis- 
tance from the base to the center of the pivot, and divide 
ithe remainder by the center distance between the pivot and 
ilie sine-bar plug. For this sine-bar fixture, sin A = ^ "I l '-73 - 
Example. — If a; equals 4.325 inches, what is an^la A? 
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Sin A = ^'^^^ ^^^ = 0.515, which is the sine of 31 

degrees. 

The angle A for a given measurement y over the plugs is 
obtained by first finding the sine of one-half angle C which 

equals^— — ^« Angle A is found by subtracting 10 degrees 
10 

from angle C. 

Example. — If y measures 4.002 inches, to tirhat angle A 

is the sine bar set? 

Sine of one-half angle C = ^ — — ^ = 0.3502, which is 

10 



£ 
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Fig. 11. Diagram for Illastrating Relative Movement between Catting 

Tool and V-back-rest 



the sine of 20 degrees 30 minutes. Therefore, C = 41 degrees, 
and i4 = 41 — 10 = 31 degrees. 

Movement of a Back-rest for Reductions of Diameter. — 
The diagram, Fig. 11, shows a turning tool and a V-shaped 
back-rest which are mounted upon slides connected by a right- 
and left-hand screw. What should be the horizontal movement 
of a 90-degree V-rest to keep in contact with the work while 
the tool moves horizontally if inch? If the pitch of the thread 
that moves the tool is | inch, what should it be for moving 
the rest? 

It will be seen that the rest must move horizontally a greater 
distance than the tool, that is, the horizontal distance AB is 
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greater than the radial distance AC. The distance AB may 
be calculated as follows: 

AB = AC -^ cos 45 degrees, or i| ^ 0.707 = 2.398, or 
^H inches. 

If a pitch of i inch moves the toot, then the pitch for the 
tack-rest must be greater in the following proportion: 
(2H ^ li) X i = 0.177 or ¥T inch, nearly. 



I 




A ^mple arithmetical solution of the problem, because of 
the angle of the jaws being 90 degrees, may be made as 

follows: .. .^ A ni J 

2 X AO = AB', and 



AB = V3 X if X if = 2.3, or 2ii inches (approximately). 
If the jaw angle is not 90 degrees, then the general solution 
Riven above may be applied to all cases. 
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Angle of V-shaped Notches in a Ring. — Fig. 1 2 represents 
a ring having V-shaped notches on the inside. The problem 
is to determine the angle of the tool for planing or slotting 
these notches so that the teeth formed by the notches will 
have a given angle a. Since the tool is to be shaped to cut 
out the notches between the teeth, the angle of the tool must 
be equal to the angle between the sides of any one of the 
notches. Draw the radial line OA , bisecting one of the notches 
and the radial line OB bisecting one of the teeth. Then, 
ECB = i angle of tooth, ODC = i angle of tool, and AOB -^ i 
center angle. By center angle is meant the angle between 
radial lines drawn from the center of the ring to corresponding 
points of two adjacent teeth, as, for example, angle GOH. 
By a principle of geometry, the exterior angle ECB of the 
triangle ODC equals the two opposite interior angles of the 
triangle. 

Hence, angle ECB = angle ODC + DOC, or 

angle ODC = angle ECB - angle DOC. 

Multiplying by 2, 

2 X angle ODC = 2 X (angle ECB - angle DOC), or 
Angle of tool = angle of tooth — center angle 

= angle of tooth — ^ — ;: • 

number of teeth 

Example, — What is the angle of the tool when the angle of 
the tooth equals 90 degrees and the ring is to have 60 teeth? 

Angle of tool = 90 — ^— = 90 — 6 = 84 degrees. 

60 

Position of Tool-slide for Taper Turning, Using Combined 
Feeds. — When a tapering or conical part must be machined 
in a vertical boring mill and the angle of the work is such 
that the tool-slide cannot be swiveled around to the angle 
required, the combined vertical and horizontal feeding move- 
ments are sometimes utilized to obtain the desired angle. It is 
apparent that if the tool-slide feeds horizontally and vertically 
at the same time, the path followed by the tool will be at an 
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[Dgle to the surface of the machine table. It is also evident 
[that the angle thus obtained may be modified by setting the 
[tool-slide at an angie other than its right-angle position. 

If the tool-slide moves horizontally J inch for each revolu- 
Ltion of the feed-screw, and vertically -^ inch for each revolu- 
(tion of the feed-shaft, the tool will move 4 inches horizontally 
l(i X 16 = 4), while it moves vertically 3 inches (^ X 16 = 3). 




^ 



the tool-slide were in the vertical position, the angle ob- 
tained by the combined feeds might be either greater or less 
than the required angle. 

Referring to the diagram (Fig. 13) suppose angle y is ob- 
tained when the tool-slide is in a vertical position, and that 
angle a is required. In this case, it will be necessary to set 
tool-slide at some angle x so that, as the tool feeds hori- 
itally a distance H, its downward movcmtuX. V 'wW cams*. 
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the conical surface to be turned at the required angle a. The 
first step is to find angle b. To obtain the sine of angle b, 
multiply the sine of the required angle a by the rate of the 
horizontal feeding movement, and divide the product by the 
rate of the vertical feeding movement. Thus, sine b equals 

— , in which H and V represent the rates of horizontal 

and vertical feeding movements, respectively. The difference 
between the sum of angles a and b and 90 degrees equals the 
required angle x. 

Example. — A conical-shaped casting is to be turned to an 
angle of 34 degrees as measured from the base of the casting. 
If the rate of the horizontal feeding movement to the vertical 
feeding movement is as 4 is to 3, and the combined feeds are 
used, to what angle x (see Fig. 13) should the tool-slide of the 
boring mill be set? 

The sine of 34 degrees equals 0.559; therefore, the sine of 

angle b equals ^^552 4 = 0.7453, and angle b equals 48 

3 
degrees 10 minutes, approximately. The angle x through 

which the tool-slide is moved from its vertical position equals 
90° — (34 + 48° 10') = 7 degrees 50 minutes, or approxi- 
mately ia| degrees. 

In this case, the lower end of the tool-slide is moved to 
the right from its vertical or central position, because the 
required angle a is less than the angle y obtained from the 
combined feeds when the tool-bar is vertical. If angle a 
were greater than y, the lower end of the tool-slide would be 
moved to the left from its vertical position, and the simi of 
angles a and b would exceed 90 degrees, so that the latter 
would be subtracted from this sum. 

Taper Turning on Vertical Mill when Housing is set back. 
— The housing of a vertical boring mill is sometimes set back 
to permit turning or boring a casting which is too large in 
diameter to clear the housing when the latter is in its proper 
position. As an example, assume that a large ring, 14 feet 
6 inches in diameter, is to be bored out with a taper of 30 
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iboriag mill, and on account of the table being loo small. 

ilrips have to be bolted to it to support the ring. The 
'housing must be set back so that the tool is 4 feet 6 iuctss. 

back from the center line of the nuSi. T\va csXeiasum V-kjA. 
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cannot be used, so it is necessary to use the heads on the 
cross-rail. At what angle must the head be set in this loca- 
tion in order to give the 30-degree bevel? 

The angle may be obtained either from a carefully drawn 
diagram or by a simple calculation. It should be noted, how- 
ever, that feeding the tool in a straight line under the con- 
ditions given will not produce a perfectly straight beveled 
surface, but one that is slightly convex, although the inac- 
curacy in this case is slight. 

Considering first the graphical method, draw, preferably to 
a large scale, a sectional view and plan of the bevel ring, 9l& 
shown in the illustration. Line CE represents the path of the 
tool. Points C and E projected to K and D give line KD, 
which also represents the path of the tool. Angle DKL, 
therefore, is the angle to which the head should be set. This 
angle can be measured by a protractor, if the drawing has been 
carefully made. It will, in the given case, be found to equal 

231 degrees. 

In order to ascertain if the line KD corresponds fairly well 
with the hyperbola along which the tool should properly be 
fed so as to produce a perfectly straight face at A By con- 
struct the curve which forms the intersection between plane 
CM and the cone of which beveled face ^45 is a part. The 
construction of the intersecting curve, which is one of the 
problems found in practically all text-books on mechanical 
drawing, is accomplished by projecting points P from the 
plan view to the sectional view as indicated. It will be found 
that in the present case the hyperbola almost coincides with the 
straight line between points D and K, Hence, the inaccuracy 
produced, that is, the convexity of face AB will be slight. 

To calculate angle DKLy proceed as follows: First find the 
length of CM. 

VCA'2 - NAP = CM. Hence, CM = V84' - 54^ = 64.34 inches. 

Next find the length of EN and of EM, 

£Ar = CA^ - ^F = 84 - 6 X cos 30 deg. = 78.8 inches. 
EM = VEN^ - NM^ = V78.82 - 542 = 57.39 inches. 
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"hen, CE = CM - EM = 6.95 = KL. 

KL -^ LD = cot DKL. 
But LD = ^B X sin 30 deg. = 3 inches. 

Hence, cot DKL = 6.95 -;- 3 = 2.317, and DKL = 2^\ 

I degrees, which is nearly the same as the angle of 23^ degrees 

[ obtained by the graphical solution. 

Travel of Cutter when Milling Gear Teeth. — It is well 

E'known that in milling gear blanks a certain allowance must 

Ebe made before the cutter 

cuts to the full depth, and 
that this must be added to 
the face width when figuring 
the cutting time. The dia- 
gram (Fig. 15) shows this 
extra travel which is repre- 

. sented by the letter x. This 

bfljnouDt must be added to 

I the face of the gear to obtain 
the full travel required, 

The method of figuring this 
extra travel requires only 
the solution of a right-angle 
triangle in which the hy- 
potenuse R represents the cutter radius; R ~ D, the perpen- 
dicular; X, the base of the triangle; D, the whole depth of the 
tooth. In the example given, the cutler radius is 1,5 inch. For 
a five-pitch cutter, D = 0.4314; therefore, R — D = 1.5—0.4314 
= 1.068; and X = V1.5' — 1.068* = V2.25 — 1. 14 = I inch, 
approximately, which should be added to the face width of 
the gear when estimating the time required for milling the 
teeth. 

Proportioning Gears when the Center Distance and the 
Number of Teeth are fixed. — Suppose the center- to-center 
distance between two shafts is fixed and it is desired to use 
gears of a certain pitch; how can the number of teeth in each 
;ar for a given speed be determined? 
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Since the gears must be of a certain pitch, the total number 
of teeth available may be determined and then the number 
of teeth in the driving and driven gears. The total number 
of teeth equals twice the product of the center distance multi- 
plied by the diametral pitch. If the center distance is 6 inches 
and the diametral pitch, lo, the total number of teeth equals 
6 X lo X 2 = I20 teeth. The next step is to find tfee number of 
teeth in the driving and driven gears for a given rate of speed. 

Ride: Divide the speed of the driving gear in revolutions 
per minute by the speed of the driven gear and add one to 
the quotient. Next divide the total nimiber of teeth in both 
gears by the simi previously obtained, and the quotient will 
equal the number of teeth in the driving gear. This number 
subtracted from the total number of teeth will equal the 
number of teeth required in the driven gear. 

Example. — If the center-to-center distance is 6 inches, the 
diametral pitch, lo, the total number of teeth available will 
be I20, as previously explained. If the speeds of the driving 
and the driven gears are to be loo and 6o revolutions per 
minute, respectively, find the number of teeth for each gear. 



lOO 



= if and if + I = 2f. 



6o 
I20 -^ 2f = -^^^^ X I = 45 = number of teeth in driving gear. 



The number of teeth in the driven gear equals 120 — 45 ==75 
teeth. 

The following formula may also be used for solving problems 
of this kind : 

,, C2RP CtR^P 

iV = n = — . 

R + Ri R + Ri 

In this formula, 

C = center-to-center distance between gears; 
R and Ri = terms of the ratio (substitute highest term for R); 
P = diametral pitch; 
N = number of teeth in large gear; 
n = number of teeth in small gear. 
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Example. — If this formula is applied to the preceding 

mple, the terms of the ratio equal = ^ ■ Then, 

too 5 

„ 6 X a X .; X IP 

5+3 "' 

^ 6 X g X 3 X IP 
S + 3 

The larger gear is placed on the shaft which is to run at the 
slowest speed. In this case, the driven shaft runs at the 
slowest speed: hence, the driven gear has 75 teeth. 



= 45- 




Fi(. 16. Rings of Odd and Circulu Shtges 

When the center distance and velocity ratios are fixed by 
f some essential construction of a machine, it is usually im- 
possible to use standard diametral pilch gear teeth. If cast 
gears are to be used, it does not matter so much, as a pattern- 
maker can lay out teeth according to the pitch desired, but 
" cut gears are required, an effort should be made to alter 
he center distance so that standard cutters can be used. 
Mean Circumference of a Ring. — To obtain the mean 
r circumference of a ring, divide the sum of the outside and 
linside diameters by 2, and multiply 3.1416 by the quotient. 

In Fig. 16, D equals the outside diameter, d equals the 
linside diameter, and Af equals the mean circumference. Then 

.3.M.6xi^^. 
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» 

Example. — Z? = lo inches; rf = 8 inches. What is the 

mean circumference? M = 3.1416 X — -^— = 28.27 inches. 

2 

When rings are of odd shape or are not circular, the mean 
drcimiference may be obtained if the diameter bf the stock 
and the length of the periphery, either on the inside or out- 
side, are known. If the measiu*ement aroimd which the part 
is to fit is known, this measurement is considered as a cir- 
cumference and is divided by 3. 14 16 to obtain a correspond- 
ing diameter. To this diameter, add the diameter of the 
stock and multiply the sum by 3.1416, thus obtaining the 




Fig. 17. Method of determining Radius of Large Curve 

length of the odd-shaped ring or what corresponds to the mean 
circumference. 

Example, — Suppose a ring similar to one of the shapes 
shown at the left-hand side of Fig. 16 is made of i-inch stock 
and is to fit over a part which measures 25I inches around, 
the measurement being taken by means of a flexible steel 
tape. The diameter corresponding to 25I inches, or 25.125 
-^ 3.1416, equals 8 inches, approximately; hence, the mean 
circumference or length of the stock equals 3.i4i6X(8 + i) 
= 28J inches, nearly. 

Radius of Large Curves. — It is sometimes necessary to 
find the radius of a large curve, the center of which is not 
accessible. For instance, the curved part may be a circular 
plate or a templet for an arc. A common method of deter- 
mining the radius is indicated by the diagram (Fig. 17). A 
straightedge of any convenient length L is placed on the 
curved part, and the height H is measured, this height being 
the distance between the straightedge and the middle part 
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pt the curve. One method of determining the radius is to 
lay out the chordal distance L and the height B on drawing 
paper to any convenient scale and then find the radius by 
trial, and measure it directly. A more accurate method is 
to calculate the radius. 

Rule: Add the square of one-half the length of the straight- 
dge to the square of the height between the straightedge and 
he curved part; then divide this sum by twice the height 
between the straightedge and the curved part. The quotient 
thus obtained will equal the radius of the curve. This rule 

I expressed as a formula is as follows: 
In which, 
R = radius of the curved arc; 
B = height of the arc; 
/ = one-half the chord, or one-half the length of the 
straightedge, 
Radius of a Circumscribed Circle. — The three smaller 
circles in the diagram, Fig. iS, represent three hardened and 
ground plugs, and the problem is to determine the radius 
^^ R oi a. ring which will be tangent to all three of the plugs. 
^^■The only dimensions known are distances P and C between 
^^nhe center lines of the plugs. To solve this problem, the radii 
^^■of the three plugs are fu-st required. The radius b of each of 
^^Khe two smaller plugs equals one-half of C. The radius a of 
^^Pthe larger plug must be calculated. It will be seen that 
^^c = mn — 6, but mn = VmA* + An* = Vp^ + (J Cy. Having 
thus determined the radius a, the radius R should be deter- 
mined, which is the quantity to be ultimately found in the 
problem. 

Assume that the center of the large circle to be found is at 0. 
The length om, which is not known, is called x. Two equations 
can now be written, which can be simplified so as to contain 
only the two unknown quantities x and R. As the first equa- 
tion we have: 

R = om + ml = X + a. 
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As the second equation : 

i? = (w + nife = VTF+Aw* + njfe = V(P - x)* + ft* + *. 

As the members on the right-hand side in bioth of these 
equations equal R^ they are also equal to each other. Thus: 

X + a = V(P - x)« + ft* + ft. 

If this equation is solved for x, then, 

P^ - fl' + 2 oft 

2a — 2ft + 2P' 

and 

P2 - a^ 4. 2 oft 



P = a + 



2a — 2ft + 2P 

Example, — If the vertical distance P (see Fig. 18) between 
the center lines equals 1.2 inch, and the distance C between 
the centers of the small plugs equals one inch, what is the 
radius P of a circumscribed circle? 

The radius b = \ the center distance C, or 0.5 inch. Radius 
a = V1.22 + 0.5^ — 0.5 = V1.69 — 0.5 = 1.3 — 0.5 = 0.8. 
If the values of P, a, and 6 are inserted in the expression 
previously given for P, then, 

T, ^01 1.2^ - 0.8^ + 2 X 0.8 X 0.5 . , 

P = 0.8 H ^ = 1.333 inch. 

2 X 0.8 - 2 X 0.5 + 2 X 1.2 ^^^ 

The radius of a circumscribed circle may also be determined 
by another method. The radius a is first calculated, as pre- 
viously described. If the distance Id is equal to the radius 6, 
then dh equals mh -f mdy or P -f- fnd\ and md equals the 
difference between Im and 6. The tangent of angle hdn equals 

— ' The angle hon equals 2 times angle hdUy and on equals 
dh 

cosecant angle hon times hn. Then, R = on + nk. 

Average Speeds when Periods of Time Vary. — When 

determining average speeds, the arithmetical mean between 

two different rates of speed does not equal the average speed 

if the periods of time vary. If a railway train runs to a p>oint 

50 miles distant and back to a given point at a speed of 40 

miles per hour, and another train makes the same trip at a 



MACHINE SHOP PROBLEMS 



237 



^d of 35 miles per hour on the outward trip and 45 miles 
I per hour on the return trip, the average speed of the two 
I trains will not be the same. The train running at the uniform 
lispeed of 40 miles per hour will arrive first at the starting point, 
rbecause its average speed is higher. The time required on 
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the outward trip by the 35-milc per hour train is greater than 
the time required when returning at 45 miles per hour; con- 

Isequenlly, it is going at the slower rate longer than at the 
bigher rate of speed. The result is that the average speed for 
Ihe outward and return trips is not the arithmetical mean 
between ^5 and 35. The average speed equab: ' „ S. — ^> 
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assuming that T = the number of hours required for the 
outward trip; Ti = the number of hours required for the 
return trip. In the example referred to, the time required 
for the outward trip of the train running at different rates of 
speed is equal to 50 ^ 35 — 1.438 hour, and the time required 
for the return trip equals 50 -J- 45 = i.iii hour; hence, 



Average speed 
miles per hour. 



^ 3'; X I.4a8 + 45 X i.iii ^ 99.q7 ^ 
1.438 + i.iii 2.539 
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nt- 19. Hetitod of flndinc the Height of ■ Stack or Chlsmer 

Average Speed of a Planer Table. — There is a common 
application in ordinary shop work of the principle involved 
in this problem. A planer has a cutting speed of 20 feet per 
minute, and a return speed of 60 feet per minute. At first 
thought, it may seem that the average speed of the planer 
platen is 40 feet per minute, but that conclusion is not cor- 
rect. For simplicity, assimie the exaggerated condition in 
which the stroke of the planer is 60 feet. The cutting speed 
being 20 feet per minute, the forward stroke will require 3 
minutes; and the return speed being 60 feet per. minute, the 
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^Betum stroke will require one minute. The total time re- 
^Rquired for one forward and one return stroke is thus 4 minutes. 
^H)uring this time the platen has traveled two times the stroke, 
^K)r I JO feet, and the average speed is 30 feet per minute. The 
^Kormula for finding the average speed could be expressed: 

^M = average speed per stroke, 

■ C R 

^Kd which ^ = length oi the stroke in feet; ^^H 

^B C = cutting speed in feet per minute; ^^H 

^B R = return speed in feet per minute, 

^1 This formula can be simplified so as to take the form: 

H R + C 

^H If we substitute in this formula the figures of the planer 

^nproblem previously given, then: 

^m 2 X 30 X 60 _ J400 _ 

H 20 + 60 ~ 80 ~ ■^°' 

^B It should always be borne in mind that the average speed is 
the arithmetical mean between two given speeds only when 
the periods of time during which each speed is in operation 
are equal. In this case of forward and return strokes at dif- 
ferent speeds, one stroke is made in a shorter time than the 
other, and the average speed is not expressed by the arith- 
metical mean of the two speeds. 

Height of a Chimney or Stack. — To determine the height 
of a chimney or stack, select the most convenient place in 
sight of the chimney top and erect a short pole, as shown in' 
Fig. 19. At a convenient distance from the pole, say eight 
or ten feet, drive a stake in line with the pole and the chimney; 
the tops of the stake and the pole may be bluntly pointed. 
See that both the stake and the pole are plumb. Drive the 
, stake into the ground until the tops of the stake and pole 
^■btc in line with the top of the chimney, or, if more convenient. 
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mark the stake at the point that is in alignment with the pole 
top and the chimney top. Mark a ground line on the stake 
level with the ground line of the pole. Measure the distance 
C from the chimney to the stake, the distance D from the 
stake to the pole, the height P of the pole, and the height 5 of 
the stake. Then the height X of the chinmey is: 

-X:=|(P~5)+5. 



For the formula as given, the ground line at the pole and 
stake must be level with the base of the chinmey. If the base 

of the pole is above or 
below the base of the 
chimney, add or subtract 
this difference from the 
calculated height X. If 
C is 1 60 feet, Z? is 8 feet, 
P is 7 feet, and 5 is 
2 feet 4 inches, then, 
substituting the values 
and reducing all measure- 
ments to inches: 



BX 
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Fig. SO. Another Method of calculatmg the 
Height of a Stack or Chimney 



X = i2|2 X (84 - 28) + 
96 

28 = 1 148 inches = 95 

feet 8 inches. 

If the ground line at the pole is 2 feet above the base of 
the chimney, the total height of the chimney will be 95 feet 
8 inches plus 2 feet, or 97 feet 8 inches. 

This method will give accurate results that can be verified 
at any time; it can also be varied to suit conditions. For 
instance, a mark on the corner of a building will often serve 
in place of the pole. The measurements may be made on a 
sloping roof if necessary, taking into account all differences 
of level. 

The height of a chimney or other tall structure may also 
be found by using an en^eei's lt^3\sit. Set up a transit at 
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CFig. 20), measure very carefully the distance BA, sight 
Le telescope to the top of the chimney, and measure the 
Lgie CBA . Then, in the right triangle CBA , the side A B and 
the angle B are known, from which the height AC can readily 
be found by multiplying the distance ^B by the tangent of 
the angle. 

The height can also be determined quite closely, in the 
following manner: Select a time when the sun is about midway 
between the horizon and the zenith, so that it will cast a com- 
paratively long shadow. Take a pole of some convenient 
length, the longer the better, stand it upright so that the end 
of its shadow will just reach to the end of the shadow cast by 
the chimney, and measure the distance from the pole to the 
end of its shadow, which will be the same as the distance EB. 
Also measure the length of the shadow cast by the chimney, 
which corresponds to the distance AB. Then, from the 
similar triangles ACB and EDB, AC{=x) : ED = ABzEB. 
iuppose j4B = 92 feet 8 inches, EB = 11 feet 5 inches, and 
ithe pole is 9 feet long; then x:g = 921*1: ii-^, or xig 
•> ma : 137; from which a: = 73 feet, very nearly, which b 
the height of the chimney. 



CHAPTER XVI 
EXAMPLES m ELEMENTARY MECHANICS 

The problems in this chapter are not directly applicable 
to machine-shop or tool-room practice, but illustrate important 
principles which should be understood by all who desire a 
broader mechanical training than can be acquired from shop 
experience alone. When the student of mechanics imder- 
stands the fundamental principles or what might be defined 
as the "foundation principles/' many problems are simplified 
which otherwise would prove diflBcult. Such knowledge is 
of especial value to those who attempt to originate new me- 
chanical devices, whether as inventors or designers. Many 
•inventions are worthless because the inventor did not under- 
stand the first principles of mechanics. The numerous at- 
tempts to develop perpetual motion machines are notable 
examples of waste effort resulting from a lack of elementary 
mechanical knowledge. 

Work and Power. — When a force causes some body, such 
as a machine part, to move in opposition to a resistance, this 
is known in mechanics as "work,** and it is the result of force 
and motion. If the force is not great enough to overcome 
the resistance, no motion occurs and no work is done, accord- 
ing to the use of this terqi in mechanics. When one pound 
is raised vertically one foot against the resistance of gravity, 
the work done is equivalent to one foot-pound, and this is a 
unit of work. If a casting weighing loo poimds is lifted to 
a bench 3 feet high, the work done is equivalent to 300 foot- 
pounds. It is evident, then, that if F = foot-pounds of work, 
W = weight in pounds, and H = height in feet, then the 
number of foot-pounds of work is F = W X B, 

It should be noted that the time is not considered in de- 
termining the total amount of work done. If 100 poimds are 
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'ted vertically 3 feet, the work done is 300 foot-pounds, 
regardless of whether the time required for lifting the weight 
is, say, two seconds, five minutes, or any other period of time, 
but the amount of power required to lift a weight or to do 
other work is dependent upon the time element. For instance, 
if 300 foot-pounds of work must be done in two seconds and 
electric motor is to be used for doing the work, a larger and 
ire powerful motor is required to perform the work in two 
'■seconds than would be needed if the period of time were 
extended to, say, five minutes, because when the weight is 
raised very slowly, the rotary motion of the motor is transmitted 
through a hoisting mechajiism which is designed to give a 
large reduction of motion; hence, a smaller motor may be 
used. This point is further illustrated by the simple fact that 
one man can raise heavy machines oV other bodies by using 
a jack, but the rate at which the object is elevated is very 
slow. If the design of the jack were changed so as to increase 
the speed of elevation, more power would be required to oper- 
ate it. In this connection, it is important to remember that 
whenever any form of mechanism is changed so that it is 
capable of exerting greater power without increasing the 
force at the driving end, there is always a coft-esponding reduc- 
tion in the speed or rate at which the work is done. The term 
"power" as used in mechanics should not be confused with 
force. 

Meaning of the Term "Horsepower." — The amount of 
power in foot-pounds per minute required for doing a certain 
amount of work is equal to the work in foot-pounds divided 
by the time in minutes required to do the work. For instance, 
if 3000 pounds are raised 30 feet in two minutes, the power in 

foot-pounds per minute equals ~ = 30,000 foot-pounds 

per minute. The amount of power in this case would be 
^seduced one-half, or to 15,000 foot-pounds per minute, if the 
^■fane were increased to four minutes. 

^H One horsepower is equivalent to 33.000 foot-pounds per 
^Hlinute, and this b the unit commonly used to indica.t.e^ \3bK. 
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power of steam engines, gas engines, etc. 15 a gas engine^ 
has a rating of one horsepower, this means that it is capable 
of performing 33,000 foot-pounds of work per minute, although 
such an engine may have a maximum power which is some- 
what greater than its rated power. 

Example. — How many horsepower will be required 
raise 8400 pounds 20 feet in two minutes, assuming that i 
frictionat resistance is neglected? 

The foot-pounds of work equal 8400 X 20 = t68,ooo; 

therefore, the number of horsepower equals '■ = i-'H i 

^ 2 X 33,000 ^ ■ 

horsepower, approximately. 

The Priociple of Work, — One of the most important 
principles in mechanics is known as the "principle of work." 
According to the principle of work, the amount of work or 
energy put into a machine equals the work done by that 
machine plus the energy that is lost. This law or principle 
holds true for all classes of mechanical apparatus from % 
simple lever to the most complicated mechanism. In every^ 
form of mechanism there are some losses. For instance, it is- 
not possible to eliminate friction entirely, although it may be 
greatly reduced by the use of proper lubricants, and especially 
by using ball bearings whenever it is practicable to employ 
them. The work that is put into a machine is represented by 
the product of the force and the distance through which it 
moves. The force may be derived from the pressure of steam^ 
from the pull of a belt, or in some other way. 

As the force is transmitted to the point where work Is 
be done, it may be applied in various directions and 1 
amount changed according to the arrangement of the mechi 
nism and the friction between the different moving parts, whi( 
must be overcome. For instance, the rotation of a puUi 
or flywheel may be changed through a crank and connecting 
rod into a rectilinear motion, as in the case of a punch press. 
Finally the modified force is utilized in performing a cei 
operation or in doing useful work. This means that resistani 
must be overcome, as, for example, the resistance of mel 
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to the cutting and bending action of a blanking and drawing 
die. Now, according to the principle of work, if frictional or 
other losses are neglected, the applied or original force multi- 
plied by the distance through which it moves, equals the 
resistance overcome multiplied by the distance through which 
it is overcome. Therefore, the work put into a machine, or 
the energy required for driving it, equals the lost energy plus 
the work done by that machine. If this simple principle were 

^ universally understood, there would be no attempts to originate 
a perpetual motion machine. 
Principle of Work applied to Wheel and Axle. — The well- 
known wheel and axle is illustrated by the diagram, Fig. i, 




Fig. 1. Wheel uid Axle 



Pig. 9. Compound Gear Train 



I 



id it will be used as a simple example to illustrate the principle 
work. The weight W is suspended at the end of a rope which 
wound about a cylindrical drum of radius r and another 
ipe is wound about the larger drum of radius R. As radius R 
larger than radius r, the force F required to raise the weight 

W can be proportionately smaller; thus, F :W ::r : R. 

Therefore. p ^K^LL .„aw=U<^. 

R ' r 

Example. — If a weight W of 500 pounds is to be raised, 

how much force F will be required if Jf = 10 inches, r = 3 
iches, neglecting the friction of the wheel and axle bea-tva!^'. 
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The force F in pounds required to raise 500 pounds equals 

^^^ ^ =150 pounds. If the larger drum were replaced by 

10 

a crank, the preceding formulas would still apply, the length 
of the crank being represented by radius R. 

Example, — The diagram, Fig. 3, shows a flywheel with 
an axle 2 inches in diameter; as the flywheel turns, it winds 

up a rope on the axle, and 
thus raises a weight as 
shown. If the energy of the 
flywheel is equivalent to 
5000 foot-pounds, and it 
will raise a weight of 2500 
pounds 2 feet when the di- 
ameter of the axle is 2 inches, 
will it raise the same weight 
4 feet if the diameter of the 
axle is i inch? 

The flywheel will raise a 
weight of 2500 pounds 2 feet 
regardless of the diameter of 
the axle or drum which has 
nothing to do with the case. 
According to the law of the 
principle of work, the energy 
of the flywheel is equal to 
the work expended in en- 
abling it to store up this energy; hence, the force multi- 
plied by the distance through which it moves equals 5000 
foot-pounds, equals the resistance (weight) multiplied by the 
distance through which it is overcome, equals 2500 X 2. 
It will thus be seen that it does not matter how the load is 
raised (neglecting friction and other resistances) ; all that need 
be considered is the number of pounds that the load weighs 
and the height through which it is raised. 

Weight Lifted by Compound Wheel and Axle. — The 
sketch of 2L hoisting device known as a "Chinese windlass" 




Fig. 3. Diagram illustrating Principle 
of Work 
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or a compound wheel and axle is shown in Fig. 4. Suppose 
that the diameter of the wheel A is 42 inches, and that the 
diameters of the drums B and C are 10 inches and 83 inches, 
respectively; how large a weight can be lifted if a force of 
40 pounds b applied at the circumference of the wheel ? 

The principle of work applies here as in the case of any 
other machine; i.e., the force multiplied by the distance 
through which it moves 
equals the resistance 
overcome multiplied by 
the distance through 
■rbich it is overcome, 
neglecting frictional 
losses. Let R, r, and r' 

e the radii of A, S, and 

', respectively, and sup- 
A to make one 

solution ; then the 

istance moved by the 
"force will equal the cir- 
cumference of wheel A , 
or 2 vR. At the same 
time, B and C make one 
revolution also. As the 
part P of the rope winds 
on drum B an amount 
equal to 2 rr and rope Q 
winds off drum C an amount equal to 2 vr', the rope is 
shortened an amount equal to 2 irr — 2 jrr' = 3 Tr(r — r'). 
The weight W representing the resistance is raised only one- 
f this distance, however, since it is divided equally between 

' and Q, D being a movable pulley. Hence, the distance 
moves is 2 ir(r — r') -i- 2 = Tr{r — rO- Therefore, if F 

(presents the force applied at the circumference of tlie wheel 

}i,ihmFxsirR^ rir - r') X W; from which Tf = ?-^. 
I r — r 

Inbstitutiag the values given in this formuVa, 
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W = ^ ^ ^^ V^ = 2240 pounds. 
5 -41 

A mechanism of this kind ought to have an efficiency of 
at least 0.90; hence, the weight lifted ought to be at least 
2240 X 0.90 = 2016 pounds. 

When the Force is transmitted through a Gear or Pulley 
Train. — The principle of a simple wheel and axle may be 
applied to a train of mechanism, such as a train of pulleys 
or of gearing. In a train of this kind, the continued product 
of the applied force and the radii of the driven wheels equals 
the continued product of the resistance and the radii of the 
driving wheels. In a wheel and axle (see diagram. Fig. i), 
the axle is really a driver and the wheel is driven. Now, if 
F represents the force as before; W, the weight or resistance; 
R and Ri the radii of the driven gears; and r and n the radii 
of the driving gears, as shown by the diagram. Fig. 2 ; then, 

F X RX Ri=^W XrXri. 

Therefore, 

RX Ri rXri 

Example. — If the pitch diameters of the gears shown in 
Fig. 2 are such that radius i? = 6 inches, r = 2 inches, i?i = 5 
inches, and ri = 2| inches, and a force F of 500 pounds is 
applied, what weight W can be lifted if the loss of energy from 
friction is neglected? 

W = ^ ^ = 3000 pounds. 

2 X 2.5 ^ ^ 

When Force is transmitted through Pulley Combinations. 

— The principle of work is further illustrated by the dia- 
grams. Fig. 5, which show two different combinations of 
pulleys. The problem in this case is to determine the anaount 
of force P that will be required to raise weight W. The pulleys 
shown by the right-hand diagram will be considered first. 
In this diagram, i4 is a movable pulley and B a fixed pulley. 
If the pulley A be lifted upward through a distance s, part a 
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of the rope must be shortened an amount s and part b must 
be shortened the same amount, in order to keep the rope in 
contact with the pulley; in other words, a point or mark, on 
the rope b will move upward a distance 2s. Pulley B evi- 
dently exerts no influence other than to change the direction 
of the power from upward to downward. Hence, while W 
moves through a distance s, P moves through a distance 2s. 
Now, according to the principle of work, Ws = P X ss, or 
P = ^ W, for the case of one movable pulley. Referring now 
to the left-hand diagram, 
if W be lifted a distance 
s, then, since pulley A 
is fixed, pulley B will 
descend a distance i; 
and since pulley B is 
movable, pulley C will 
descend as in conse- 
quence of the descent of 
pulley B, and it will also 
descend an additional 
dbtance s by reason of 
the ascent of W through 
that distance. In other 
words, C descends 2s +s. 
Similarly, D descends 
twice as far as C and 
through an additional 
distance s, or 2 {2 s + s) + s = 4 s + 2 s + s = (2' + 2 + i)s. 
The free end of the rope k descends twice as far as pulley 
D and an additional distance s, or 2(2* + 2 + j)s 
+ s= (2* + 2^ + 2 + i)s = 155. Consequently, when W 
moves through a distance s, P moves through a distance 15J; 
hence, P X 15 s = Ws, or P = iV W. If H' = 1200 pounds, 
P = 1200 -^ 15 = 80 pounds, neglecting friction. 

Energy Resulting from Motion. ^ When a body has the 
capacity of doing work or overcoming resistance it is said to 
i{K}Ssess energy. The energy is practically stored up in such 
16 1 




Fig. 6. Pulley Cambiaatiaiia 
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a body, and it may be kinetic or potential energy. The work 
which a flywheel in motion is capable of doing is an example 
of kinetic energy, the latter being the energy resulting from 
a body in motion. Potential or latent energy is the capacity 
for doing work possessed by a body on account of its con- 
dition or position. For example, a weight that has been 
lifted to some point possesses potential energy, and when the 
weight falls, this potential energy is changed to kinetic energy. 
Water stored in a reservoir is another example of potential 
energy. 

If a cast-iron "skull-cracker," such as is used for breaking 
up castings, weighs 300 pounds, and is suspended 16 feet 
from the ground, it possesses 4800 foot-pounds of potential 
energy, because, when the weight was raised 16 feet, 4800 
foot-pounds of work were expended. When the "skull- 
cracker" is released and it strikes a casting on the ground, the 
kinetic energy expended is equal to 4800 foot-pounds. Energy 
is acquired by a body as the result of work done upon it, as 
when a flywheel is set in motion or when water is pumped 
up into a reservoir. If £ = energy in foot-pounds; V = velocity 
in feet per second; W = weight; then. 



£=-X 



WV^ WV^ 



2 32.16 64.32 

« 

Example. — If the head of a steam-hammer weighs 800 
pounds and it is moved at the rate of 30 feet per second, at 
the instant it strikes a steel block, what is the kinetic 
energy? 

£ = «22 2_ = 11,194 foot-pounds. 

64.32 

Example. — If a body weighs 200 pounds and moves at 
the rate of 40 feet per second, what is its kinetic energy, and 
how many horsepower would be required to give it this amount 
of kinetic energy in five seconds? 

E = ^"^ ^ "^^^ = 4975 foot-pounds. 
64.32 
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The next step is to determine the number of horsepower ^M 
required to impart this amomit of kinetic energy to the body ^| 
in five seconds. The foot-pounds of work to be done per ^B 
second equal 4975 -^ 5 = 995, and the number of foot-pounds 
per minute equals 995 X 60 = 59,700. As one horsepower 
is equal to 33,000 foot-pounds per minute, the number 
of horsepower required equals 59,700 -^ 33,000 = 1.8, 
approximately. 

Distinctioii between Mass and Weight. — Mass is an 
absolute unit; it measures the amount of matter in a body. 
Weight, on the contrary, is a measure of the earth's attrac- 
tion {commonly called "gra\'ity") for a body. So long as 
the amount of matter in a body is not changed, its mass re- 
mains unaltered; its weight, however, may change very 
materially, depending upon the latitude of the place where 
the body is weighed, the altitude (distance above or below sea 
level), and the temperature and barometric pressure, if 
weighed in air. If weighed in air under the same conditions, 
two bodies may weigh alike and still have different masses. 
For instance, a pound of iron and a pound of wood, both 
having been weighed in air at the same instant, have different 
masses, the pound of wood containing more matter than the 
pound of iron. The wood would weigh more than the iron 
in a vacuum. The reason the two weigh the same in air is 
that the wood has a greater volume; this causes it to dis- 
place more air than the iron, the result being that it is buoyed 
up more than the iron. The effect is the same, though not so 
jnarked, as if both had been placed in water. The effect of 

force in changing the velocity of a moving body depends 

ilely upon the mass; it is independent of the weight of the 

tody. The mass of a body equals its weight divided by the 

acceleration due to gravity or by 32.16, which is the value at 






sea level, or: 

^H Efficiency of 
^^Kfficiency of a i 



weight 



Mass = 

32.16 



Efficiency of Machines. — Speaking in general terms, the 
dency of a machine may be defined as the ratio of the work 
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delivered by the machine to the work supplied to it. Ft 
instance, if 75 foot-pounds of work or energy are supplied 
to a machine and the machine can deliver only 60 foot-pounds 
of useful work, the machine is said to have an efficiency 
60 -;- 75 = 0.80, or 80 per cent. It frequently happei 
however, that the work will be proportional to a force or soi 
other quantity, in which case the efficiency may be measurt 
by a comparison of two forces or other quantities. For in- 
stance, referring to Fig. 6, let P he a. force acting on one end 
of a rope that passes over a pulley 
and has a weight Q attached to the 
other end. If P moves through a 
distance p, Q will move through a 
distance q, and, by the principle of 
virtual velocities, Pp = Qq, when it 
is assumed that there are no wasteful 
resistances, such as friction of the 
bearings, bending of the rope, etc. 
The efficiency in this case would 
evidently be i, or 100 per cent 
Since, however, there are wasteful 
resistances, they may be represented 
by W and the distance through 
which they act by w; consequently, 
the foregoing expression becomes Pp — Ww = Qq, or Pp 

Qq + Ww, and the expression for efficiency becomes ^ 

Since every machine or part of a machine offers wastefi 
resistances, the efficiency must always be less than 100 pi 
cent, i.e., it must always be a fraction less than unity. Re- 
ferring again to Fig. 6, let Po be the force required to move the 
load Q when wasteful resistances are neglected, and let P be 
the force actually required to move the load; then the ef- 

P 
ficiency may be defined as e = — , in which c is the efficiency. 

If a machine is made up of a number of separate parts, the 
effideocy of the entiift machine is the product of the efficiencies 
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iveral parts. In the case of any heat engine, the energy 
■orking fluid (gas, air, steam, etc.) is proportional to 
temperature; hence, if Ty is the temperature of the fluid 
as it enters and Ti the temperature on leaving (both absolute), 
the thermal efficiency is Ti — Ti -i- T\. 

Mechanical ££Gcieacy and Effectiveness. — The theory of the 
eflEciency of machines is one of the simplest in applied me- 
chanics, but it nevertheless seems to be one very often mis- 
understood and misapplied. The hundreds of inventors of 
perpetual motion machines are notorious examples of those 
who misunderstand it and the great principle of conservation 
j)f energy, but they may be classed as impractical men of little 
[Or no importance in the machine building world. There is 
another large class, however, whose ideas are embodied in 
machines built, sold and used with various degrees of satis- 
faction who are more or less hazy on certain fundamental prin- 
ciples. It is important that this class thoroughly understand 
the general principles which conserve power, reduce wear, and 
tend generally to promote the life and efficiency of machines. 
A machine may be effective without being mechanically 
icient, and again it may be mechanically efficient without 
ing effective. This is an apparent paradox generally under- 
stood and appreciated. A worm-gear, as ordinarily made, is 
efifective but not efficient, and on the other hand if highly 
efficient it fails to be effective as a brake — a most important 
con^deration in some machines. In the case of machine 
tools, mechanical efficiency is ordinarily regarded as a minor 
matter, while accuracy, convenience of operation, adapta- 
bility, safety, and pleasing lines are of paramount importance. 
But mechanical efficiency, aside from power saving, is im- 
portant, nevertheless, as a mechanically inefficient machine 
wears rapidly and requires more lubrication to do its work 
than the efficient machine. 

The efficiency of a machine is measured by the percentage 
of useful work available after transformation in the machine. 
The percentage is rarely over 95 in the simplest mechanisms, 
is often less than ten. 
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A stiff machine in which the train of mechanism is well sup- 
ported is more efficient, other things being equal, than one 
having a weak and flexible train. Work is lost in bending 
the parts, especially when the action is intermittent. A recip- 
rocating motion may be transmitted, for example, through 
a lever so weak and flexible that all the work put into the 
machine is lost in deflecting this member, thus producing dis- 
tortion and heat. Take, for example, a compressed air rivet- 
ing machine of the alligator type. The stiffness of the levers 
is an important factor in its efficiency. A riveter having 
ample cylinder capacity might, nevertheless, be so weak in 
the levers that the toggle action would fail to produce the 
squeeze necessary to upset the rivets. The work that should 
be expended on the rivets is lost in friction of the pivots and 
in springing the levers which yield at the critical p>osition so 
much that the necessary force to upset them is not developed. 
This machine would use as much compressed air as another 
of the same size but with stiffer mechanism which would 
effectively set the rivets. One is efficient and the other is 
totally inefficient. 

Action and Reaction. — If a spring scale is held in the 
hands and is made to indicate 50 pounds, have 100 pounds of 
energy been exerted (50 pounds being resisted with one hand 
while pulling 50 pounds with the other), or are the pull and 
resistance equally divided in each hand, 25 poimds pressure 
being exerted in each? 

According to the third law of motion, action and reaction 
are equal and opposite. The force indicated by the spring 
is the action, and if this be 50 pounds, the reaction must 
also be 50 pounds; hence, each hand exerts a force of 50 
pounds. That this statement is correct may easily be 
shown by means of a simple experiment. Referring to 
Fig. 7, let 5 be a spring scale and A and B two pulleys, 
the centers of which are the same distance from the floor 
level. Tlfen, in order that the scale may not move bodily, 
the weight P must be equal to the weight W; but the 
pull registered by the scale will be that of only one of the 
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loads. Here P represents the left hand and W the right 
hand. 

Measuring the Force of a Blow. — The energy with which 
a hammer or a falling weight strikes a body can be expressed 
in foot-pounds, but not directly in pounds, although the 
Average force of the blow may be expressed in pounds. The 
Jimnber of foot-pounds of work done by a falling body equals 
the weight of the body multiplied by the height through 
which it falls. To determine the average force of the blow. 
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it is necessary to consider the effect of the falling weight upon 
the body struck. For instance, if the weight fell upon a pile 
and drove it a certain distance into the ground, the energy 
of the weight in foot-pounds would be divided by the distance 
the pile was driven downward, or by the "amount of penetra- 
tion," in obtaining the average force of the blow. 

Rule: The average force of a blow is equivalent to the 
energy of the falling body in foot-pounds divided by the 
amount of penetration, plus the weight of the falling body. If 
W = weight of the falling body in pounds; 
B = height in feet through which it falls; 
P = amount of penetration, or distance that the part 
struck is compressed; 



average force of blow 



_W XB 



+ W. 
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Example. — The head or hammer of a pile-driver weighs 300 
pounds, and it falls 10 feet upon a pile which is driven 4 inches 
into the ground. What is the average force of the blow? 

The force of the blow in foot-pounds equals 300 x 10 = 3000 
foot-pounds. This energy is expended over a distance of 
4 inches, or J foot. Hence, the average force of the blow equals 
3000 "^ i + 300 = 9000 + 300 = 9300 pounds. 

While the foregoing method of calculating the force of a 
blow is satisfactory for a pile-driver which simply has a falling 
weight, the force of a blow struck by a steam-hammer, or by 
a hammer held in the hand, depends upon additional force. 
If the weight of the hammer and its velocity are known, the 
average force of the blow may be determined, although or- 
dinarily it would be difficult to determine the velocity of the 
hammer at the instant it struck the object. To illustrate 
this method of calculating the force of a blow, assume that 
the head of a steam-hammer and the parts attached to it 
(piston-rod and piston) weigh 1000 pounds and that a heated 
block of steel is reduced ^ inch in height when the hammer 
strikes it with a velocity of 30 feet per second. What is the 
average force of the blow? 

The kinetic energy of the hammer blow is first determined. 

Kinetic energy = Therefore, m this particular case, 

64.32 

the kinetic energy equals: 

1000 X 30 ^ 14^000 foot-poimds. 
64.32 

The block of steel was reduced | inch, or 5^ foot; hence, 
the average force of the blow equals 14,000 -^ ^ + 1000 
= 337,000 pounds. 

The accuracy of calculating the average force of the blow 
by dividing the energy in foot-pounds by the penetration is 
affected to some extent, because the materials receiving the 
blow have a certain amount of elasticity and do not entirely 
retain the shape they have at the instant of the greatest 
compression. 
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One method of determining the force of a hammer blow is 
to strike a plug of lead and note the amount it is compressed, 
and then find how much pressure in pounds is required to 
compress a duplicate plug a similar amount. The lead plugs 
should, of course, be of the same shape and size. For instance, 
if a cylindrical plug 1 inch in diameter and i inch high is 
compressed a given amount by striking it one blow with a 
hammer, a duplicate plug is put into a testing machine and 
is subjected to a pressure great enough to compress it the 
same amount. The pressure applied to the lead plug by the 
testing machine is a fair indication of the force of the blow. 

Force required for Bending. — Practically all text-books on 
mechanics treat bending stresses and resistance to bending 
from the viewpoint that bending is to be resisted. In the 
design of most machines and structures, this viewpoint is 
perfectly correct, but occasionally it is necessary to deter- 
mine, approximately at least, the force that will actually 
bend a bar or a beam. Ordinary beam formulas apply just 
the same, whether the beam is to bend or to resist bending. 
In the latter case, however, the stress on the extreme or outer 
fibers of the beam (where the stress is greatest) must be less 
than the elastic limit of the material. In fact, the fiber stress 
should be considerably less than the elastic limit in order to 
avoid excessive deflection of the beam and to make it safe. 

On the contrary, when a bar or plate is to be bent, the 
applied force must be great enough to overcome the elastic 
l imi t of the material. Hence, in the following rules and formu- 
las for determining the force required for bending, a value is 
employed which is assumed to be equal to, or slightly greater 
than, the elastic limit of the material. The elastic limit of 
steel is generally assumed to be one-half the ultimate tensile 
strength, although it might be two-thirds of the ultimate 
strength in the case of nickel steel and heat-treated forgings. 
It is evident, then, that the force required for bending, as 
determined by calculations, is only approximate. 

Bending a Bar supported at the Ends. — The method of 
calculating force required for bending depends upon, tKt "Ksoi 
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the bar or plate to be bent is supported, and how the force 
is applied. Ordinarily, the parts to be bent are either sup- 
ported at both ends and the force is applied in the center, 
or the work is held rigidly at one end and the force or pres- 
sure is applied at the other. To illustrate the first case men- 
tioned, suppose a structural steel bar f inch thick and ij 
inch wide is supported at points 18 inches apart, as shown at 
A^ Fig. 8. If the force F is applied at a point midway between 
the supports, how many poimds pressure will be required for 
bending the bar? 

The tensile strength of structural steel is about 60,000 
pounds per square inch, and if the elastic limit is assimied to 
be 35, 000 pounds per square inch, this will doubtless be some- 
what greater than the actual elastic limit. The load in pounds 
required for bending may be determined as follows: 

Ride: Multiply the square of the thickness of the bar 
(vertical dimension) by twice its width, in inches, and multiply 
the product by the value assumed for the elastic limit. Then 
divide this product by three times the distance (in inches) 
between the supports. 

Applying this rule to the example given, the square of the 
thickness, or 0.75, equals 0.5625, and 0.5625 X 1.5 X 2 
= 1.6875. 1^^^ assumed value for the elastic limit, or 
35,000 X 1.6875 = 59^062. Dividing by three times the 
distance between the supports, we have 59,062 -^ 3 x 18 = 1093 
pounds. This figure is, of course, only approximate. The 
actual load required for bending would probably be a little 
less than the calculated load, especially if the value assumed 
for the elastic limit is somewhat greater than the actual 
elastic limit. 
If the foregoing rule is expressed as a formula in which: 

F = force in pounds required for bending; 

5 = stress in pounds per square inch, which exceeds 
somewhat the elastic limit of the material; 

B = width of the bar in inches; 

T = thickness of the bar in inches, or its vertical dimension; 

L = distance between supports in inches; 




Bending a Bar held at One End. — When the bar or plate 
to be bent is held at one end and the force is applied at the 
other, the pressure in pounds required for bending may be 
found as follows: 

Rule: Multiply the square of the thickness of the material 
(vertical dimension) by its width in inches and the product 
by the value assumed for the elastic limit. Divide the product 




thus obtained by six times the distance (in inches) from the 
point where the pressure is applied to the point where the 
bend will occur. (Equals distance L in Fig. 8.) The result 
will equal the required force in pounds. 

Example. — A steel plate j inch thick and 6 inches wide is 

tto be bent and the force is to be applied 13^ inches from the 

■clamping jaws or from the center of the bend. It is assumed 

^that the elastic limit is 35,000 pounds per square inch and 

that the plate to be bent is held rigidly on each side of the 

place where the bend is required, as shown at B m Fig, 8. 

The square of the thickness equals 0,5' = 0.35. Multi- 
plying by the width of the plate, 0.25 X 6 = 1.5, and 
'■5 ^ 35.000 = 52,500. Dividing by 6 times the distance L, 
fives 52.500 -^ 81 = 650 pounds, nearly. If 
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F = force in pounds required for bending; 

T = thickness of the plate, in inches; 

B = width of the plate, in inches; 

L = distance between point where pressure is applied 
and center of bend; 

5 = stress in pounds per square inch, which slightly ex- 
ceeds elastic limit of material; 

then 

5X5X7^ 



F = 



6L 



The values of S will vary considerably for different grades 
of steel, and also with the condition of the steel. For instance, 
unannealed steel will have a higher elastic limit than annealed 
steel; consequently, the force required for bending can be 
calculated only approximately. 

Expansion of Metals due to Heat. — Practically all sub- 
stances expand when heated and contract when cooled. The 
expansion of solid bodies in a longitudinal or lengthwise 
direction is known as linear expansion, and an increase in 
volume is known as volumetric, or cubical expansion. This 
expansive property of metals is taken advantage of in assem- 
bling certain parts, such as the tires of locomotive driving 
wheels, or other parts which must fit together tightly and 
which can be shrunk together more rapidly than by assembling 
with a hydraulic or other press. This expansive property 
may also prove troublesome at times, especially when a 
machinist or a toolmaker is finishing some part which must 
be very accurate. For instance, if a plug gage which has 
become heated by the friction of grinding is ground to the 
required dimension, it may shrink below the required di- 
ameter as it cools, if the expansion is not allowed for or con- 
sidered. For this reason, it is often necessary to cool gages, 
or other accurate parts, down to an ordinary room temperature 
before the size is measured. There are many other classes 
of work in connection with which expansion and contraction 
should be taken into consideration. 
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If we know the amount that a steel rod will lengthen when 
its temperature is increased one degree F., the expansion for 

I a greater increase of temperature may be determined readily. 
In engineering handbooks, tables will be found which give 
the linear expansion of different metals and other materials, 
per unit of length, for an increase in temperature of one de- 
gree. This figure, which is called the "coefficient of expan- 
sion," is obtained by dividing the amount that a rod of given 
length expands, after a one-degree rise in temperature, by the 
original length of the rod. For instance, if a rod 120 inches 
long expanded 0,0008 inch due to a one-degree F, rise in tem- 
perature, the coefficient of the linear expansion, or linear 
I expansion per unit of length per degree F., would equal 

= 0,00000666. 




1,200,000 



Therefore, a rod made of this particular material would in- 
rease 0.00000666 of its length for each rise in temf>erature 
f one degree F. Hence, the total amount of linear expansion 
may be determined by the following rule: 

Rule: Multiply the length of the rod or other part by the 
coefficient of expansion for that particular metal, and multiply 
the product by the difference between the original tempera- 
ture and the temperature after heating. 
H 

IL = original length of rod, or other part; 
E = coefficient of linear expansion; 
A = amount of expansion; 
T = number of degrees F., of temperature change; 
tfaet 
fol]( 



then the amount of expansion may be determined by the 
f following formula: 

A = LX EXT. 



M .OC 



The coefficient of linear expansion for cast iron is given 

Machinery's Handbook as 0.00000556, and for steel, 

0.00000636. (The coefficient of volumetric expansion equals 

■ee times the linear expansion.) 
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Example. — If a steel end-measuring gage, 18.020 inches 
long, is left near a furnace, and its temperature increases 
from 70 to 90 degrees F., how much will the length be increased? 

As the linear expansion for steel is given as 0.00000636, 
the gage is lengthened by the 2o*degree rise of temperature 
an amount equal to 18.020 X 0.00000636 X 20 = 0.0023 inch, 
approximately. 

Example. — A tire is to be shrunk to a locomotive driving 
wheel center which is 62 inches in diameter. The tire is bored 
to a diameter of 61.934 inches, 0.066 inch having been allowed 
for the shrinkage fit. If the tire is to be expanded until it is 
0.004 inch larger than the wheel center, so that it can easily 
be placed in position for shrinking, to what temperature must 
it be heated? 

In solving this problem, it will be assumed that the original 
temperature of the tire is 70 degrees F. A total expansion, 
or increase in diameter, of about 0.070 is required (62.004 
— 61.934 = 0.070), and the diameter will be considered the 
same as a linear dimension. The formula previously given 
for determining the amount of expansion may be transposed, 
so that the change of temperature required for a given amount 
of expansion can be determined. Thus, if 

A = LET 
then 

Now, A = 0.070; L = 61.934; E = 0.00000636. 
Therefore, 

T = 9^929. ^^ = jyj degrees. 

61.934 X 0.00000636 

Eflfect of Leverage on Resistance to Shear. — A flywheel 
fitted with the safety device in the form of a shear pin is 
shown in Fig. 9. A one-inch square steel pin C is held between 
steel bushings, one bushing being held in the flywheel arm and 
the other in a spider D keyed to the shaft B. The flywheel 
A is free to revolve aiound llie shaft, in case an overload 
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should shear off pin C. It is assumed that 60,000 pounds 
would be required to shear a steel pin one inch square and 
abo that the pin would be severed when sheared about one- 
third its thickness. The question is, does the distance F 
aiTect the resistance of the shear pin? 

The position of the shear pin positively affects its effective 
shearing resistance. If it is located at the hub, its resistance to 
the action of the flywheel will be much less effective than if 
it is located in the rim. If the shear 
pin is located 20 inches from the 
shaft center, its effective resistance 
to check the flywheel will be twice 
that if placed only 10 inches from 
the center. The principle is exactly 
the same as found in a pair of shears. 
If a thick wire is to be sheared, it 
should be placed as near the pivot or 
hinge of the shears as possible in 
■order to secure the most eilective 
leverage. 

Stress on Pulley Axle. — In the 
diagram, Fig. 10, a puUey is shown 
rigidly fastened to a support at a 
height AF = g feet from the floor. 
A rope passing over the pulley has 
one end attached to a staple 5 at a 
distance of 8 feet from F, and to 

the other end is attached a weight P of 50 pounds. Does the 
total stress acting on the pulley axle exceed 50 pounds? 

The solution of this problem may be made clearer by first 
considering the view to the right. One weight Q of 50 pounds 
exactly balances the other weight P of 50 pounds, and since 
the pulley supports both weights, the total stress on the axle 
is 50 + 50 = 100 pounds. Suppose, now, that one of the 
weights were removed and that the free end of the rope were 
fastened; then, in so far as the stress on the axle were con- 
cerned, the conditions would be exactly the ^.■a.'Kvc ^is.\«\'3Vft 
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provided the two parts of the rope were parallel. Thus, 
suppose the weight Q were removed; the weight P tends to 
fall and pull the rope along with it, but this is resisted by 
fastening the free end of the rope. As a result, P acts down- 
ward and the reaction acts upward; on the other side, P 
acts upward and the reaction acts downward. The reaction 
in the second case corresponds in every respect to the force Q] 
hence, the total stress on the axle is 100 pounds, as before. 




60 LB8. 
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Fig. 10. Dimgram illustrating Method of detennining Stress on 

Pulley Axle 



Under the conditions shown in the left-hand view, a part 
of the reaction of the staple tends to draw the pulley away 
from the perpendicular, and the stress on the axle is less than 
the sum of the stresses in the two parts of the rope. To find 
what this stress is, draw a line, as AB, parallel to the part 
G of the rope, and make it of a length that will represent 
50 pounds; draw AC parallel to HS, the other part of the 
rope, and make it of the same length, also representing 50 
pounds; complete the parallelogram ACDB, and draw diagonal 
AD; this measured to the same scale as -45 gives the stress 
on the axle and shows the direction in which it acts. By 
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prolonging AB and drawing DE perpendicular to it, ED 
represents the force tending to draw the pulley from the 
perpendicular, and AE represents the downward force on 
the axle. Assuming the pulley to be i foot in diameter, the 
following values were obtained in this case, by the measurc- 

^^ment of a diagram: 

^L AD = 94.35 pounds; 

H. AE = 88.75 poinds; 

^1 ED = 31.75 pounds. 

^M These values agree closely with those obtained by calculation. 

^B Horsepower transmitted by Belting. — The amount of 

^Jpower which a belt of given size will transmit depends upon 

^vseveral factors, but principally upon the speed of the belt 

and the amount of working stress or e_ffeclive pull to which the 

belt may properly be subjected. The working stress depends 

upon the kind of belt, and in selecting a value for the working 

Lstress, the durability of the belt and cost of repairs should be 

^considered. The term "effective pull," which is used in the 

Hollowing rule for obtaining the approximate number of horse- 

lower that a belt will transmit, represents the difference in 

tension between the tight and the slack sides of the belt. 

Rule: The number of horsepower that a belt of given size 

' will transmit may be determined by multiplying the effective 

pull in pounds per inch of belt width by the width of the belt 

in inches and the belt speed in feet per minute, and then 

dividing the product by 33,000. 

There is a difference of opinion regarding the working 

stress to which a belt should be selected, but the following 

values are commonly used: For single belts, the effective pull 

, should be 35 pounds per inch of width and for double belts, 

Ijm 55 to 65 pounds per inch of width. In the following 
rmula: 



D = diameter of driving pulley in inches; 

N = number of revolutions of pulley per minute; 

S = effective pull of belt per inch of width in pounds; 
W = width of belt in inches. 

17 I 
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Then, 

Hoi;3epower transmitted equals — ^^ , or 

i2X33,ocx) 132,000 

approximately. 

Example. — If the effective pull on a belt is 35 pounds per 

inch of width, the diameter of the driving pulley, 20 inches, 

the number of revolutions per minute, 150, and the width of 

the belt, 3 inches, about what number of horsepower can be 

transmitted by this belt? 

Horsepower transmitted equals 35 ^ ^Q X 150 X 3 _ ^^ 

132,000 

horsepower. 

In some cases, the problem is to determine the width of the 
belt for transmitting a given amount of power, and this may 
be done by simply transposing the formula previously given. 
Thus: 

WHth f b It = ^Q'^^PQwer to be transmitted X 1.^2,000 
^ ^ SDN 

To illustrate the use of this formula, suppose three horse- 
power is to be transmitted and the effective pull, diameter 
of pulley, and its speed are the same as given in the preceding 
example. What width of belt is required? 

Width of belt = -^ 132^000 ^ , inches, approximately. 

35 X 20 X 150 



CHAPTER XVn 
THE USE OP DIAGRAMS 

DuGRAMS are used for obtaining unknown factors in a 
problem without carrying out the calculations required in 
figures; they may also be used for checking the results of cal- 
culations made by figures. The results are obtained by simply 
following the lines in the diagram in a certain manner, which 
may be different for different diagrams. Each diagram covers 
a large number of problems of the same type, but for different 
kinds of problems other diagrams must be devised. 

Figs. I to 4, inclusive, show four different kinds of diagrams, 
and the use of each will be taken up in detail. The four dia- 
grams shown include the most common types, and when the 
student has grasped the idea of the use of these diagrams, no 
difficulty should be experienced in using similar diagrams for 
other purposes. 

Diagram of Diametral Pitch, Pitch Diameter, and Number 

of Teeth in Spur Gears. — The diagram shown in Fig. r can 

be used for finding any one of the three quantities, number of 

teeth, diametral pitch, and pitch diameter of spur gears, if 

^two of these are known. 

Example. — Assume that the number of teeth in a gear is 
'xa and the diametral pitch 6. To find the pitch diameter 
■om the diagram, locate the number 72 (the number of teeth 
1 the gear) on the lower scale in the diagram and locale the 
^iametral pitch 6 on the left-hand vertical scale. Then fol- 
k)w the vertical line from 72 and the horizontal line from 6, 
intil these lines meet or intersect, and from the point of inter- 
section follow the diagonal line to the scale on the right-hand 
side, where the pitch diameter, in this case 12 inches, is read 
off. The working of the problem is shown by the dotted 
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If the pitch diameter is 12 inches, and the gear has 72 teeth, 
the diametral pitch is found by following the vertical line 
from 72 teeth until it intersects the diagonal line for 13-inch 
pitch diameter; from the point of intersection follow the 
horizontal Une to the left-hand scale- for diametral pitch, 
where the diametral pitch 6, is read off. 

If a 6-diametral pitch gear has a pitch diameter of 12 
inches, then the number of teeth in the gear can be found 
by following the horizontal line from 6 diametral pitch until 
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Fig. I. 



it intersects the diagonal Une from iz inches pitch diameter. 
From the point of intersection follow the vertical line down 
to the number of teeth, which in this case is 72. 

Example. — Assume that the pitch diameter of a gear is 
6 inches and the diametral pitch 8. How many teeth are 
there in the gear? 

By following the horizontal line from 8 diametral pitch 
until it intersects the diagonal Une for 6-inch pitch diameter, 
and then from the point oi HAftiaeclion following the vertical 
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line to the bottom scale for the number of teeth, 48 is read off 
on this scale; this is the number of teeth in the gear. 

If the number of teeth is not marked on the lower scale, 
the graduation which corresponds to the number of teeth 
must be estimated between the graduations marked. Thus 
the line for 60 teeth is the line drawn between the line for 
56 and 64 teeth, and 62 teeth would be located between the 
line corresponding to 60 teeth and the line marked 64. 

Should the vertical line from the number of teeth inter- 
sect the horizontal line from the scale for diametral pitch at 
a point which does not fall on one of the drawn diagonal 
lines, a diagonal line may be imagined as drawn between 
the nearest two diagonal lines shown, and the pitch diameter 
to which this line corresponds must be estimated. It is evi- 
dent that in many cases only approximate results can be 
obtained, due to the fact that it is not possible to draw 
diagonal lines for all possible diameters, or to read small 
paduations on the various scales in the diagram. When 
very accurate results must be obtained, diagrams cannot, 
therefore, be relied upon entirely; but even then they are 
very useful for an approximate checking of the results ob- 
tained by calculations. 

Diagram of Feed of End Mills. — The diagram shown in 
Fig. 7 may be used for obtaining the feet! per minute of an 
€nd mill when the number of revolutions per minute and the 
feed per revolution are given. 

Example. —Assume that an end mill makes 150 revolutions 
per minute, and that the feed per revolution is 0.040 inch. To 
find the feed per minute from the diagram, follow the vertical 
line from 150 revolutions per minute, marked on the bottom 
scale, until it intersects the horizontal Une from the gradua- 
tion 0.040 on the left-hand vertical scale. From the point 
of intersection, follow the curved line, either to the scale at 
the top or to the right-hand side where the feed per minute, 
in this case 6 inches, is read off. 

Example. — Assume that the feed per minute is 6 inches 



ktxample. — Assume ttiat the teed per mmute is 6 mcbes J 

d that the number of revolutions pet mma\.t \s \'ya, "X"^ ^H 
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find the feed per revolution, follow the vertical line from ij^H 
revolutions per minute, on the bottom scale, until it inter- 1 
sects the curve for 6-inch feed per minute, as found on the 
right-hand vertical scale. From the point of intersection.^ 
follow the horizontal line to the left-hand vertical scalajH 
where the feed per revolution, in this case 0.040 inch, SH 
read off. ^ 

On the bottom scale only each 50 revolutions are gradu- 
ated, but it will be seen that there are five spaces between 
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ach number marked, and each space or graduation, therefor^ 
s equivalent to 10 revolutions; 120 revolutions, for instance 
s two spaces to the right of the 100 graduation. Find, fo 
xample, the feed per minute when the end mill makes isc 
evolutions and the feed per revolution is 0.020 inch. Th 
,'ertical line from 120 revolutions does not intersect tb< 
orizontai line from 0.020 inch feed at a point located on a 
urve drawn in the diagram, but the point of intersectioE 
alls between the two curves marked 2 and 3 inch feed pe 
tinute. As it lalls a\most exartlY half-way between thea 
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graduations, the feed per minute is estimated to be 
approximately 2^ inches. 

Diagram of Paliey Diameters. ^ The diagram, Fig. 3, 
makes it possible to find the diameter of a pulley which will 

I a given number of revolutions per minute, when driven 
by a belt from another pulley of known diameter, running at 

known number of revolutions. The dotted lines in the 
diagram indicate the solution of an example where it is re- 
quired to find the diameter of a driven pulley to run at 400 
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Fis. 3. Diagiom of Pullej DlatnoCers for Different Speeds 

revolutions per minute, when the driving pulley is 8 inches in 
diameter and runs 500 revolutions per minute. In solving 
this problem, first find the diameter of the driving pulley on 
the scale to the left, and then follow the horizontal line from 
the point located until this line intersects the diagonal line 
marked 500 from the upper left-hand comer. From the 
point of intersection follow the vertical line until it inter- 
sects the diagonal line from the lower left-hand comer which 
is marked with the number of revolutions required of the 
driven pulley, in this case 400. From the point of intersec- 
tion with this line follow the horizontal line to the scale at 
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the right-hand side, where the diameter of the driven pulley 
is read ofif. In this case the line comes exactly between the 
8- and the 12-inch marks, so that the diameter of the driven 
pulley is, therefore, 10 inches. 

If the diameter of the driven pulley is 10 inches and the 
revolutions per minute of both pulleys, 400 and 500, are 
known, but the diameter of the driving pulley required to be 
found, the example is simply worked backwards; locate 10 
inches on the scale to the right, follow the horizontal line 
until it intersects the diagonal line from the lower comer, 
marked 400 (number of revolutions of the driven pulley); 
then, from the point of intersection, follow the vertical line 
until it intersects the diagonal line from the upper comer, 
marked 500 (number of revolutions of the driving pulley); 
then from the point of this intersection follow the horizontal 
line to the left-hand scale where 8 inches is read ofif as the 
diameter of the driving pulley. The dotted lines, of course, 
show the working of this problem also. 

If the diameter of the driving pulley is known to be 8 
inches, and the diameter of the driven pulley is 10 inches, 
and it is known that the driving pulley makes 500 revolu- 
tions per minute, we can find from the diagram how many 
revolutions the driven pulley makes. Follow the horizontal 
line from the graduation 8 on the scale to the left until it 
intersects the diagonal line 500 from the upper corner, and 
from the point of intersection follow the vertical line until 
it intersects the horizontal line from 10 inches diameter on 
the right-hand scale. The diagonal line from the lower corner 
on which the vertical and horizontal lines intersect, in this 
case marked 400, gives the number of revolutions per minute 
of the driven pulley. 

Horsepower Diagram. — The diagram. Fig. 4, is used for 
finding the horsepower which can be transmitted safely by 
a shaft of known diameter, making a certain number of revo- 
lutions per minute. If the horsepower to be transmitted and 
the number of revolutions per minute are known, the diameter 
of the shaft can be found. 




imple. — Assume that 20 horsepower is to be transmitted 
by a shaft running 300 revolutions per minute. What di- 
ameter of shaft is required tor transmitting this power? 

First find 20 on the horsepower scale at the left-hand side 
of the diagram, and follow the horizontal line from 20 until 
it intersects the diagonal line marked 300, which is the line 
for the revolutions per minute. From the point of intersec- 
tion follow the vertical line to the bottom scale where 2 inches 




is read off as the required diameter of the shaft. The working 
of this problem is shown by dotted lines. 

Example. — Assume that the diameter of a shaft is 2 
inches, and that it runs at 300 revolutions per minute; then, 
'what is the horsepower this shaft can safely transmit? 

Find 2 on the scale for the diameter of shaft at the bottom 
of the diagram, and from this point on the scale follow the 
vertical line until it intersectythe diagonal line for 300 revo- 
lutions per minute; then, from the point of intersection, 
follow the horizontal line to the left-hand scale '«b.«^ ^«. 
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read off so, which is the horsepower that can be transmittedll 
safely. 

This diagram differs from the other three diagrams shown 
in that the scales are not graduated with even spacing, and 
it is called a logarithmic diagram, because the spacing in 
the scales correspouds to the logarithms of the numbers 
marked. This, however, has nothing to do with the rea< 
of the diagram. It is quite as easy to use a logarithmit 
diagram as a diagram of any other type. 

Relative Advantages of Tables and Diagrams. — There is 
considerable difference of opinion among mechanical men 
regarding the rehUve advantages and uses of tables and 
diagrams for recording data. Some engineers seem to prefer 
to tabulate all data that come under their observation, and 
that may be useful in their practice, regardless of the fact 
that much of this information could be more conveniently 
shown in diagrams. Others have what might be called the 
"diagram hobby," and apparently believe that ail mechani< 
data that can possibly be given in diagram form should 
put in that shape. 

Both of these extreme types show a lack of appreciation 
the true uses of tables and diagrams- There is, in general, a 
fairly well-defined field for each, and engineering data should 
be recorded partly by tables and partly by diagrams, accord- 
ing to which form best meets the requirements of the prac- 
tical man. Whenever the matter dealt with has to do with 
parts, devices, and objects made in certain specified sizes, 
and has been standardised, a table is roost convenient. As 
an example, data relating to tap drills and other dimensions 
required in the use of pipe taps may be mentioned. Here a 
diagram is of little or no value, as there are but compara- 
tively few standard pipe tap sizes, and all the dimensions 
relating to each of these sizes can be tabulated easily and 
conveniently, with much greater exactitude than they could 
be put in diagram form; at the same time the chance of error 
in using a table is far less than in reading off a dimension from 
A diagram. The diagram, again, is most useful in cases where 
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an indefinite number of combinations of values may exist, 
and where curves may be used to indicate the values to be 
found for any combination. An example of this kind is a 
horsepower diagram from which the horsepower that may be _ 
transmitted by gearing of different pitches and velocities 
may be found. In this case, tables would be entirely too 
voluminous, and could hardly contain all the possible com- 
binations covered by a diagram of comparatively simple 
construction. 

In a general way, therefore, the proper place for a table is 
where certain definite data are known and fixed and the 
values to be found corresponding to them can be put con- 
veniently in plain figures. The diagram is preferable in all 
cases where a great number of different combinations of two 
or more initial values are given, and where a tabulation would 
be entirely too voluminous to be practicable, both because 
of the time required for compilation and the inconvenience 
incident to its use. The diagram has in some cases another 
advantage — a curve may show the trend of certain functions, 
indicating the rising or falling values under certain coriditions, 
etc. In this case, the diagram is especially useful in investi- 
gating work, when making tests, or when comparing the 
relative efficiency of mechanisms. 
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Addition of negative numbers, rules, 33 
Alligation, 29 

An^^es, and tixe use of tables when 
figuring, 137 

double or compound, 166 

functions of, 139, 143 

functions of, greater than 90 degrees, 

functions of, tables, 145, 148 
indexing for, 184 

measurement of, with sine bar, 223 
method of finding, when function is 
given, IS3 
Angular measurement, 138 
Areas, of plane surfaces, method of 
calculating, 43 
of triangles, 179 
practical examples, 54 
Arithmetic commonly used in shop 

problems, 5 
Axle, pulley, stress on, 263 

Back-rest, movement of, for reduc- 
tions of diameter, 224 
Bar held at one end, bending, 259 
Bars of stock, number in pile, 218 
Bar stock, weight of, 66, 217 
Bars supported at the ends, bending, 

257 
Belt and gear drive, combination, 97 

Belting, horsepower transmitted by, 265 

Belt thickness, influence of, on pulley 

speed, 91 

Bevel gear, angular position for cutting 

teeth, 197 

blank, outside diameter, 196 

blanks, face angle, 195 

cutter, number of teeth required, 198 

drives, speeds of, 97 
Blow, force of, 255 



Cancellatioa, 6 

Castings, sectional method of deter- 
mining volume, 68 
wd^t of, 66 
Change-gearing for thread cutting, 118 
Change-gears, calculated by means of 
continued fractions, 124, 126 
for cutting a worm thread, 128 
for cutting metric threads, 122 
for milling ^irals, 131 
for worms, method oi calculating, 129 
Circles, 47 
Circular sectors, 48 
Circular segments, 49 
Circimiference, mean, of a ring, 233 
Dutches, saw-tooth, angular position 
of blank for milling, an 
straight-tooth, width of cutter for 
milling, 210 
Cone, volume of, 60 
Cosines, table, 148, 149 
Cotangents, table, 150, 151 
Cube root, extracting, 24 
of fractions, 27 

of whole number and decimal, 26 
proof of, 27 
Cube, volume, 56 

Cutter, bevel-gear, number of teeth re- 
quired, 198 
milling, width of, for straight-tooth 

clutches, 210 
spiral milling, finding lead from 
sample, 214 
Cutting and return speeds, calculation 

of, 114 
Cutting speeds, for given diameter and 
speed of work, 107 
formulas and rules for calculating, 109 
net, of planer, figuring, 117 
of milling cutters, 109 
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I Cutdng Uoli, feed, ito 
Cylinder, volume, 60 

Decimal fractioos, divisiun ot, 8 

mulUpUcalioQ of, 7 
DecimaU, square root of, 31 
Diagrams, use u(. 167 
Division and miiltiplicaUon of negative 

numbers, 34 
Division, of decimal fractions. 8 

o( fraciiuns, s 

pro^^ng, j t 
Dovetail slide, measuring, 313 

taper of, for given gib taper, ii j 
Drilling, time tei|uired, iii 

Energy resiUting from motion, 245 

Equilateral triangles, 51 

Expansion of metaU due to heal, 360 

Face angle of bevel-gear blanks, shafts 

at right angles, 195 
Feed of cutting tools, 1 10 
Forte, of a blow, 35$ 

required for bending, 137 
transmitted Ifirough a gear or pulley 

train, 148 
transmitted through pulley combi- 
nations, 348 
Formulas and rules for cUculatlng 

cutting speeds, 109 
Formulas, compared with rule, jC 
containing power of a. number, 41 
prismoidal, SQ 

requiring extraction o{ a tool, trans- 
position of, 42 
Iran^K»ition of, 40 
use of, 3S 

without multiplication agns. 38 
Fractions, common, square root, 13 
continued, applied to change-gear 

cfdculatifHis, 114, 116 
cube root of, 17 
decimal, divi^n of, 8 
decimal, multiplication of, 7 
division of, 5 
Oult^icatioa of, 5 



Frustum ol a pyramid, jg 
Functions of angles, IJ9, 143 

greater than 90 degrees, ijj 

tables, 14 J, 148 

Gear drive, bevd, speeds of, 97 
Gearing, change-, lor thread cutting, 
tt8 
combination of spur, bevel, and 

^)eed of, Sj, 93, 95 
wonn-, calculations for cutting, 190 
(kar or pulley trun, force transmitted 1 

through, 14S 
Gears, Iwvel, angular position for c 
ting teeth, 197 
calculations for cutting, 192 
change-, calculated by means of c 

tinued fractions, 134, 116 
change-, for cutting a worm thread, 

138 
change-, for cutting metric threads, 

change-, for milling spirals, 131 
change-, method of calculating, for 

worms, 139 
idler, effect, 98 
proportioning when center distance 

and number of teeth are 6xed, iji 
spiral, calculating tooth angle from 

sample, Z03 
spiral, cutter number. 303 
spiral, depth of cut, 301 
spiral, lead of teeth. 103 
spiral, pitch of cutter, lot 
spur, center- to-ccnlcr distance, 194 
spur, depth of cut, 193 
spur, outside and pitch diameters, ig^ 
Gear teeth, cutler Iravd for milling, 

331 
Gravity, specific, 65 

Heptagon, 50, 53 

Hexagon, 50. 53 

Horsepower, definition. 143 

Horsepower, diagram, jji 

HorsqMwer transmitted by belting, 165 ' 
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Idler gears, effect, 98 
Index circle, detemuning, 183 
Indexing, compound, method of figur- 
ing, 189 

compound, rule, 187 

for angles, 184 

for minutes, 186 

fractional part of a degree, 185 

general role, 182 

on milling machine, 181 ^ 
Indexing movement, calailatiqg, t8i 

Keyway, depth of, 212 

Lathe screw constant, method of find- 
ing, 118 
Lead of milling machine, 132 

lidachine shop problems, 206 

Mass and weight, distinction between, 

251 
Mathematics in the tool-room, 3 

Mechanical efficiency and effectiveness, 

253 

Mechanics, elementary, 242 

Metric threads cut with change-gears, 

122 
Milling cutter, for straight-tooth 

dutches, width of, 210 
spiral, finding lead from sample, 214 
Milling machine, indexing, 181 

lead of, 132 
Milling, time required, 112 
Multiplication and division of negative 

numbers, 34 
Multiplication, of common fractions, 

5 
of decimal fractions, 7 

proving, 9 
Multiplication signs omitted in formu- 
las, 38 

Negative and positive quantities, 31 
Negative numbers, multiplication and 
divisi6n of, 34 

rules for adding, 32 

subtracting, 33 



ObBque-angjed ttian^es, adutton of, 

x68 
Octagon, 50, 52 

Paralldograms, 44 

Parentheses in formulas, 38 

Pentagon, 50, 51 

Percentage, figuring, 17 

Planer, figuring net cutting speed, 1x7 

Planer table, average speedy 238 

Plane surfaces, how to calculate areas, 

43 

Planing, time required, 113 

Polygons, regular, 50 
Positive and negative quantities, 31 
Power in mechanics, 242 
Powers and roots, proportion, 16 
Powers of numbers, 18 
Prismoidal formula, 59 
Prisms, volume of, 57 
Proportion, 11 

compound, 14 

direct, examples, 12 

inverse, examples, 13 

involving powers and roots, 16 
Pulley axle, stress on, 263 
Pulley combinations, force transmitted 

through, 248 
Pulley diameters, diagram, 271 

to find, in compound drive, 90 
Pulley speed, influence of belt thick- 
ness, 91 
Pulleys, speed of, 87 
Pyramid, frustum of, 58 

volume, 58 

Rack teeth, calculations for cutting, 

194 
Radius, of circumscribed circle, 235 

of large curves, 234 
Rectangles, 43 

Right-angled triangles, solution of, 155 
Roots of nmnbers, 19 

Screw machine, four-spindle, to find 
economical length of stock for, 
220 
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^^Srareads. pitch UDd lead and 


Square root, extracting, lo ^^H 


number of threads per iocb, tod 


of coDunon fractions, jj ^^H 


Sheet iron, weight per square tool, 218 


of decimals, li ^H 




proof, 13 ^^H 


133 


Squares, 43, 5« 


setlins to a given angle, aio, 111 


Strokes per minute, to find number 


1 Sbes, Ubie, 148, i+g 


from cutting and return speeds, 


^^ Specific gravity, 65 


ii6 


^K Speeds, average, of planer UbIe, 138 


Subtraction of negative numbers, jj 


^^1 avenige, wtien periods ol tine vary, 




■ >36 


Toilalack, figuring offset for taper 


^^1 cutting and return, caJculatuig, 1 14 


turning, 81 


^^H cutting, figuring net speed of planer, 


Tangents, table, 150. 151 


H ■" 


Tank, capadty in gaUons, 71 


^^H cutting, for given diameter and speed 


Tapers, figuring, 71 


^^M work, 107 


Taper turning, figuring offset of twl- 


^^1 cutting, for milling cutters. 109 


stock. 8t 


^^M cutting, formulas and rules for ad- 


on vertical mill when housing is set 


^H culating, 109 


back, 328 


^^M of bevel-gear drives, 97 


position of tool-slide, using combined 


^^1 of gearing, qi 


feeds, 126 


^^M of pulleys and gearing, 87 


Thread cutting, change-gearing for, 118 


^H of work for ^vcn diameter and cut- 


Threads, inclination of thread tool 


^^M ting speed, 106 


relative to, 209 


^^P of worm-gear drives, gg 


metric, change-gears for cutting, 122 


^^ peripheral, relation of, to puUey di- 


Threads, screw, pitch, lead, and number 


'■ ameters, .o» 


of threads per inch, 206 


Sjieeds, feeds, and machining time, 


Thread tool, inclination of, relative 


methods of calculating, 105 


to thread, 200 


Sphere, volume, 61 


Throat aameter, worm-wheel blank, 199 


Spherical sector, volume, 61 


Trapeziums, 46 


Spherical segment, volume, 6* 




Spherical wne, volume. 63 


Trian^es, 45 


Spiral gears, calculating tooth angle 


areas, 179 


from sample. 203 


equilatetal, ji 


cutter number. 201 


oblique-angled, solution of, iGS 


depth of cut, 201 


light-angled, solution of, 154 


pitch of cutter, lot 


Turning work in kthe, time required. 


Spiral-gear teeth, lead of. 303 


no 


Spiral milling cutter, finding lead from 




^ sample, 214 


Volume, of casting, sectional method 


^H E^irab, change-gears fat milling, 131 


of determining, 63 


^P Spur gears, center- to-center distance, 


of cone, 60 


■ .». 


of cube, 56 


depth of cut, igj 


of cylinder, 60 




of prisms, S7 


1"™"***- 


of pyramid, 58 
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Volume, of ^here, 6i 

of spherical sector and segment, 63 

of spherical zone, 63 
Volumes, weights and capacities, cal- 
culation of, 56 

Weight and mass, dbtinction between, 

251 
Weight, of bar stock, 66 

of castings, 66 

of materials, 65 

Wheel and axle, application of principle 

of work, 245 



compound, weight lifted, 246 
Woric and power in mechanics, 242 
Woric, prindi^e of, 244 
Worm-gear drives, speeds of, 99 
Worm-gearing, calculations for cutting, 

199 
Worm, minimum length, 200 
Worm thread, change-gears for cutting, 

128 
Worm-whed, angular position for gash- 
ing, 201 
Worm-wheel blank, throat diameter, 199 
Wonn-whed throat, radius, 201 
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